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\emph{　　}1\emph{\textasciitilde{}}7,9,10,12\emph{\textasciitilde{}}16,17(1),18(1)(2),19(1)(2),合计117分\emph{.}\\
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答案速查(标黑的有两种及以上解法)

1-5 DCDAC　6-8 DCA　9. ABC　10. BD　11. ACD

12. 0　13\emph{.}
\(\left( \text{-}\frac{7}{3}\text{,-}2 \right)\)\emph{　}14\emph{.}
\(\sqrt{3}\)

1\emph{.}
D\emph{　}因为\emph{z=}\(\frac{2 + i}{i^{2026} + 2}\)\emph{=}\(\frac{2 + i}{i^{2} + 2}\)\emph{=}\(\frac{2 + i}{\text{-}1 + 2}\)\emph{=}2\emph{+}i,所以\emph{\textbar z\textbar=}\(\sqrt{2^{2} + 1^{2}}\)\emph{=}\(\sqrt{5}\)\emph{.}

2\emph{.}
C\emph{　}因为\emph{A=}\{\emph{x}∈Z\emph{\textbar\textbar x\textbar{}}≤2\}\emph{=}\{\emph{-}2,\emph{-}1,0,1,2\},由\emph{x}\textsuperscript{2}\emph{-}4\emph{x-}2\emph{\textless{}}0得2\emph{-}\(\sqrt{6}\)\emph{\textless x\textless{}}2\emph{+}\(\sqrt{6}\),故\emph{B=}(2\emph{-}\(\sqrt{6}\),2\emph{+}\(\sqrt{6}\)),所以\emph{A}∩\emph{B=}\{0,1,2\}\emph{.}

\emph{　　}3\emph{.}
D\emph{　}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147519757;FounderCES}]{media/image4.jpeg}
注意到\emph{x}可以直接求解,只需将方程的解与选项中的数比较大小即可,当然,本题也可以转化为方程8\emph{\textsuperscript{x}=}5所构成的函数\emph{f}(\emph{x})\emph{=}8\emph{\textsuperscript{x}-}5,利用零点存在性定理来确定其零点所在区间\emph{.}

解法1\emph{　}因为8\emph{\textsuperscript{x}=}5,所以\emph{x=}log\textsubscript{8}5\emph{=}\(\frac{1}{3}\)log\textsubscript{2}5,注意到log\textsubscript{2}5∈(2,3),从而\emph{x}∈\(\left( \frac{2}{3}\text{,}1 \right)\),故A,B错误,下面只需判断\(\frac{3}{4}\)与\(\frac{1}{3}\)log\textsubscript{2}5的大小关系,即比较\(\frac{9}{4}\)与log\textsubscript{2}5的大小即可,注意到\(\frac{9}{4}\)\emph{=}log\textsubscript{2}\(2^{\frac{9}{4}}\),所以比较\(2^{\frac{9}{4}}\)与5的大小\emph{.}因为2\textsuperscript{9}\emph{=}512\emph{\textless{}}5\textsuperscript{4}\emph{=}625,所以\(2^{\frac{9}{4}}\)\emph{\textless{}}5,即\(\frac{9}{4}\)\emph{\textless{}}log\textsubscript{2}5,则\(\frac{3}{4}\)\emph{\textless{}}\(\frac{1}{3}\)log\textsubscript{2}5,故D正确\emph{.}

解法2\emph{　}令\emph{f}(\emph{x})\emph{=}8\emph{\textsuperscript{x}-}5,则\emph{f}(\emph{x})单调递增\emph{.}因为\emph{f}(0)\emph{=-}4\emph{\textless{}}0,\emph{f}\(\left( \frac{1}{2} \right)\)\emph{=}2\(\sqrt{2}\)\emph{-}5\emph{\textless{}}0,故A错误;因为\emph{f}\(\left( \frac{2}{3} \right)\)\emph{=}\(8^{\frac{2}{3}}\)\emph{-}5\emph{=-}1\emph{\textless{}}0,故B错误;因为\emph{f}\(\left( \frac{3}{4} \right)\)\emph{=}\(8^{\frac{3}{4}}\)\emph{-}5\emph{=}51\(2^{\frac{1}{4}}\)\emph{-}62\(5^{\frac{1}{4}}\)\emph{\textless{}}0,故C错误;因为\emph{f}\(\left( \frac{4}{5} \right)\)\emph{=}\(8^{\frac{4}{5}}\)\emph{-}5\emph{=}409\(6^{\frac{1}{5}}\)\emph{-}312\(5^{\frac{1}{5}}\)\emph{\textgreater{}}0,所以函数\emph{f}(\emph{x})的零点在\(\left( \frac{3}{4}\text{,}\frac{4}{5} \right)\)上,故D正确\emph{.}

4\emph{.}
A\emph{　}解法1\emph{　}由\(\overrightarrow{OA}\)\emph{-}4\(\overrightarrow{OB}\)\emph{+}3\(\overrightarrow{OC}\)\emph{=}0,得\(\overrightarrow{OA}\)\emph{-}\(\overrightarrow{OB}\)\emph{=}3(\(\overrightarrow{OB}\)\emph{-}\(\overrightarrow{OC}\)),即\(\overrightarrow{BA}\)\emph{=}3\(\overrightarrow{CB}\),所以\(\overrightarrow{AB}\)\emph{=}3\(\overrightarrow{BC}\),所以\(\overrightarrow{BC}\)\emph{=}\(\frac{1}{4}\overrightarrow{AC}\),所以\(\overrightarrow{BC}\)在\(\overrightarrow{AC}\)上的投影向量为\(\frac{1}{4}\overrightarrow{AC}\)\emph{.}

解法2\emph{　}因为\(\overrightarrow{OA}\)\emph{-}4\(\overrightarrow{OB}\)\emph{+}3\(\overrightarrow{OC}\)\emph{=}0,所以\(\overrightarrow{OB}\)\emph{=}\(\frac{1}{4}\overrightarrow{OA}\)\emph{+}\(\frac{3}{4}\overrightarrow{OC}\),故\(\overrightarrow{AB}\)\emph{=}3\(\overrightarrow{BC}\),\textsuperscript{【1】}下同解析1\emph{.}

\includegraphics[width=0.6685in,height=0.1563in,alt={id:2147519764;FounderCES}]{media/image5.jpeg}\\
二级结论【1】
\(\overrightarrow{MP}\)\emph{=λ}\(\overrightarrow{PN}\)的充要条件是对于任意一点\emph{O},有\(\overrightarrow{OP}\)\emph{=}\(\frac{1}{\lambda + 1}\overrightarrow{OM}\)\emph{+}\(\frac{\lambda}{\lambda + 1}\overrightarrow{ON}\)\emph{.}

5\emph{.} C\emph{　}因为2\emph{+}cos 2\emph{x}≤\(\sqrt{3}\)sin
\emph{x},即2\emph{+}1\emph{-}2sin\textsuperscript{2}\emph{x}≤\(\sqrt{3}\)sin
\emph{x},所以(2sin \emph{x-}\(\sqrt{3}\))(sin
\emph{x+}\(\sqrt{3}\))≥0\emph{.}因为sin
\emph{x}∈{[}\emph{-}1,1{]},所以sin
\emph{x}≥\(\frac{\sqrt{3}}{2}\)\emph{.}因为\emph{x}为斜三角形的内角,所以\(\frac{\pi}{3}\)≤\emph{x\textless{}}\(\frac{\pi}{2}\)或\(\frac{\pi}{2}\)\emph{\textless x}≤\(\frac{2\pi}{3}\),故不等式2\emph{+}cos
2\emph{x}≤\(\sqrt{3}\)sin
\emph{x}的解集为\(\left\lbrack \frac{\pi}{3}\text{,}\frac{\pi}{2} \right)\)∪\(\left( \frac{\pi}{2}\text{,}\frac{2\pi}{3} \right\rbrack\)\emph{.}

\emph{　　}6\emph{.}
D\emph{　}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147519771;FounderCES}]{media/image4.jpeg}
求椭圆上的点到直线的距离的最值问题,常通过参数法设出点的坐标来求解,或将点到直线的距离转化为两条平行线之间的距离来处理\emph{.}

解法1(参数法)\emph{　}设椭圆\emph{C}:\(\frac{x^{2}}{a^{2}}\)\emph{+y}\textsuperscript{2}\emph{=}1(\emph{a\textgreater{}}0)上任意点\emph{P}(\emph{a}cos
\emph{θ},sin
\emph{θ}),\emph{θ}∈R,则点\emph{P}到直线\emph{x-}2\emph{y=}0的距离为\emph{d=}\(\frac{\text{|}a\cos\theta\text{-}2sin\theta\text{|}}{\sqrt{1^{2} + \text{(-}2\text{)}^{2}}}\)\emph{=}\(\frac{\text{|}\sqrt{a^{2} + 4}\cos\text{(}\theta + \varphi\text{)|}}{\sqrt{5}}\),其中tan
\emph{φ=}\(\frac{2}{a}\),\emph{φ}∈\(\left( 0\text{,}\frac{\pi}{2} \right)\),所以\emph{d}\textsubscript{max}\emph{=}\(\frac{\sqrt{a^{2} + 4}}{\sqrt{5}}\)\emph{=}\(\frac{\sqrt{30}}{5}\),解得\emph{a}\textsuperscript{2}\emph{=}2\emph{.}又\emph{b}\textsuperscript{2}\emph{=}1,所以\emph{c}\textsuperscript{2}\emph{=a}\textsuperscript{2}\emph{-b}\textsuperscript{2}\emph{=}1,故\emph{e=}\(\frac{1}{\sqrt{2}}\)\emph{=}\(\frac{\sqrt{2}}{2}\)\emph{.}

解法2(转化法)\emph{　}过点\emph{P}作直线\emph{x-}2\emph{y=}0的平行线\emph{l},则点\emph{P}到直线\emph{x-}2\emph{y=}0的距离即为\emph{l}与\emph{x-}2\emph{y=}0之间的距离\emph{.}设\emph{l}:\emph{x-}2\emph{y+m=}0,由\(\left\{ \begin{matrix}
x\text{-}2y + m = 0\text{,} \\
x^{2} + a^{2}y^{2}\text{-}a^{2} = 0\text{,}
\end{matrix} \right.\ \)得(\emph{a}\textsuperscript{2}\emph{+}4)\emph{y}\textsuperscript{2}\emph{-}4\emph{my+m}\textsuperscript{2}\emph{-a}\textsuperscript{2}\emph{=}0,所以\emph{Δ=}16\emph{m}\textsuperscript{2}\emph{-}4(\emph{a}\textsuperscript{2}\emph{+}4)(\emph{m}\textsuperscript{2}\emph{-a}\textsuperscript{2})≥0,解得\emph{-}\(\sqrt{a^{2} + 4}\)≤\emph{m}≤\(\sqrt{a^{2} + 4}\),所以直线\emph{l}与\emph{x-}2\emph{y=}0间的距离\emph{d=}\(\frac{\text{|}m\text{|}}{\sqrt{5}}\)≤\(\frac{\sqrt{a^{2} + 4}}{\sqrt{5}}\),所以有\(\frac{\sqrt{a^{2} + 4}}{\sqrt{5}}\)\emph{=}\(\frac{\sqrt{30}}{5}\),解得\emph{a}\textsuperscript{2}\emph{=}2,所以\emph{e=}\(\frac{c}{a}\)\emph{=}\(\sqrt{1\text{-}\frac{b^{2}}{a^{2}}}\)\emph{=}\(\sqrt{1\text{-}\frac{1}{2}}\)\emph{=}\(\frac{\sqrt{2}}{2}\)\emph{.}

