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答案速查(标黑的有两种及以上解法)

1-5 CCCDA　6-8 DBC　9. ABC　10. AC　11. ABD

12\emph{.} \(\frac{\sqrt{3}}{2}\)\emph{　}13\emph{.}
\(\left\lbrack \text{-}\frac{5\pi}{3}\text{,}\frac{\pi}{3} \right\rbrack\)\emph{　}14\emph{.}
1\emph{+}\(\frac{\sqrt{21}}{3}\)

1\emph{.}
C\emph{　}因为1∈\emph{M},1∉\emph{N},所以\emph{M}不是\emph{N}的子集,A错误;4,5∈\emph{N},4,5∉\emph{M},所以\emph{N}不是\emph{M}的子集,B错误;\emph{M}∩\emph{N=}\{1,2,3\}∩\{2,3,4,5\}\emph{=}\{2,3\},C正确;\emph{M}∪\emph{N=}\{1,2,3,4,5\},D错误\emph{.}

2\emph{.} C\emph{　T=}\(\frac{\pi}{2}\)\emph{.}
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形如\emph{y=A}sin(\emph{ωx+φ}),\emph{y=A}cos(\emph{ωx+φ})(\emph{ω}≠0)的函数的最小正周期为\emph{T=}\(\frac{2\pi}{\text{|}\omega\text{|}}\),\emph{y=A}tan(\emph{ωx+φ})(\emph{ω}≠0)的最小正周期为\emph{T=}\(\frac{\pi}{\text{|}\omega\text{|}}\)\emph{.}

3\emph{.}
C\emph{　}如图,对于直线\emph{DE},\emph{DE}在底面\emph{ABCD}内,与\emph{BD}\textsubscript{1}不共面,也不相交,所以是异面直线,故A错误;对于直线\emph{A}\textsubscript{1}\emph{E},与\emph{BD}\textsubscript{1}不在同一平面,无交点,不平行,所以是异面直线,故B错误;对于直线\emph{A}\textsubscript{1}\emph{C},与\emph{BD}\textsubscript{1}相交于中心点,是相交直线,所以不是异面直线,故C正确;对于直线\emph{AA}\textsubscript{1},与\emph{BD}\textsubscript{1}无交点,不平行,不在同一平面内,所以是异面直线,故D错误\emph{.}
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4\emph{.}
D\emph{　}解法1(复数的代数运算)\emph{　}由题意,得\emph{z=}\(\frac{1}{2}\)\emph{+}\(\frac{\sqrt{3}}{2}\)i,则\emph{z}\textsuperscript{2}\emph{-z=}\(\left( \frac{1}{2} + \frac{\sqrt{3}}{2}i \right)^{2}\)\emph{-}\(\left( \frac{1}{2} + \frac{\sqrt{3}}{2}i \right)\)\emph{=}\(\left( \text{-}\frac{1}{2} + \frac{\sqrt{3}}{2}i \right)\)\emph{-}\(\left( \frac{1}{2} + \frac{\sqrt{3}}{2}i \right)\)\emph{=-}1\emph{.}

解法2(复数的三角运算)\emph{　}由题意,得\emph{z=}\(\frac{1}{2}\)\emph{+}\(\frac{\sqrt{3}}{2}\)i\emph{.z}\textsuperscript{2}\emph{=}cos\includegraphics[width=0.1in,height=0.29331in]{media/image6.jpeg}2\emph{×}\(\frac{\pi}{3}\)\includegraphics[width=0.1in,height=0.29331in]{media/image7.jpeg}\emph{+}i·sin\(\left( 2 \times \frac{\pi}{3} \right)\)\emph{=}cos\(\frac{2\pi}{3}\)\emph{+}i·sin\(\frac{2\pi}{3}\)\emph{=-}\(\frac{1}{2}\)\emph{+}\(\frac{\sqrt{3}}{2}\)i,所以\emph{z}\textsuperscript{2}\emph{-z=}\(\left( \text{-}\frac{1}{2} + \frac{\sqrt{3}}{2}i \right)\)\emph{-}\(\left( \frac{1}{2} + \frac{\sqrt{3}}{2}i \right)\)\emph{=-}1\emph{.}
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教材中,复数的三角表示式是选学内容,学有余力的同学可以自行掌握\emph{.}