\emph{　　}7\emph{.}
C\emph{　}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147519778;FounderCES}]{media/image4.jpeg}
求解此类问题一般不宜采用直接求解方程组的方法,通常会利用函数的对称性来判断交点坐标之间的关系,并利用函数的单调性来判断交点的个数,进而求得结果\emph{.}

因为\emph{f}(\emph{x})\emph{=\textbar x\textbar-\textbar{}}2\emph{-x\textbar=}\(\left\{ \begin{matrix}
\text{-}2\text{,}x < 0\text{,} \\
2x\text{-}2\text{,}0 \leq x \leq 2\text{,} \\
2\text{,}x > 2\text{,}
\end{matrix} \right.\ \)且\emph{f}(2\emph{-x})\emph{=\textbar{}}2\emph{-x\textbar-\textbar{}}2\emph{-}(2\emph{-x})\emph{\textbar=\textbar{}}2\emph{-x\textbar-\textbar x\textbar=-f}(\emph{x}),所以\emph{f}(\emph{x})的图象关于点(1,0)中心对称\emph{.}又因为\emph{g}(\emph{x})\emph{=}ln\(\frac{x + 1}{3\text{-}x}\),由\(\frac{x + 1}{3\text{-}x}\)\emph{\textgreater{}}0,可得\emph{-}1\emph{\textless x\textless{}}3,故函数\emph{g}(\emph{x})的定义域为(\emph{-}1,3),且\emph{g}(\emph{x})\emph{=}ln\(\frac{x + 1}{3\text{-}x}\)\emph{=}ln\includegraphics[width=0.1in,height=0.29331in]{media/image6.jpeg}\emph{-}1\emph{-}\(\frac{4}{x\text{-}3}\)\includegraphics[width=0.1in,height=0.29331in]{media/image7.jpeg},故函数\emph{y=g}(\emph{x})在(\emph{-}1,3)上单调递增,又\emph{g}(2\emph{-x})\emph{=}ln\(\frac{2\text{-}x + 1}{3\text{-(}2\text{-}x\text{)}}\)\emph{=}ln\(\frac{3\text{-}x}{1 + x}\)\emph{=-}ln\(\frac{x + 1}{3\text{-}x}\)\emph{=-g}(\emph{x}),所以\emph{y=g}(\emph{x})的图象关于点(1,0)中心对称\emph{.}作出两函数的图象,如图所示\emph{.}

\includegraphics[width=1.07008in,height=0.85in,alt={id:2147519785;FounderCES}]{media/image8.jpeg}

由此可得两函数图象共有3个交点,其中一个交点为(1,0),设另外两个交点分别为(\emph{x}\textsubscript{1},\emph{y}\textsubscript{1}),(\emph{x}\textsubscript{2},\emph{y}\textsubscript{2}),则\emph{x}\textsubscript{1}\emph{+x}\textsubscript{2}\emph{=}2,\emph{y}\textsubscript{1}\emph{+y}\textsubscript{2}\emph{=}0,所以\(\overset{3}{\underset{i = 1}{\text{∑}}}\)(\emph{x\textsubscript{i}+y\textsubscript{i}})\emph{=x}\textsubscript{1}\emph{+x}\textsubscript{2}\emph{+}1\emph{+y}\textsubscript{1}\emph{+y}\textsubscript{2}\emph{+}0\emph{=}3\emph{.}

8\emph{.}
A\emph{　}解法1\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147519792;FounderCES}]{media/image9.jpeg}
由\emph{x}\textsubscript{1},\emph{x}\textsubscript{2},\emph{x}\textsubscript{3}是方程\emph{\textbar{}}ln
\emph{x\textbar=kx}的三个根可得到三个等式,同时由\emph{x}\textsubscript{1},\emph{x}\textsubscript{2},\emph{x}\textsubscript{3}成等比数列可再得一个等式,四个等式对应四个未知数\emph{x}\textsubscript{1},\emph{x}\textsubscript{2},\emph{x}\textsubscript{3},\emph{k},因此解它们所构成的方程组则可\emph{.}

解法1\emph{　}如图可知方程\emph{\textbar{}}ln
\emph{x\textbar=kx}的三个根\emph{x}\textsubscript{1},\emph{x}\textsubscript{2},\emph{x}\textsubscript{3}(\emph{x}\textsubscript{1}\emph{\textless x}\textsubscript{2}\emph{\textless x}\textsubscript{3})满足0\emph{\textless x}\textsubscript{1}\emph{\textless{}}1\emph{\textless x}\textsubscript{2}\emph{\textless x}\textsubscript{3},

\includegraphics[width=1.13661in,height=0.60669in,alt={id:2147519799;FounderCES}]{media/image10.jpeg}

所以\emph{-}ln \emph{x}\textsubscript{1}\emph{=kx}\textsubscript{1},ln
\emph{x}\textsubscript{2}\emph{=kx}\textsubscript{2},ln
\emph{x}\textsubscript{3}\emph{=kx}\textsubscript{3},且\emph{x}\textsubscript{1}\emph{x}\textsubscript{3}\emph{=}\(x_{2}^{2}\)\emph{.}

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147519806;FounderCES}]{media/image9.jpeg}
如何解上述四元方程?当然是采用消元的方法\emph{.}很显然,利用\emph{x}\textsubscript{1}\emph{x}\textsubscript{3}\emph{=}\(x_{2}^{2}\)可先消去\emph{x}\textsubscript{2},然后消去\emph{k}即可\emph{.}

因为\emph{x}\textsubscript{1}\emph{x}\textsubscript{3}\emph{=}\(x_{2}^{2}\),所以\emph{x}\textsubscript{2}\emph{=}\(\sqrt{x_{1}x_{3}}\),从而由ln
\emph{x}\textsubscript{2}\emph{=kx}\textsubscript{2}得ln\(\sqrt{x_{1}x_{3}}\)\emph{=k}\(\sqrt{x_{1}x_{3}}\),即ln
\emph{x}\textsubscript{1}\emph{+}ln
\emph{x}\textsubscript{3}\emph{=}2\emph{k}\(\sqrt{x_{1}x_{3}}\)\emph{.}又由\emph{-}ln
\emph{x}\textsubscript{1}\emph{=kx}\textsubscript{1},ln
\emph{x}\textsubscript{3}\emph{=kx}\textsubscript{3}两式相减得ln
\emph{x}\textsubscript{1}\emph{+}ln
\emph{x}\textsubscript{3}\emph{=k}(\emph{x}\textsubscript{3}\emph{-x}\textsubscript{1}),故\emph{k}(\emph{x}\textsubscript{3}\emph{-x}\textsubscript{1})\emph{=}2\emph{k}\(\sqrt{x_{1}x_{3}}\),即\emph{x}\textsubscript{3}\emph{-x}\textsubscript{1}\emph{=}2\(\sqrt{x_{1}x_{3}}\),平方并化简得\(x_{3}^{2}\)\emph{-}6\emph{x}\textsubscript{1}\emph{x}\textsubscript{3}\emph{+}\(x_{1}^{2}\)\emph{=}0,所以\(\left( \frac{x_{3}}{x_{1}} \right)^{2}\)\emph{-}6\(\left( \frac{x_{3}}{x_{1}} \right)\)\emph{+}1\emph{=}0,解得\(\frac{x_{3}}{x_{1}}\)\emph{=}3\emph{±}2\(\sqrt{2}\),设等比数列的公比为\emph{q}(\emph{q\textgreater{}}1),则\emph{q}\textsuperscript{2}\emph{=}3\emph{+}2\(\sqrt{2}\)\emph{=}(\(\sqrt{2}\)\emph{+}1)\textsuperscript{2},故\emph{q=}\(\sqrt{2}\)\emph{+}1\emph{.}

\emph{　　}解法2\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147519813;FounderCES}]{media/image9.jpeg}
由\emph{\textbar{}}ln
\emph{x\textbar=kx}知,点\emph{A}(\emph{x}\textsubscript{1},\emph{-}ln
\emph{x}\textsubscript{1}),\emph{B}(\emph{x}\textsubscript{2},ln
\emph{x}\textsubscript{2}),\emph{C}(\emph{x}\textsubscript{3},ln
\emph{x}\textsubscript{3})在过坐标原点的直线上,从而利用斜率关系来进行求解\emph{.}

设\emph{x}\textsubscript{1},\emph{x}\textsubscript{2},\emph{x}\textsubscript{3}的公比为\emph{q}(\emph{q\textgreater{}}1),因为方程\emph{\textbar{}}ln
\emph{x\textbar=kx}的三个根\emph{x}\textsubscript{1},\emph{x}\textsubscript{2},\emph{x}\textsubscript{3}(\emph{x}\textsubscript{1}\emph{\textless x}\textsubscript{2}\emph{\textless x}\textsubscript{3}),由函数\emph{f}(\emph{x})\emph{=\textbar{}}ln
\emph{x\textbar{}}的图象可知\emph{A}(\emph{x}\textsubscript{1},\emph{-}ln
\emph{x}\textsubscript{1}),\emph{B}(\emph{x}\textsubscript{2},ln
\emph{x}\textsubscript{2}),\emph{C}(\emph{x}\textsubscript{3},ln
\emph{x}\textsubscript{3})在过原点的直线上,所以\(\frac{\text{-}\ln x_{1}}{x_{1}}\)\emph{=}\(\frac{\ln x_{2}}{x_{2}}\)\emph{=}\(\frac{\ln x_{3}}{x_{3}}\)\emph{.}

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147519820;FounderCES}]{media/image9.jpeg}
如何处理该等式关系来得到关于公比\emph{q}的等量关系?注意到\emph{q=}\(\frac{x_{2}}{x_{1}}\)\emph{=}\(\frac{x_{3}}{x_{2}}\),为此,利用分式运算的合分比定理来处理\emph{.}

所以\(\frac{\ln x_{2}\text{-}\ln x_{1}}{x_{1} + x_{2}}\)\emph{=}\(\frac{\ln x_{3}\text{-}\ln x_{2}}{x_{3}\text{-}x_{2}}\),即\(\frac{\ln\frac{x_{2}}{x_{1}}}{x_{1}\text{(}1 + q\text{)}}\)\emph{=}\(\frac{\ln\frac{x_{3}}{x_{2}}}{x_{1}\text{(}q^{2}\text{-}q\text{)}}\),即\(\frac{\ln q}{1 + q}\)\emph{=}\(\frac{\ln q}{q^{2}\text{-}q}\),所以\emph{q}\textsuperscript{2}\emph{-q=q+}1,即\emph{q}\textsuperscript{2}\emph{-}2\emph{q-}1\emph{=}0,所以\emph{q=}1\emph{+}\(\sqrt{2}\)(\emph{q=}1\emph{-}\(\sqrt{2}\)\emph{\textless{}}1,不符合题意,舍去)\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147519827;FounderCES}]{media/image11.jpeg}
本题的两种解法中,解法1完全是从解方程组的角度切入,难点在于如何有效消元,注意到题目是求公比\emph{q},所以消去参数\emph{k}是必然的,但因为式子中含有对数式,无法通过乘除法来消去\emph{k},只能使用加减法来消元;解法2则是从形的特征入手,由三点\emph{A},\emph{B},\emph{C}在过原点的直线上,自然而然地消去了变量\emph{k},后续的关键在于如何处理联等的商式,注意到有对数关系式,且要求公比\emph{q},为此,利用分式运算的合分比定理来构造ln
\emph{x}\textsubscript{2}\emph{-}ln \emph{x}\textsubscript{1},ln
\emph{x}\textsubscript{3}\emph{-}ln
\emph{x}\textsubscript{2}解决问题\emph{.}在解题过程中,只有紧紧围绕着解题目标来进行变形、转化,才能保证运算的有效性与合理性\emph{.}

9\emph{.}
ABC\emph{　}对于A,由题意可得10\emph{×}(0\emph{.}005\emph{+}0\emph{.}01\emph{+}0\emph{.}03\emph{+a+}0\emph{.}015)\emph{=}1,解得\emph{a=}0\emph{.}04,故A正确;对于B,设样本的众数为\emph{x},则\emph{x=}\(\frac{80 + 90}{2}\)\emph{=}85,故B正确;对于C,设样本成绩的上四分位数为\emph{m},因为10\emph{×}(0\emph{.}005\emph{+}0\emph{.}01\emph{+}0\emph{.}03)\emph{=}0\emph{.}45\emph{\textless{}}0\emph{.}75,10\emph{×}(0\emph{.}005\emph{+}0\emph{.}01\emph{+}0\emph{.}03\emph{+}0\emph{.}04)\emph{=}0\emph{.}85\emph{\textgreater{}}0\emph{.}75,所以\emph{m}∈{[}80,90),则10\emph{×}(0\emph{.}005\emph{+}0\emph{.}01\emph{+}0\emph{.}03)\emph{+}0\emph{.}04(\emph{m-}80)\emph{=}0\emph{.}75,解得\emph{m=}87\emph{.}5,故C正确;对于D,因为成绩不低于90分的同学占总体的15\%,不符合题意,故D错误\emph{.}

\emph{　　}10\emph{.}
BD\emph{　}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147519834;FounderCES}]{media/image4.jpeg}
研究函数问题的基本策略是先判断函数是否具有对称性、周期性等性质,若具有,则可将问题转化到某一个局部区间内来进行研究,从而简化求解过程\emph{.}

对于B,\emph{f}(\emph{-x})\emph{=}sin
\emph{\textbar-x\textbar+\textbar{}}sin(\emph{-x})\emph{\textbar=}sin
\emph{\textbar x\textbar+\textbar{}}sin
\emph{x\textbar=f}(\emph{x}),所以\emph{f}(\emph{x})是偶函数,同理,\emph{g}(\emph{x})也为偶函数,故B正确;对于A,当0≤\emph{x\textless{}}\(\frac{\pi}{4}\)时,\emph{f}(\emph{x})\emph{=}2sin
\emph{x},\emph{g}(\emph{x})\emph{=}2cos \emph{x\textgreater{}}2sin
\emph{x},所以\emph{f}(\emph{x})\emph{\textless g}(\emph{x}),又因为\emph{f}(\emph{x}),\emph{g}(\emph{x})均为偶函数,所以当\emph{-}\(\frac{\pi}{4}\)\emph{\textless x\textless{}}\(\frac{\pi}{4}\)时,\emph{f}(\emph{x})\emph{\textless g}(\emph{x}),故A错误;对于C,当\emph{x}≥0时,\emph{f}(\emph{x})\emph{=}sin
\emph{x+\textbar{}}sin \emph{x\textbar=}\(\left\{ \begin{matrix}
2sinx\text{,}\sin x \geq 0\text{,} \\
0\text{,}\sin x < 0\text{,}
\end{matrix} \right.\ \)又\emph{f}(\emph{x})为偶函数,所以从它的图象可观察得\emph{f}(\emph{x})不是周期函数,
而\emph{g}(\emph{x})\emph{=}cos \emph{\textbar x\textbar+\textbar{}}cos
\emph{x\textbar=}cos \emph{x+\textbar{}}cos
\emph{x\textbar=}\(\left\{ \begin{matrix}
2cosx\text{,}\cos x \geq 0\text{,} \\
0\text{,}\cos x < 0\text{,}
\end{matrix} \right.\ \)从它的图象可观察得\emph{g}(\emph{x})为周期函数,因此两者的周期性不同,故C错误;对于D,由选项C的求解过程可知,\emph{f}(\emph{x})的值域为{[}0,2{]},\emph{g}(\emph{x})的值域为{[}0,2{]},故D正确\emph{.}

11\emph{.} ACD\emph{　}对于A,
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由点\emph{D}在抛物线上,为此,将它的坐标代入抛物线方程可求得\emph{p.}

因为点\emph{M}(1,1),则\(\overrightarrow{OM}\)\emph{=}(1,1),又\(\overrightarrow{OD}\)\emph{=}4\(\overrightarrow{OM}\),则\(\overrightarrow{OD}\)\emph{=}(4,4),所以\emph{D}(4,4),代入抛物线\emph{C}:\emph{x}\textsuperscript{2}\emph{=}2\emph{py},得到16\emph{=}8\emph{p},解得\emph{p=}2,故A正确\emph{.}所以抛物线\emph{C}的方程为\emph{x}\textsuperscript{2}\emph{=}4\emph{y},对于B,
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解决直线与抛物线相交的问题,可联立直线与抛物线方程求解,也可采用设点法求解\emph{.}

解法1\emph{　}设直线\emph{l}的方程为\emph{y=k}(\emph{x-}1)\emph{+}1(\emph{k\textless{}}0),设\emph{A}(\emph{x}\textsubscript{1},\emph{y}\textsubscript{1}),\emph{B}(\emph{x}\textsubscript{2},\emph{y}\textsubscript{2}),由\(\left\{ \begin{matrix}
x^{2} = 4y\text{,} \\
y = k\text{(}x\text{-}1\text{)} + 1\text{,}
\end{matrix} \right.\ \)得\emph{x}\textsuperscript{2}\emph{-}4\emph{kx+}4\emph{k-}4\emph{=}0,则\emph{x}\textsubscript{1}\emph{+x}\textsubscript{2}\emph{=}4\emph{k},\emph{x}\textsubscript{1}\emph{x}\textsubscript{2}\emph{=}4\emph{k-}4,当\emph{OA}⊥\emph{OB}时,\(\overrightarrow{OA}\)·\(\overrightarrow{OB}\)\emph{=x}\textsubscript{1}\emph{x}\textsubscript{2}\emph{+y}\textsubscript{1}\emph{y}\textsubscript{2}\emph{=x}\textsubscript{1}\emph{x}\textsubscript{2}\emph{+}\(\frac{x_{1}^{2}x_{2}^{2}}{16}\)\emph{=}4\emph{k-}4\emph{+}\(\frac{\text{(}4k\text{-}4\text{)}^{2}}{16}\)\emph{=}(\emph{k-}1)(\emph{k+}3)\emph{=}0,解得\emph{k=}1(正值舍去)或\emph{k=-}3,所以直线\emph{l}的方程为3\emph{x+y-}4\emph{=}0,故B错误\emph{.}

解法2\emph{　}设\emph{A}(2\emph{x}\textsubscript{1},\(x_{1}^{2}\)),\emph{B}(2\emph{x}\textsubscript{2},\(x_{2}^{2}\)),因为\emph{OA}⊥\emph{OB},所以4\emph{x}\textsubscript{1}\emph{x}\textsubscript{2}\emph{+}\(x_{1}^{2}x_{2}^{2}\)\emph{=}0,所以\emph{x}\textsubscript{1}\emph{x}\textsubscript{2}\emph{=-}4或\emph{x}\textsubscript{1}\emph{x}\textsubscript{2}\emph{=}0,又\emph{A},\emph{B},\emph{M}三点共线,所以\(\frac{x_{1}^{2}\text{-}1}{2x_{1}\text{-}1}\)\emph{=}\(\frac{x_{2}^{2}\text{-}1}{2x_{2}\text{-}1}\),即(\emph{x}\textsubscript{1}\emph{-x}\textsubscript{2})(2\emph{x}\textsubscript{1}\emph{x}\textsubscript{2}\emph{-x}\textsubscript{1}\emph{-x}\textsubscript{2}\emph{+}2)\emph{=}0,因为\emph{x}\textsubscript{1}≠\emph{x}\textsubscript{2},所以2\emph{x}\textsubscript{1}\emph{x}\textsubscript{2}\emph{-x}\textsubscript{1}\emph{-x}\textsubscript{2}\emph{+}2\emph{=}0,当\emph{x}\textsubscript{1}\emph{x}\textsubscript{2}\emph{=-}4时,\emph{x}\textsubscript{1}\emph{+x}\textsubscript{2}\emph{=-}6,所以\emph{k\textsubscript{AB}=}\(\frac{x_{2}^{2}\text{-}x_{1}^{2}}{2\text{(}x_{2}\text{-}x_{1}\text{)}}\)\emph{=}\(\frac{x_{1} + x_{2}}{2}\)\emph{=-}3,所以直线\emph{l}的方程为3\emph{x+y-}4\emph{=}0,当\emph{x}\textsubscript{1}\emph{x}\textsubscript{2}\emph{=}0时,\emph{x}\textsubscript{1}\emph{+x}\textsubscript{2}\emph{=}2,此时\emph{k\textsubscript{AB}=}\(\frac{x_{2}^{2}\text{-}x_{1}^{2}}{2\text{(}x_{2}\text{-}x_{1}\text{)}}\)\emph{=}\(\frac{x_{1} + x_{2}}{2}\)\emph{=}1\emph{\textgreater{}}0,不符合题意,综上,直线\emph{l}的方程为3\emph{x+y-}4\emph{=}0,故B错误\emph{.}对于C,
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如何研究四点共圆?一是利用其中三点求得圆方程后,将第四个点代入来研究问题;二是利用圆的性质,注意到圆的弦\emph{AB}与\emph{OD}交于点\emph{M},为此,利用相交弦定理来解决问题\emph{.}

解法1\emph{　}设\emph{A}(2\emph{x}\textsubscript{1},\(x_{1}^{2}\)),\emph{B}(2\emph{x}\textsubscript{2},\(x_{2}^{2}\)),过\emph{A},\emph{B},\emph{O}三点的圆方程为\emph{x}\textsuperscript{2}\emph{+y}\textsuperscript{2}\emph{+Dx+Ey=}0,将\emph{A},\emph{B}两点坐标代入得\(\left\{ \begin{matrix}
4x_{1}^{2} + x_{1}^{4} + 2Dx_{1} + x_{1}^{2}E = 0\text{,} \\
4x_{2}^{2} + x_{2}^{4} + 2Dx_{2} + x_{2}^{2}E = 0\text{,}
\end{matrix} \right.\ \)即\(\left\{ \begin{matrix}
4x_{1} + x_{1}^{3} + 2D + x_{1}E = 0\text{,} \\
4x_{2} + x_{2}^{3} + 2D + x_{2}E = 0\text{,}
\end{matrix} \right.\ \)解得\(\left\{ \begin{matrix}
D = \frac{1}{2}\text{(}x_{1}^{2}x_{2} + x_{1}x_{2}^{2}\text{),} \\
E = \text{-}x_{1}^{2}\text{-}x_{1}x_{2}\text{-}x_{2}^{2}\text{-}4\text{,}
\end{matrix} \right.\ \)因为圆过点\emph{D}(4,4),所以32\emph{+}4\emph{D+}4\emph{E=}0,即\emph{D+E=-}8,从而得\(\frac{1}{2}\)\emph{x}\textsubscript{1}\emph{x}\textsubscript{2}(\emph{x}\textsubscript{1}\emph{+x}\textsubscript{2})\emph{-}\(x_{1}^{2}\)\emph{-x}\textsubscript{1}\emph{x}\textsubscript{2}\emph{-}\(x_{2}^{2}\)\emph{+}4\emph{=}0\emph{　①},根据选项C的解法2,由\emph{A},\emph{M},\emph{B}三点共线得2\emph{x}\textsubscript{1}\emph{x}\textsubscript{2}\emph{-x}\textsubscript{1}\emph{-x}\textsubscript{2}\emph{+}2\emph{=}0\emph{　②},由\emph{①②}得\(\left\{ \begin{matrix}
x_{1}x_{2} = 0\text{,} \\
x_{1} + x_{2} = 2
\end{matrix} \right.\ \)或\(\left\{ \begin{matrix}
x_{1}x_{2} = \text{-}2\text{,} \\
x_{1} + x_{2} = \text{-}2\text{,}
\end{matrix} \right.\ \)当\(\left\{ \begin{matrix}
x_{1}x_{2} = 0\text{,} \\
x_{1} + x_{2} = 2
\end{matrix} \right.\ \)时,\emph{k\textsubscript{AB}=}\(\frac{x_{2}^{2}\text{-}x_{1}^{2}}{2\text{(}x_{2}\text{-}x_{1}\text{)}}\)\emph{=}\(\frac{x_{1} + x_{2}}{2}\)\emph{=}1\emph{\textgreater{}}0,不符合题意,当\(\left\{ \begin{matrix}
x_{1}x_{2} = \text{-}2\text{,} \\
x_{1} + x_{2} = \text{-}2
\end{matrix} \right.\ \)时,\emph{k\textsubscript{AB}=}\(\frac{x_{2}^{2}\text{-}x_{1}^{2}}{2\text{(}x_{2}\text{-}x_{1}\text{)}}\)\emph{=}\(\frac{x_{1} + x_{2}}{2}\)\emph{=-}1,此时直线\emph{l}为\emph{y=-x+}2,故C正确\emph{.}

解法2\emph{　}设\emph{A}(\emph{x}\textsubscript{1},\emph{y}\textsubscript{1}),\emph{B}(\emph{x}\textsubscript{2},\emph{y}\textsubscript{2})\emph{.}当\emph{O},\emph{A},\emph{D},\emph{B}四点共圆时,\emph{\textbar MA\textbar{}}·\emph{\textbar MB\textbar=\textbar MO\textbar{}}·\emph{\textbar MD\textbar{}},又\emph{\textbar MA\textbar=}\(\sqrt{1 + k^{2}}\)\emph{\textbar x}\textsubscript{1}\emph{-}1\emph{\textbar{}},\emph{\textbar MB\textbar=}\(\sqrt{1 + k^{2}}\)\emph{\textbar x}\textsubscript{2}\emph{-}1\emph{\textbar{}},\emph{\textbar MO\textbar=}\(\sqrt{2}\),\emph{\textbar MD\textbar=}3\(\sqrt{2}\),所以\emph{\textbar MA\textbar{}}·\emph{\textbar MB\textbar=}(1\emph{+k}\textsuperscript{2})\emph{\textbar x}\textsubscript{1}\emph{x}\textsubscript{2}\emph{-x}\textsubscript{1}\emph{-x}\textsubscript{2}\emph{+}1\emph{\textbar=}6,由选项B的解法1得\emph{x}\textsubscript{1}\emph{+x}\textsubscript{2}\emph{=}4\emph{k},\emph{x}\textsubscript{1}\emph{x}\textsubscript{2}\emph{=}4\emph{k-}4,代入,得(1\emph{+k}\textsuperscript{2})\emph{\textbar{}}4\emph{k-}4\emph{-}4\emph{k+}1\emph{\textbar=}6,即\emph{k}\textsuperscript{2}\emph{=}1,又\emph{k\textless{}}0,所以\emph{k=-}1,故直线\emph{l}的方程为\emph{y=-x+}2,故C正确\emph{.}对于D,
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注意到点\emph{P}随着\emph{A},\emph{B}两点的变化而变化,为此,将点\emph{P}的坐标表示为\emph{A},\emph{B}的坐标形式,然后判断它是否在直线\emph{x-}2\emph{y-}2\emph{=}0上\emph{.}此处同样可采用设线法与设点法来解决\emph{.}

解法1\emph{　}设\emph{A}\(\left( x_{1}\text{,}\frac{x_{1}^{2}}{4} \right)\),\emph{B}\(\left( x_{2}\frac{x_{2}^{2}}{4} \right)\),则直线\emph{OA}:\emph{y=}\(\frac{x_{1}}{4}\)\emph{x},由\emph{D}(4,4),得\emph{k\textsubscript{BD}=}\(\frac{\frac{x_{2}^{2}}{4}\text{-}4}{x_{2}\text{-}4}\)\emph{=}\(\frac{x_{2} + 4}{4}\),则直线\emph{BD}:\emph{y=}\(\frac{x_{2} + 4}{4}\)(\emph{x-}4)\emph{+}4,由\(\left\{ \begin{matrix}
y = \frac{x_{1}}{4}x\text{,} \\
y = \frac{x_{2} + 4}{4}\text{(}x\text{-}4\text{)} + 4\text{,}
\end{matrix} \right.\ \)解得\(\left\{ \begin{matrix}
x_{P} = \frac{4x_{2}}{x_{2} + 4\text{-}x_{1}}\text{,} \\
y_{P} = \frac{x_{2}x_{1}}{x_{2} + 4\text{-}x_{1}}\text{,}
\end{matrix} \right.\ \)则\emph{x\textsubscript{P}-}2\emph{y\textsubscript{P}-}2\emph{=}\(\frac{4x_{2}}{x_{2} + 4\text{-}x_{1}}\)\emph{-}\(\frac{2x_{2}x_{1}}{x_{2} + 4\text{-}x_{1}}\)\emph{-}2\emph{=}\(\frac{4x_{2}\text{-}2x_{2}x_{1}\text{-}2\text{(}x_{2} + 4\text{-}x_{1}\text{)}}{x_{2} + 4\text{-}x_{1}}\)\emph{=}\(\frac{2x_{2} + 2x_{1}\text{-}2x_{2}x_{1}\text{-}8}{x_{2} + 4\text{-}x_{1}}\),由选项B的解法1得\emph{x}\textsubscript{1}\emph{+x}\textsubscript{2}\emph{=}4\emph{k},\emph{x}\textsubscript{1}\emph{x}\textsubscript{2}\emph{=}4\emph{k-}4,则\emph{x\textsubscript{P}-}2\emph{y\textsubscript{P}-}2\emph{=}\(\frac{8k\text{-}2\text{(}4k\text{-}4\text{)-}8}{x_{2} + 4\text{-}x_{1}}\)\emph{=}\(\frac{8k\text{-}8k + 8\text{-}8}{x_{2} + 4\text{-}x_{1}}\)\emph{=}0,所以点\emph{P}落在定直线\emph{x-}2\emph{y-}2\emph{=}0上,故D正确\emph{.}

解法2\emph{　}设\emph{A}(2\emph{x}\textsubscript{1},\(x_{1}^{2}\)),\emph{B}(2\emph{x}\textsubscript{2},\(x_{2}^{2}\)),则直线\emph{OA}:\emph{y=}\(\frac{x_{1}}{2}\)\emph{x},由\emph{D}(4,4),得\emph{k\textsubscript{BD}=}\(\frac{x_{2}^{2}\text{-}4}{2x_{2}\text{-}4}\)\emph{=}\(\frac{x_{2} + 2}{2}\),则直线\emph{BD}:\emph{y=}\(\frac{x_{2} + 2}{2}\)(\emph{x-}4)\emph{+}4,由\(\left\{ \begin{matrix}
y = \frac{x_{1}}{2}x\text{,} \\
y = \frac{x_{2} + 2}{2}\text{(}x\text{-}4\text{)} + 4\text{,}
\end{matrix} \right.\ \)解得\(\left\{ \begin{matrix}
x_{P} = \frac{4x_{2}}{x_{2} + 2\text{-}x_{1}}\text{,} \\
y_{P} = \frac{2x_{2}x_{1}}{x_{2} + 2\text{-}x_{1}}\text{,}
\end{matrix} \right.\ \)\emph{x\textsubscript{P}-}2\emph{y\textsubscript{P}-}2\emph{=}\(\frac{4x_{2}}{x_{2} + 2\text{-}x_{1}}\)\emph{-}\(\frac{4x_{2}x_{1}}{x_{2} + 2\text{-}x_{1}}\)\emph{-}2\emph{=}\(\frac{4x_{2}\text{-}4x_{2}x_{1}\text{-}2\text{(}x_{2} + 2\text{-}x_{1}\text{)}}{x_{2} + 2\text{-}x_{1}}\)\emph{=}\(\frac{2x_{2} + 2x_{1}\text{-}4x_{2}x_{1}\text{-}4}{x_{2} + 2\text{-}x_{1}}\),由选项B解法2中\emph{A},\emph{M},\emph{B}三点共线得2\emph{x}\textsubscript{1}\emph{x}\textsubscript{2}\emph{-x}\textsubscript{1}\emph{-x}\textsubscript{2}\emph{+}2\emph{=}0,所以\emph{x\textsubscript{P}-}2\emph{y\textsubscript{P}-}2\emph{=}0,所以点\emph{P}落在定直线\emph{x-}2\emph{y-}2\emph{=}0上,故D正确\emph{.}
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1\emph{.}
对于直线与抛物线的位置关系问题,可采用两种常用的方法,一是设线法,先设出直线方程,再与抛物线方程联立消元,利用一元二次方程的根与系数的关系求解;二是设点法,即将直线与抛物线的交点用其中的横坐标(或纵坐标)加以表示出来,再利用三点共线得到交点坐标所满足的关系来解决问题,此时,为了方便起见,我们会采用在坐标中乘以相应的常数,使坐标为整数形式,简化计算\emph{.}

2\emph{.}
处理四点共圆问题,有两种常用策略,一是求出圆的方程,通过方程来研究问题;二是利用圆的几何性质来研究问题,比如本题用到的圆的相交弦定理\emph{.}

12\emph{.}
0\emph{　}解法1\emph{　f\textquotesingle{}}(\emph{x})\emph{=x}\textsuperscript{2}\emph{-}4,令\emph{f\textquotesingle{}}(\emph{x})\emph{=}0,解得\emph{x}\textsubscript{1}\emph{=-}2,\emph{x}\textsubscript{2}\emph{=}2\emph{.}当\emph{x\textless-}2时,\emph{f\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,\emph{f}(\emph{x})单调递增;当\emph{-}2\emph{\textless x\textless{}}2时,\emph{f\textquotesingle{}}(\emph{x})\emph{\textless{}}0,\emph{f}(\emph{x})单调递减;当\emph{x\textgreater{}}2时,\emph{f\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,\emph{f}(\emph{x})单调递增\emph{.}所以\emph{f}(\emph{x})在\emph{x}\textsubscript{1}\emph{=-}2处取得极大值,在\emph{x}\textsubscript{2}\emph{=}2处取得极小值,所以函数\emph{f}(\emph{x})所有极值点之和为\emph{-}2\emph{+}2\emph{=}0\emph{.}

解法2\emph{　}因为\emph{f}(\emph{x})\emph{=}\(\frac{1}{3}\)\emph{x}\textsuperscript{3}\emph{-}4\emph{x+}4的图象关于点(0,4)对称,\textsuperscript{【1】}所以它的所有极值点之和为0\emph{.}
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二级结论【1】\emph{f}(\emph{x})\emph{=ax}\textsuperscript{3}\emph{+bx}\textsuperscript{2}\emph{+cx+d}(\emph{a}≠0)关于点\(\left( \text{-}\frac{b}{3a}\text{,}f\left( \text{-}\frac{b}{3a} \right) \right)\)成中心对称\emph{.}

13\emph{.}
\(\left( \text{-}\frac{7}{3}\text{,-}2 \right)\)\emph{　　}因为\emph{S\textsubscript{n}=na}\textsubscript{1}\emph{+}\(\frac{n\text{(}n\text{-}1\text{)}d}{2}\)\emph{=}\(\frac{d}{2}\)\emph{n}\textsuperscript{2}\emph{+}\(\left( 14\text{-}\frac{d}{2} \right)\)\emph{n=}\(\frac{d}{2}\left( n + \frac{28\text{-}d}{2d} \right)^{2}\)\emph{-}\(\frac{\text{(}28\text{-}d\text{)}^{2}}{8d}\),又当且仅当\emph{n=}7时,\emph{S\textsubscript{n}}取得最大值,所以\(\left\{ \begin{matrix}
d < 0\text{,} \\
\frac{13}{2} < \text{-}\frac{28\text{-}d}{2d} < \frac{15}{2}\text{,}
\end{matrix} \right.\ \)解得\emph{-}\(\frac{7}{3}\)\emph{\textless d\textless-}2\emph{.}
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因为\emph{a}\textsubscript{1}\emph{=}14\emph{\textgreater{}}0,且\emph{S\textsubscript{n}}存在最大值,则\emph{d\textless{}}0\emph{.}又\emph{S\textsubscript{n}}仅在\emph{n=}7时取最大值,所以\{\emph{a\textsubscript{n}}\}前7项为正数,从第8项开始为负数,则\(\left\{ \begin{matrix}
a_{7} = a_{1} + 6d > 0\text{,} \\
a_{8} = a_{1} + 7d < 0\text{,}
\end{matrix} \right.\ \)即\(\left\{ \begin{matrix}
14 + 6d > 0\text{,} \\
14 + 7d < 0\text{,}
\end{matrix} \right.\ \)解得\emph{-}\(\frac{7}{3}\)\emph{\textless d\textless-}2\emph{.}

\emph{　　}14\emph{.}\(\sqrt{3}\)\emph{　}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147519890;FounderCES}]{media/image4.jpeg}
研究球与几何体相切的问题时,关键在于抓住球心的位置,球心的位置确定了,问题基本就解决了\emph{.}

设圆锥的母线长为\emph{l},则π\emph{×}5\textsuperscript{2}\emph{+}π\emph{×}5\emph{×l=}75π,解得\emph{l=}10,则圆锥的轴截面为边长为10的等边三角形\emph{.}
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先观察三个球心在圆锥内的位置关系,为此,过三个球心作截面,从而得到每一个球心相对于圆锥底面的位置关系\emph{.}

沿圆锥内三个球的球心作截面如图1,则△\emph{O}\textsubscript{1}\emph{O}\textsubscript{2}\emph{O}\textsubscript{3}是半径为2\emph{r}的等边三角形,根据圆锥的性质易知截面圆的圆心\emph{O}为△\emph{O}\textsubscript{1}\emph{O}\textsubscript{2}\emph{O}\textsubscript{3}的外心,所以\emph{OO}\textsubscript{1}\emph{=}\(\frac{2\sqrt{3}}{3}\)\emph{r.}

\includegraphics[width=1.09685in,height=1.09685in,alt={id:2147519904;FounderCES}]{media/image13.jpeg}图1\emph{　}\includegraphics[width=0.95315in,height=0.85in,alt={id:2147519911;FounderCES}]{media/image14.jpeg}图2

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147519918;FounderCES}]{media/image9.jpeg}
注意到三个球是等价的,为此,只需研究其中一个球与圆锥的位置关系,故过其中一个球作轴截面\emph{.}由于球与圆锥相切,故它的球心位置轴截面底角的角平分线上\emph{.}

沿点\emph{O},\emph{O}\textsubscript{1}所在轴截面如图2,易知∠\emph{O}\textsubscript{1}\emph{AB=}\(\frac{\pi}{6}\),所以\emph{AB=}\(\sqrt{3}\)\emph{r.}所以\(\frac{2\sqrt{3}}{3}\)\emph{r+}\(\sqrt{3}\)\emph{r=}5,解得\emph{r=}\(\sqrt{3}\)\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147519925;FounderCES}]{media/image11.jpeg}
本题中作了两个截面,其目的是从不同的角度来观察问题中的几何量之间的关系,从而得到相应的数量关系\emph{.}

\emph{　　}15\emph{.} 解:(1)
\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147519932;FounderCES}]{media/image4.jpeg}应用正弦定理、余弦定理解三角形,需要将条件集中于一个三角形中,若条件分散于不同的三角形,就需在不同的三角形中分别应用正弦定理、余弦定理,并同时尽量应用不同三角形中的相关边(或角),从而来建立方程来解决问题\emph{.}

\emph{　　}解法1\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147519939;FounderCES}]{media/image9.jpeg}
根据题目中的条件关系以及所求的目标,可以发现条件与目标集中于△\emph{ABC},△\emph{ADC}中,为此,分别在两个三角形中应用正弦定理\emph{.}

在△\emph{ACD}中,由正弦定理可得\(\frac{AD}{\sin C}\)\emph{=}\(\frac{DC}{sin\angle DAC}\),在△\emph{ABC}中,由正弦定理可得\(\frac{AB}{\sin C}\)\emph{=}\(\frac{BC}{sin\angle BAC}\),
所以\(\frac{AB}{AD}\)\emph{=}\(\frac{BCsin\angle DAC}{DCsin\angle BAC}\)\emph{.}
(3分)

由∠\emph{BAC+}∠\emph{DAC=}π,得sin∠\emph{BAC=}sin(π\emph{-}∠\emph{DAC})\emph{=}sin∠\emph{DAC},则\(\frac{AB}{AD}\)\emph{=}\(\frac{BC}{DC}\)\emph{=}\(\frac{BD + DC}{DC}\)\emph{=}\(\frac{3DC}{DC}\)\emph{=}3\emph{.}
(6分)

\emph{　　}解法2\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147519946;FounderCES}]{media/image9.jpeg}
将条件与目标集中观察,发现它们是``两边及夹角''形式,为此,利用面积法来解决问题\emph{.}

因为\emph{BD=}2\emph{DC},所以\emph{S}\textsubscript{△\emph{ABC}}\emph{=}3\emph{S}\textsubscript{△\emph{ADC}},则\(\frac{1}{2}\)\emph{AB}·\emph{AC}·sin∠\emph{BAC=}\(\frac{3}{2}\)\emph{AD}·\emph{AC}sin∠\emph{DAC},即\emph{AB}sin∠\emph{BAC=}3\emph{AD}·sin∠\emph{DAC.}
(3分)

因为∠\emph{BAC+}∠\emph{DAC=}π,所以sin∠\emph{BAC=}sin(π\emph{-}∠\emph{DAC})\emph{=}sin∠\emph{DAC},所以\emph{AB=}3\emph{AD},即\(\frac{AB}{AD}\)\emph{=}3\emph{.}
(6分)

(2)
不妨设\emph{BD=}2\emph{DC=}2,则\emph{BC=}3,\emph{AC=DC=}1,设\emph{AD=x}(\emph{x\textgreater{}}0),\emph{AB=}3\emph{x},在△\emph{ACD}中,由余弦定理可得\emph{x}\textsuperscript{2}\emph{=AC}\textsuperscript{2}\emph{+DC}\textsuperscript{2}\emph{-}2\emph{AC}·\emph{DC}·cos∠\emph{ACD},即\emph{x}\textsuperscript{2}\emph{=}2\emph{-}2cos∠\emph{ACD},
(9分)

在△\emph{ABC}中,由余弦定理可得9\emph{x}\textsuperscript{2}\emph{=AC}\textsuperscript{2}\emph{+BC}\textsuperscript{2}\emph{-}2\emph{AC}·\emph{BC}·cos∠\emph{ACB},即9\emph{x}\textsuperscript{2}\emph{=}10\emph{-}6cos∠\emph{ACD},
(11分)

两式联立,解得cos∠\emph{ACD=}\(\frac{2}{3}\)\emph{.} (13分)

\emph{　　}16\emph{.} (1)
\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147519953;FounderCES}]{media/image9.jpeg}平面与平面垂直需转化为直线与平面垂直,为此,需在其中一个平面内找它们交线的垂线,若条件中没有该条件,则需在其中一个平面内作交线的垂线\emph{.}

(1)
证明:如图,设\emph{AC}∩\emph{BD=O},在平面\emph{PAC}内过点\emph{A}作\emph{AH}⊥\emph{PO},垂足为\emph{H.}因为平面\emph{PAC}⊥平面\emph{PBD},平面\emph{PAC}∩平面\emph{PBD=PO},所以\emph{AH}⊥平面\emph{PBD.}
(2分)

又\emph{BD}⊂平面\emph{PBD},所以\emph{BD}⊥\emph{AH.} (3分)

因为\emph{PA}⊥平面\emph{ABCD},\emph{BD}⊂平面\emph{ABCD},所以\emph{BD}⊥\emph{PA.}
(4分)

因为\emph{BD}⊥\emph{AH},\emph{PA}∩\emph{AH=A},\emph{PA}⊂平面\emph{PAC},\emph{AH}⊂平面\emph{PAC},\textsuperscript{【1】}所以\emph{BD}⊥平面\emph{PAC.}
(5分)

又因为\emph{PC}⊂平面\emph{PAC},所以\emph{BD}⊥\emph{PC.} (6分)

\includegraphics[width=1.33346in,height=1.64016in,alt={id:2147519960;FounderCES}]{media/image15.jpeg}

(2)
解:在△\emph{ABD}中,由\emph{AB=}\(\sqrt{3}\),\emph{AD=}1,\emph{AB}⊥\emph{AD},可得\emph{BD=}2,∠\emph{ABD=}\(\frac{\pi}{6}\),由(1)知\emph{BD}⊥\emph{AC},则\(V_{PABCD}\)\emph{=}\(\frac{1}{3}\)\emph{S\textsubscript{ABCD}×PA=}\(\frac{1}{3}\)\emph{×}\(\frac{1}{2}\)\emph{×}2\emph{×AC×}\(\sqrt{3}\)\emph{=}2,解得\emph{AC=}2\(\sqrt{3}\),∠\emph{BAO=}\(\frac{\pi}{3}\),在△\emph{ABC}中,由余弦定理得\emph{BC=}\(\sqrt{AB^{2} + AC^{2}\text{-}2AB\text{·}AC\text{·}cos\angle BAC}\)\emph{=}\(\sqrt{\text{(}\sqrt{3}\text{)}^{2} + \text{(}2\sqrt{3}\text{)}^{2}\text{-}2 \times \sqrt{3} \times 2\sqrt{3} \times \frac{1}{2}}\)\emph{=}3,则\emph{AB}\textsuperscript{2}\emph{+BC}\textsuperscript{2}\emph{=AC}\textsuperscript{2},所以\emph{AB}⊥\emph{BC.}
(8分)

因为\emph{PA}⊥平面\emph{ABCD},\emph{AB},\emph{AD}⊂平面\emph{ABCD},所以\emph{AP}⊥\emph{AB},\emph{AP}⊥\emph{AD},

以\emph{AB},\emph{AD},\emph{AP}所以直线分别为\emph{x}轴、\emph{y}轴、\emph{z}轴建立如图所示的空间直角坐标系,所以\emph{P}(0,0,\(\sqrt{3}\)),\emph{A}(0,0,0),\emph{B}(\(\sqrt{3}\),0,0),\emph{D}(0,1,0),\emph{C}(\(\sqrt{3}\),3,0),
(9分)

设平面\emph{PBC}的法向量为\emph{n=}(\emph{x}\textsubscript{1},\emph{y}\textsubscript{1},\emph{z}\textsubscript{1}),\(\overrightarrow{BC}\)\emph{=}(0,3,0),\(\overrightarrow{BP}\)\emph{=}(\emph{-}\(\sqrt{3}\),0,\(\sqrt{3}\)),则\(\left\{ \begin{matrix}
\overrightarrow{BC}\text{·}n = 3y_{1} = 0\text{,} \\
\overrightarrow{BP}\text{·}n = \text{-}\sqrt{3}x_{1} + \sqrt{3}z_{1} = 0\text{,}
\end{matrix} \right.\ \)令\emph{x}\textsubscript{1}\emph{=}1,得\emph{y}\textsubscript{1}\emph{=}0,\emph{z}\textsubscript{1}\emph{=}1,则\emph{n=}(1,0,1),
(11分)

设平面\emph{PCD}的法向量为\emph{m=}(\emph{x}\textsubscript{2},\emph{y}\textsubscript{2},\emph{z}\textsubscript{2}),\(\overrightarrow{PD}\)\emph{=}(0,1,\emph{-}\(\sqrt{3}\)),\(\overrightarrow{PC}\)\emph{=}(\(\sqrt{3}\),3,\emph{-}\(\sqrt{3}\)),则\(\left\{ \begin{matrix}
\overrightarrow{PD}\text{·}m = y_{2}\text{-}\sqrt{3}z_{2} = 0\text{,} \\
\overrightarrow{PC}\text{·}m = \sqrt{3}x_{2} + 3y_{2}\text{-}\sqrt{3}z_{2} = 0\text{,}
\end{matrix} \right.\ \)令\emph{z}\textsubscript{2}\emph{=}1,得\emph{y}\textsubscript{2}\emph{=}\(\sqrt{3}\),\emph{x}\textsubscript{2}\emph{=-}2,则\emph{m=}(\emph{-}2,\(\sqrt{3}\),1),
(13分)

所以cos\emph{\textless n},\emph{m\textgreater=}\(\frac{n\text{·}m}{\text{|}n\text{||}m\text{|}}\)\emph{=}\(\frac{\text{-}1}{\sqrt{2} \times \sqrt{8}}\)\emph{=-}\(\frac{1}{4}\),所以平面\emph{PAD}与平面\emph{PCD}夹角的余弦值为\(\frac{1}{4}\)\emph{.}
(15分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147519967;FounderCES}]{media/image16.jpeg}
【1】此处定理条件不全者扣1分\emph{.}

17\emph{.} 解:(1)
当\emph{a=}2时,\emph{f}(\emph{x})\emph{=}2\emph{x-x}e\emph{\textsuperscript{x}},\emph{f\textquotesingle{}}(\emph{x})\emph{=}2\emph{-}(\emph{x+}1)e\emph{\textsuperscript{x}},设切点为(\emph{x}\textsubscript{0},2\emph{x}\textsubscript{0}\emph{-x}\textsubscript{0}\(e^{x_{0}}\)),则切线方程为\emph{y-}(2\emph{x}\textsubscript{0}\emph{-x}\textsubscript{0}\(e^{x_{0}}\))\emph{=}{[}2\emph{-}(\emph{x}\textsubscript{0}\emph{+}1)\(e^{x_{0}}\){]}(\emph{x-x}\textsubscript{0}),
(2分)

将(0,\emph{m})代入切线方程并化简,得\emph{m=}\(x_{0}^{2}e^{x_{0}}\)\emph{.}因为过(0,\emph{m})可以作曲线\emph{y=f}(\emph{x})的三条切线,所以\emph{m=}\(x_{0}^{2}e^{x_{0}}\)有三个解\emph{.}
(4分)

设\emph{g}(\emph{x})\emph{=x}\textsuperscript{2}e\emph{\textsuperscript{x}},则\emph{g\textquotesingle{}}(\emph{x})\emph{=x}(\emph{x+}2)e\emph{\textsuperscript{x}}
\emph{.}所以当\emph{x\textless-}2时,\emph{g\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,\emph{g}(\emph{x})单调递增;当\emph{-}2\emph{\textless x\textless{}}0时,\emph{g\textquotesingle{}}(\emph{x})\emph{\textless{}}0,\emph{g}(\emph{x})单调递减;当\emph{x\textgreater{}}0时,\emph{g\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,\emph{g}(\emph{x})单调递增\emph{.}又\emph{g}(\emph{-}2)\emph{=}\(\frac{4}{e^{2}}\),\emph{g}(0)\emph{=}0,\emph{g}(\emph{x})≥0,所以当0\emph{\textless m\textless{}}\(\frac{4}{e^{2}}\)时,\emph{m=}\(x_{0}^{2}e^{x_{0}}\)有三个解,故实数\emph{m}的取值范围是\(\left( 0\text{,}\frac{4}{e^{2}} \right)\)\emph{.}
(7分)

(2)
因为\emph{f}(\emph{x})≤\emph{a+b}等价于\emph{b}≥\emph{ax-x}e\emph{\textsuperscript{x}-a}对任意\emph{x}∈R恒成立,令\emph{h}(\emph{x})\emph{=ax-x}e\emph{\textsuperscript{x}-a},\emph{a\textgreater{}}0,则\emph{b}≥\emph{h}(\emph{x})\textsubscript{max}\emph{.}因为\emph{h\textquotesingle{}}(\emph{x})\emph{=a-}(\emph{x+}1)e\emph{\textsuperscript{x}},令\emph{k}(\emph{x})\emph{=h\textquotesingle{}}(\emph{x}),则\emph{k\textquotesingle{}}(\emph{x})\emph{=-}(\emph{x+}2)e\emph{\textsuperscript{x}},所以当\emph{x\textless-}2时,\emph{k\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,此时\emph{h\textquotesingle{}}(\emph{x})单调递增,当\emph{x\textgreater-}2时,\emph{k\textquotesingle{}}(\emph{x})\emph{\textless{}}0,此时\emph{h\textquotesingle{}}(\emph{x})单调递减,而当\emph{x\textless-}1时,\emph{h\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,\emph{x}→\emph{+∞},\emph{h\textquotesingle{}}(\emph{x})\emph{\textless{}}0,所以存在\emph{x}\textsubscript{0}∈(\emph{-}1,\emph{+∞}),\emph{h\textquotesingle{}}(\emph{x}\textsubscript{0})\emph{=}0,所以当\emph{x}∈(\emph{-∞},\emph{x}\textsubscript{0})时,\emph{h\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,\emph{h}(\emph{x})单调递增,当\emph{x}∈(\emph{x}\textsubscript{0},\emph{+∞}),\emph{h\textquotesingle{}}(\emph{x})\emph{\textless{}}0,\emph{h}(\emph{x})单调递减,故\emph{h}(\emph{x})\textsubscript{max}\emph{=h}(\emph{x}\textsubscript{0})\emph{=ax}\textsubscript{0}\emph{-x}\textsubscript{0}\(e^{x_{0}}\)\emph{-a.}又因为\emph{h\textquotesingle{}}(\emph{x}\textsubscript{0})\emph{=a-}(\emph{x}\textsubscript{0}\emph{+}1)\(e^{x_{0}}\)\emph{=}0,所以\emph{a=}(\emph{x}\textsubscript{0}\emph{+}1)\(e^{x_{0}}\),\emph{h}(\emph{x})\textsubscript{max}\emph{=x}\textsubscript{0}(\emph{x}\textsubscript{0}\emph{+}1)\(e^{x_{0}}\)\emph{-x}\textsubscript{0}\(e^{x_{0}}\)\emph{-}(\emph{x}\textsubscript{0}\emph{+}1)\(e^{x_{0}}\)\emph{=}(\(x_{0}^{2}\)\emph{-x}\textsubscript{0}\emph{-}1)\(e^{x_{0}}\)\emph{.}
(11分)

存在\emph{a\textgreater{}}0,即\emph{x}\textsubscript{0}∈(\emph{-}1,\emph{+∞}),使得\emph{b}≥\emph{h}(\emph{x}\textsubscript{0})即可,所以\emph{b}≥\emph{h}(\emph{x}\textsubscript{0})\textsubscript{min},令\emph{φ}(\emph{x})\emph{=}(\emph{x}\textsuperscript{2}\emph{-x-}1)e\emph{\textsuperscript{x}}(\emph{x\textgreater-}1),则\emph{φ\textquotesingle{}}(\emph{x})\emph{=}(\emph{x}\textsuperscript{2}\emph{+x-}2)e\emph{\textsuperscript{x}=}(\emph{x-}1)(\emph{x+}2)e\emph{\textsuperscript{x}},当\emph{-}1\emph{\textless x\textless{}}1时,\emph{φ\textquotesingle{}}(\emph{x})\emph{\textless{}}0,当\emph{x\textgreater{}}1时,\emph{φ\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,所以\emph{φ}(\emph{x})在(\emph{-}1,1)上单调递减,在(1,\emph{+∞})上单调递增,所以\emph{φ}(\emph{x})\textsubscript{min}\emph{=φ}(1)\emph{=-}e,所以\emph{b}≥\emph{-}e,即实数\emph{b}的取值范围是{[}\emph{-}e,\emph{+∞})\emph{.}
(15分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147519974;FounderCES}]{media/image11.jpeg}
根据恒成立求参数的取值范围,其基本解题思路有两种:一是将参数分离出来,转化为求分离参数后的函数的最值问题,这种方法主要适用于参数易于分离,且分离后的函数的最值易于求解;二是直接构造含有参数的函数,研究其最值,这种方法通常需要对参数进行分类讨论\emph{.}

18\emph{.} 解:(1)
因为焦点到一条渐近线\emph{bx±ay=}0的距离为1,即\emph{d=}\(\frac{bc}{\sqrt{a^{2} + b^{2}}}\)\emph{=b=}1\emph{.}
又点\emph{P}(2,\emph{-}1)在双曲线上,所以\(\frac{4}{a^{2}}\)\emph{-}\(\frac{1}{b^{2}}\)\emph{=}1,解得\emph{a}\textsuperscript{2}\emph{=}2\emph{.}所以双曲线的方程为\(\frac{x^{2}}{2}\)\emph{-y}\textsuperscript{2}\emph{=}1\emph{.}
(5分)

\emph{　　}(2)
\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147519981;FounderCES}]{media/image9.jpeg}注意到\emph{S},\emph{T},\emph{E}三点构成直角三角形,为此,求切线\emph{\textbar ST\textbar{}}的取值范围,本质就是求\emph{\textbar SE\textbar{}}的取值范围\emph{.}

圆\emph{E}:(\emph{x-}5)\textsuperscript{2}\emph{+y}\textsuperscript{2}\emph{=}2的圆心\emph{E}(5,0),半径为\(\sqrt{2}\)\emph{.}因为\emph{T}是圆\emph{E}上的动点,直线\emph{ST}与圆\emph{E}相切,所以\emph{ST}⊥\emph{TE},\emph{\textbar TE\textbar=}\(\sqrt{2}\)\emph{.}所以\emph{\textbar ST\textbar=}\(\sqrt{\text{|}SE\text{|}^{2}\text{-|}ET\text{|}^{2}}\)\emph{=}\(\sqrt{\text{|}SE\text{|}^{2}\text{-}2}\)\emph{.}
\textsuperscript{【1】}

\includegraphics[width=1.05315in,height=0.96654in,alt={id:2147519988;FounderCES}]{media/image17.jpeg}

设\emph{S}(\emph{x}\textsubscript{0},\emph{y}\textsubscript{0}),因为\emph{S}是双曲线\emph{C}上的动点,所以\(\frac{x_{0}^{2}}{2}\)\emph{-}\(y_{0}^{2}\)\emph{=}1\emph{.}所以\emph{\textbar SE\textbar=}\(\sqrt{\text{(}x_{0}\text{-}5\text{)}^{2} + y_{0}^{2}}\)\emph{=}\(\sqrt{x_{0}^{2}\text{-}10x_{0} + 25 + \frac{x_{0}^{2}}{2}\text{-}1}\)\emph{=}\(\sqrt{\frac{3}{2}\left( x_{0}\text{-}\frac{10}{3} \right)^{2} + \frac{22}{3}}\)\emph{.}\textsuperscript{【2】}当\emph{x}\textsubscript{0}\emph{=}\(\frac{10}{3}\)时,\emph{\textbar SE\textbar{}}取得最小值,此时\emph{\textbar SE\textbar{}}\textsubscript{min}\emph{=}\(\sqrt{\frac{22}{3}}\)\emph{.}所以\emph{\textbar ST\textbar{}}\textsubscript{min}\emph{=}\(\sqrt{\frac{22}{3}\text{-}2}\)\emph{=}\(\frac{4\sqrt{3}}{3}\)\emph{.}
(10分)

\emph{　　}(3)
\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147519995;FounderCES}]{media/image4.jpeg}若存在点\emph{R},使得\emph{\textbar QR\textbar{}}为定值,则点\emph{Q}在以\emph{R}为圆心的定圆上,注意到\emph{PQ}⊥\emph{AB},且\emph{P}为定点,因此,联想到直角所对的弦为圆的直径,故而\emph{PR}与\emph{AB}的交点\emph{D}
必与\emph{P}构成该圆的直径,从而点\emph{D}必为定点,故此,问题转化为判断直线\emph{AB}是否经过定点\emph{.}

\emph{　　}解法1(设线法)\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147520002;FounderCES}]{media/image9.jpeg}
要证明直线\emph{AB}过定点,就得有直线\emph{AB}的方程,因此,设出它的方程(含有两个变量),求得它与双曲线的交点后,再求得\emph{M},\emph{N}的坐标,根据\emph{M},\emph{N}关于原点对称来求得直线方程中两个变量之间的关系,进而证明它过定点\emph{.}

由题意知,直线\emph{AB}的斜率存在,设直线\emph{AB}的方程为\emph{y=kx+m.}联立\(\left\{ \begin{matrix}
\frac{x^{2}}{2}\text{-}y^{2} = 1\text{,} \\
y = kx + m\text{,}
\end{matrix} \right.\ \)整理得(1\emph{-}2\emph{k}\textsuperscript{2})\emph{x}\textsuperscript{2}\emph{-}4\emph{kmx-}2\emph{m}\textsuperscript{2}\emph{-}2\emph{=}0\emph{.Δ=}(\emph{-}4\emph{km})\textsuperscript{2}\emph{-}4(1\emph{-}2\emph{k}\textsuperscript{2})(\emph{-}2\emph{m}\textsuperscript{2}\emph{-}2)\emph{=}8(\emph{m}\textsuperscript{2}\emph{+}1\emph{-}2\emph{k}\textsuperscript{2})\emph{\textgreater{}}0且1\emph{-}2\emph{k}\textsuperscript{2}≠0\emph{.}设\emph{A}(\emph{x}\textsubscript{1},\emph{y}\textsubscript{1}),\emph{B}(\emph{x}\textsubscript{2},\emph{y}\textsubscript{2}),则\emph{x}\textsubscript{1}\emph{+x}\textsubscript{2}\emph{=}\(\frac{4km}{1\text{-}2k^{2}}\),\emph{x}\textsubscript{1}\emph{x}\textsubscript{2}\emph{=}\(\frac{\text{-}2m^{2}\text{-}2}{1\text{-}2k^{2}}\)\emph{.}\textsuperscript{【3】}
(12分)

直线\emph{PA}的方程为\emph{y+}1\emph{=}\(\frac{y_{1} + 1}{x_{1}\text{-}2}\)(\emph{x-}2)\emph{.}令\emph{x=}0,则\emph{y=-}1\emph{-}\(\frac{2y_{1} + 2}{x_{1}\text{-}2}\),即\emph{M}\(\left( 0\text{,-}1\text{-}\frac{2y_{1} + 2}{x_{1}\text{-}2} \right)\)\emph{.}同理可得\emph{N}\includegraphics[width=0.1in,height=0.29331in]{media/image6.jpeg}0,\emph{-}1\emph{-}\(\frac{2y_{2} + 2}{x_{2}\text{-}2}\)\includegraphics[width=0.1in,height=0.29331in]{media/image7.jpeg}\emph{.}因为\emph{M},\emph{N}关于原点对称,所以\emph{-}1\emph{-}\(\frac{2y_{1} + 2}{x_{1}\text{-}2}\)\emph{+}\(\left( \text{-}1\text{-}\frac{2y_{2} + 2}{x_{2}\text{-}2} \right)\)\emph{=}0,
(13分)

即\emph{-}1\emph{-}\(\frac{2\text{(}kx_{1} + m\text{)} + 2}{x_{1}\text{-}2}\)\emph{+}\(\left( \text{-}1\text{-}\frac{2\text{(}kx_{2} + m\text{)} + 2}{x_{2}\text{-}2} \right)\)\emph{=}0\emph{.}整理得(2\emph{k+}1)\emph{x}\textsubscript{1}\emph{x}\textsubscript{2}\emph{-}(2\emph{k-m+}1)(\emph{x}\textsubscript{1}\emph{+x}\textsubscript{2})\emph{-}4\emph{m=}0\emph{.}即\(\frac{\text{(}2k + 1\text{)(-}2m^{2}\text{-}2\text{)}}{1\text{-}2k^{2}}\)\emph{-}\(\frac{4km\text{(}2k\text{-}m + 1\text{)}}{1\text{-}2k^{2}}\)\emph{-}4\emph{m=}0\emph{.}整理得\emph{m}\textsuperscript{2}\emph{+}2\emph{km+}2\emph{m+}2\emph{k+}1\emph{=}0,
(14分)

即(\emph{m+}1)(\emph{m+}2\emph{k+}1)\emph{=}0\emph{.}所以\emph{m=-}1或\emph{m+}2\emph{k+}1\emph{=}0\emph{.}
(15分)

若\emph{m+}2\emph{k+}1\emph{=}0,则\emph{m=-}2\emph{k-}1,则直线方程为\emph{y=kx-}2\emph{k-}1,即\emph{y+}1\emph{=k}(\emph{x-}2),此时直线\emph{AB}过点\emph{P}(2,\emph{-}1),不符合题意\emph{.}若\emph{m=-}1,则直线方程为\emph{y=kx-}1,此时直线\emph{AB}恒过定点\emph{D}(0,\emph{-}1)\emph{.}
(16分)

所以\emph{\textbar PD\textbar=}2为定值\emph{.}又\emph{PQ}⊥\emph{AB},所以\emph{PQ}⊥\emph{QD.}在Rt△\emph{PQD}中,\emph{PD}为斜边,所以当\emph{R}为\emph{PD}中点(1,\emph{-}1)时,\emph{\textbar RQ\textbar=}\(\frac{1}{2}\)\emph{\textbar PD\textbar=}1\emph{.}

因此存在点\emph{R}(1,\emph{-}1),使得\emph{\textbar QR\textbar{}}为定值\emph{.}
(17分)

\emph{　　}解法2(设点法)\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147520009;FounderCES}]{media/image9.jpeg}
注意到\emph{M},\emph{N}关于原点对称,且在\emph{y}轴上,为此,通过设出\emph{M},\emph{N}的坐标来反求得\emph{A},\emph{B}的坐标,进而来证明\emph{AB}过定点\emph{.}

设\emph{A}(\emph{x}\textsubscript{1},\emph{y}\textsubscript{1}),\emph{B}(\emph{x}\textsubscript{2},\emph{y}\textsubscript{2}),因为\emph{M},\emph{N}关于原点对称,所以设\emph{M}(0,\emph{t}),\emph{N}(0,\emph{-t}),所以\emph{PM}:\emph{y=-}\(\frac{t + 1}{2}\)\emph{x+t},由\(\left\{ \begin{matrix}
y = \text{-}\frac{t + 1}{2}x + t\text{,} \\
x^{2}\text{-}2y^{2}\text{-}2 = 0\text{,}
\end{matrix} \right.\ \)得(\emph{t}\textsuperscript{2}\emph{+}2\emph{t-}1)\emph{x}\textsuperscript{2}\emph{-}4(\emph{t}\textsuperscript{2}\emph{+t})\emph{x+}4\emph{t}\textsuperscript{2}\emph{+}4\emph{=}0,因为\emph{PM}交双曲线于点\emph{A},\emph{P},所以2\emph{x}\textsubscript{1}\emph{=}\(\frac{4t^{2} + 4}{t^{2} + 2t\text{-}1}\),所以\emph{x}\textsubscript{1}\emph{=}\(\frac{2t^{2} + 2}{t^{2} + 2t\text{-}1}\),\emph{y}\textsubscript{1}\emph{=-}\(\frac{t + 1}{2}\)\emph{×}\(\frac{2t^{2} + 2}{t^{2} + 2t\text{-}1}\)\emph{+t=}\(\frac{t^{2}\text{-}2t\text{-}1}{t^{2} + 2t\text{-}1}\),即\emph{A}\(\left( \frac{2t^{2} + 2}{t^{2} + 2t\text{-}1}\text{,}\frac{t^{2}\text{-}2t\text{-}1}{t^{2} + 2t\text{-}1} \right)\),\textsuperscript{【4】}
(12分)

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147520016;FounderCES}]{media/image9.jpeg}
如何求得点\emph{B}的坐标?注意到对称性,为此,只需将点\emph{A}中的\emph{t}换为\emph{-t}就得到点\emph{B}的坐标\emph{.}

同理得\emph{B}\(\left( \frac{2t^{2} + 2}{t^{2}\text{-}2t\text{-}1}\text{,}\frac{t^{2} + 2t\text{-}1}{t^{2}\text{-}2t\text{-}1} \right)\),\textsuperscript{【5】}
(13分)

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147520023;FounderCES}]{media/image9.jpeg}
如何求\emph{AB}的方程?若直接用两点式方程求解,则运算量大,难度高,为此,将难度分拆,即先计算直线的斜率,然后再用点斜式方程求解\emph{.}

故\emph{k\textsubscript{AB}=}\(\frac{\frac{t^{2}\text{-}2t\text{-}1}{t^{2} + 2t\text{-}1}\text{-}\frac{t^{2} + 2t\text{-}1}{t^{2}\text{-}2t\text{-}1}}{\frac{2t^{2} + 2}{t^{2} + 2t\text{-}1}\text{-}\frac{2t^{2} + 2}{t^{2}\text{-}2t\text{-}1}}\)\emph{=}\(\frac{t^{2}\text{-}1}{t^{2} + 1}\),所以\emph{AB}:\emph{y-}\(\frac{t^{2}\text{-}2t\text{-}1}{t^{2} + 2t\text{-}1}\)\emph{=}\(\frac{t^{2}\text{-}1}{t^{2} + 1}\left( x\text{-}\frac{2t^{2} + 2}{t^{2} + 2t\text{-}1} \right)\),即\emph{y=}\(\frac{t^{2}\text{-}1}{t^{2} + 1}\)\emph{x-}1,所以\emph{AB}过定点\emph{D}(0,\emph{-}1),
(16分)

所以\emph{\textbar PD\textbar=}2为定值,又\emph{PQ}⊥\emph{AB},所以\emph{PQ}⊥\emph{QD.}在Rt△\emph{PQD}中,\emph{PD}为斜边,所以当\emph{R}为\emph{PD}中点(1,\emph{-}1)时,\emph{\textbar RQ\textbar=}\(\frac{1}{2}\)\emph{\textbar PD\textbar=}1\emph{.}因此存在点\emph{R}(1,\emph{-}1),使得\emph{\textbar QR\textbar{}}为定值\emph{.}
(17分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147520030;FounderCES}]{media/image18.jpeg}
【1】正确将\emph{\textbar ST\textbar{}}表示为\emph{\textbar SE\textbar{}}的形式得2分\emph{.}

【2】将\emph{\textbar SE\textbar{}}正确表达为\emph{x}\textsubscript{0}的形式得2分\emph{.}

【3】联立方程之后,根据根与系数的关系,写出对应的式子即可得2分\emph{.}

【4】【5】此处求\emph{A},\emph{B}的坐标是常规操作,易得3分\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147520037;FounderCES}]{media/image11.jpeg}
本题的难度在于第(3)问,难点主要是运算,即如何做到科学运算?为此,我们需要掌握一些常用的计算方法,让运算更合理,更规范\emph{.}解法2中求点\emph{B}的坐标、求直线\emph{AB}的方程所用的方法是必须要掌握的\emph{.}

\emph{　　}19\emph{.} (1)
\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147520044;FounderCES}]{media/image4.jpeg}注意到是``有放回地抽取奖券'',为此,本题为\emph{n}次独立重复试验,注意到此点,求解概率时,只需弄清求解的概率事件的基本情形即可\emph{.}

当有3张奖券,有放回地抽取2次时,最终拿到标号为3的奖券这一事件中包含以下情形:\emph{①}2次都抽到3;\emph{②}1次抽到3,1次抽到1;\emph{③}1次抽到3,1次抽到2\emph{.}所以\emph{P}(\emph{X=}3)\emph{=}\(\left( \frac{1}{3} \right)^{2}\)\emph{+}\(C_{2}^{1}\)\emph{×}\(\frac{1}{3}\)\emph{×}\(\frac{1}{3}\)\emph{+}\(C_{2}^{1}\)\emph{×}\(\frac{1}{3}\)\emph{×}\(\frac{1}{3}\)\emph{=}\(\frac{5}{9}\)\emph{.}
(2分)

拿到标号为2的奖券这一事件中包含以下情形:\emph{①}2次都抽到2;\emph{②}1次抽到2,1次抽到1\emph{.}所以\emph{P}(\emph{X=}2)\emph{=}\(\left( \frac{1}{3} \right)^{2}\)\emph{+}\(C_{2}^{1}\)\emph{×}\(\frac{1}{3}\)\emph{×}\(\frac{1}{3}\)\emph{=}\(\frac{1}{3}\)故最终拿到标号为3的奖券的概率是\(\frac{5}{9}\),最终拿到标号为2的奖券的概率为\(\frac{1}{3}\)(4分)

\includegraphics[width=0.91654in,height=0.19331in,alt={id:2147520051;FounderCES}]{media/image12.jpeg}
拿到标号为3的奖券,\emph{X=}3,即至少有一次抽到3,所以\emph{P}(\emph{X=}3)\emph{=}1\emph{-}\(\left( \frac{2}{3} \right)^{2}\)\emph{=}\(\frac{5}{9}\)\emph{.}
(2分)

拿到标号为2的奖券,\emph{X=}2,即没有抽到3,且至少有一次抽到2,没有抽到3的概率为\(\left( \frac{2}{3} \right)^{2}\)\emph{=}\(\frac{4}{9}\),没有抽到3且全抽到1的概率为\(\left( \frac{1}{3} \right)^{2}\)\emph{=}\(\frac{1}{9}\),所以\emph{P}(\emph{X=}2)\emph{=}\(\frac{4}{9}\)\emph{-}\(\frac{1}{9}\)\emph{=}\(\frac{1}{3}\)\emph{.}
(4分)

\emph{　　}(2)
\emph{①}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147520058;FounderCES}]{media/image9.jpeg}
由第1问知,若采用直接法求事件的概率,则情形比较复杂,为此,采用间接法求解\emph{.}

解:最终标号不大于\emph{k}等价于\emph{m}次抽取的所有结果都不大于\emph{k},每次抽到不大于\emph{k}的概率为\(\frac{k}{4}\),因此\emph{P}(\emph{X}≤\emph{k})\emph{=}\(\left( \frac{k}{4} \right)^{m}\)(\emph{k=}1,2,3,4)
(6分)

\emph{②}由于\emph{P}(\emph{X=k})\emph{=P}(\emph{X}≤\emph{k})\emph{-P}(\emph{X}≤\emph{k-}1)\emph{=}\(\left( \frac{k}{n} \right)^{m}\)\emph{-}\(\left( \frac{k\text{-}1}{n} \right)^{m}\),\emph{k=}1,2,3,4,
(8分)

随机变量\emph{X}的期望为\emph{E}(\emph{X})\emph{=}\(\overset{4}{\underset{k = 1}{\text{∑}}}\)\emph{k}·\emph{P}(\emph{X=k})\emph{=}1·\(\left( \frac{1}{4} \right)^{m}\)\emph{+}2\includegraphics[width=0.1in,height=0.29331in]{media/image19.jpeg}\(\left( \frac{2}{4} \right)^{m}\)\emph{-}\(\left( \frac{1}{4} \right)^{m}\)\includegraphics[width=0.1in,height=0.29331in]{media/image20.jpeg}\emph{+}3\(\left\lbrack \left( \frac{3}{4} \right)^{m}\text{-}\left( \frac{2}{4} \right)^{m} \right\rbrack\)\emph{+}4\(\left\lbrack 1\text{-}\left( \frac{3}{4} \right)^{m} \right\rbrack\)\emph{=}4\emph{-}\(\frac{1^{m} + 2^{m} + 3^{m}}{4^{m}}\)\emph{.}
(10分)

(3)
证明:\emph{P}(\emph{X=k})\emph{=P}(\emph{X}≤\emph{k})\emph{-P}(\emph{X}≤\emph{k-}1)\emph{=}\(\left( \frac{k}{n} \right)^{n}\)\emph{-}\(\left( \frac{k\text{-}1}{n} \right)^{n}\),\emph{k=}1,2,\ldots,\emph{n},则随机变量\emph{X}的期望为\emph{E}(\emph{X})\emph{=}\(\overset{n}{\underset{k = 1}{\text{∑}}}\)\emph{k}·\emph{P}(\emph{X=k})\emph{=}1·\(\left( \frac{1}{n} \right)^{n}\)\emph{+}2·\(\left\lbrack \left( \frac{2}{n} \right)^{n}\text{-}\left( \frac{1}{n} \right)^{n} \right\rbrack\)\emph{+}\ldots{}\emph{+n}·\(\left\lbrack 1\text{-}\left( \frac{n\text{-}1}{n} \right)^{n} \right\rbrack\)\emph{=n-}\(\left( \frac{1}{n} \right)^{n}\)\emph{-}\(\left( \frac{2}{n} \right)^{n}\)\emph{-}\ldots{}\emph{-}\(\left( \frac{n\text{-}1}{n} \right)^{n}\)\emph{.}\textsuperscript{【1】}
(13分)

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147520065;FounderCES}]{media/image9.jpeg}
根据证明目标,即证明\(\left( \frac{1}{n} \right)^{n}\)\emph{+}\(\left( \frac{2}{n} \right)^{n}\)\emph{+}\ldots{}\emph{+}\(\left( \frac{n\text{-}1}{n} \right)^{n}\)≥\(\frac{n\text{-}1}{2^{n}}\),注意到\(\frac{1}{n}\)\emph{+}\(\frac{n\text{-}1}{n}\)\emph{=}\(\frac{2}{n}\)\emph{+}\(\frac{n\text{-}2}{n}\)\emph{=}\ldots{}\emph{=}\(\frac{k}{n}\)\emph{+}\(\frac{n\text{-}k}{n}\)\emph{=}\ldots{}\emph{=}1以及等差数列的前\emph{n}项和公式的推导方法------倒序相加法,考虑研究函数\emph{f}(\emph{x})\emph{=x\textsuperscript{n}+}(1\emph{-x})\emph{\textsuperscript{n}}(0\emph{\textless x\textless{}}1)的性质来证明\emph{.}

设\emph{f}(\emph{x})\emph{=x\textsuperscript{n}+}(1\emph{-x})\emph{\textsuperscript{n}},\emph{x}∈(0,1),\emph{f\textquotesingle{}}(\emph{x})\emph{=n}{[}\emph{x\textsuperscript{n-}}\textsuperscript{1}\emph{-}(1\emph{-x})\textsuperscript{\emph{n-}1}{]},当\emph{n=}1时,\emph{E}(\emph{X})\emph{=}1\emph{×}1\emph{=}1\emph{=}1\emph{-}\(\frac{1\text{-}1}{2}\),等号成立\emph{.}当\emph{n}≥2时,当\emph{x}∈\(\left( 0\text{,}\frac{1}{2} \right)\)时,\emph{f\textquotesingle{}}(\emph{x})\emph{\textless{}}0,\emph{f}(\emph{x})单调递减;当\emph{x}∈\(\left( \frac{1}{2}\text{,}1 \right)\)时,\emph{f\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,\emph{f}(\emph{x})单调递增\emph{.}所以\emph{f}(\emph{x})\emph{=x\textsuperscript{n}+}(1\emph{-x})\emph{\textsuperscript{n}}≥\emph{f}\(\left( \frac{1}{2} \right)\)\emph{=}\(\frac{2}{2^{n}}\)\emph{.}
(15分)

设\emph{M=}\(\left( \frac{1}{n} \right)^{n}\)\emph{+}\(\left( \frac{2}{n} \right)^{n}\)\emph{+}\ldots{}\emph{+}\(\left( \frac{n\text{-}2}{n} \right)^{n}\)\emph{+}\(\left( \frac{n\text{-}1}{n} \right)^{n}\),又因为\emph{M=}\(\left( \frac{n\text{-}1}{n} \right)^{n}\)\emph{+}\(\left( \frac{n\text{-}2}{n} \right)^{n}\)\emph{+}\ldots{}\emph{+}\(\left( \frac{2}{n} \right)^{n}\)\emph{+}\(\left( \frac{1}{n} \right)^{n}\),所以2\emph{M}≥(\emph{n-}1)·\(\frac{2}{2^{n}}\),所以\emph{M}≥\(\frac{n\text{-}1}{2^{n}}\)\emph{.}综上所述,\emph{E}(\emph{X})≤\emph{n-}\(\frac{n\text{-}1}{2^{n}}\)\emph{.}
(17分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147520072;FounderCES}]{media/image18.jpeg}
【1】根据第(2)问的解题思路,此处的3分是容易得到的\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147520079;FounderCES}]{media/image11.jpeg}
1\emph{.}
求解概率问题,首先要认清概率模型,将它转化为熟悉的概率事件的求解上去,同时,要注意将复杂事件简单化,即将它分拆为若干个基本事件的和事件(或积事件);若正面求解比较困难,则不妨从它的反面来进行研究\emph{.}

2\emph{.} 证明数列和有关的不等式的常用方法

(1) 转化为函数,通过研究函数的性质来加以证明,这是一种常用的证明手段;

(2) 若数列的和可以求解,则先求它的和,再证明不等式成立;

(3)
若数列的和不可以求解,看能否先将数列进行放缩为可以求和的数列,求和后再证明不等式\emph{.}
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