5\emph{.}
A\emph{　}由题意,得三组数据的平均值都是5,\(s_{1}^{2}\)\emph{=}\(\frac{3 \times \text{(}4\text{-}5\text{)}^{2} + 3 \times \text{(}5\text{-}5\text{)}^{2} + 3 \times \text{(}6\text{-}5\text{)}^{2}}{9}\)\emph{=}\(\frac{6}{9}\)\emph{=}\(\frac{2}{3}\),\(s_{2}^{2}\)\emph{=}\(\frac{2 \times \text{(}3\text{-}5\text{)}^{2} + 2 \times \text{(}4\text{-}5\text{)}^{2} + \text{(}5\text{-}5\text{)}^{2} + 2 \times \text{(}6\text{-}5\text{)}^{2} + 2 \times \text{(}7\text{-}5\text{)}^{2}}{9}\)\emph{=}\(\frac{20}{9}\),\(s_{3}^{2}\)\emph{=}\(\frac{4 \times \text{(}2\text{-}5\text{)}^{2} + \text{(}5\text{-}5\text{)}^{2} + 4 \times \text{(}8\text{-}5\text{)}^{2}}{9}\)\emph{=}\(\frac{72}{9}\)\emph{=}8,故\(s_{3}^{2}\)\emph{\textgreater{}}\(s_{2}^{2}\)\emph{\textgreater{}}\(s_{1}^{2}\)\emph{.}

6\emph{.}
D\emph{　}解法1(坐标法)\emph{　}如图,以\emph{A}为原点,\emph{AC}所在直线为\emph{x}轴建立平面直角坐标系\emph{.}由正三角形\emph{ABC}的边长为2,以\emph{B}为圆心的圆与直线\emph{AC}相切,得\emph{A}(0,0),\emph{B}(1,\(\sqrt{3}\)),\emph{C}(2,0),圆\emph{B}的半径为\(\sqrt{3}\)\emph{.}因为\emph{P}是圆\emph{B}上的动点,设\emph{P}(1\emph{+}\(\sqrt{3}\)cos
\emph{θ},\(\sqrt{3}\)\emph{+}\(\sqrt{3}\)sin
\emph{θ}),\emph{θ}∈{[}0,2π{]},则\(\overrightarrow{AC}\)\emph{=}(2,0),\(\overrightarrow{AP}\)\emph{=}(1\emph{+}\(\sqrt{3}\)cos
\emph{θ},\(\sqrt{3}\)\emph{+}\(\sqrt{3}\)sin
\emph{θ}),所以\(\overrightarrow{AC}\)·\(\overrightarrow{AP}\)\emph{=}2(1\emph{+}\(\sqrt{3}\)cos
\emph{θ})\emph{=}2\emph{+}2\(\sqrt{3}\)cos \emph{θ.}因为\emph{-}1≤cos
\emph{θ}≤1,所以,当cos
\emph{θ=}1时,\(\overrightarrow{AC}\)·\(\overrightarrow{AP}\)取得最大值2\emph{+}2\(\sqrt{3}\)\emph{.}
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取\emph{AC}的中点\emph{M}(图略),则\(\overrightarrow{AC}\)\emph{=}2\(\overrightarrow{AM}\),\(\overrightarrow{AP}\)\emph{=}\(\overrightarrow{AM}\)\emph{+}\(\overrightarrow{MP}\),\(\overrightarrow{AC}\)·\(\overrightarrow{AP}\)\emph{=}2\(\overrightarrow{AM}\)·(\(\overrightarrow{AM}\)\emph{+}\(\overrightarrow{MP}\))\emph{=}2\emph{\textbar{}}\(\overrightarrow{AM}\)\emph{\textbar{}}\textsuperscript{2}\emph{+}2\(\overrightarrow{AM}\)·\(\overrightarrow{MP}\)\emph{.}又\emph{\textbar{}}\(\overrightarrow{AM}\)\emph{\textbar=}1,2\emph{\textbar{}}\(\overrightarrow{AM}\)\emph{\textbar{}}\textsuperscript{2}\emph{=}2,所以\(\overrightarrow{AM}\)·\(\overrightarrow{MP}\)\emph{=\textbar{}}\(\overrightarrow{AM}\)\emph{\textbar\textbar{}}\(\overrightarrow{MP}\)\emph{\textbar{}}cos
\emph{θ=\textbar{}}\(\overrightarrow{MP}\)\emph{\textbar{}}cos
\emph{θ}(\emph{θ}为\(\overrightarrow{AM}\)与\(\overrightarrow{MP}\)夹角),点\emph{M}到\emph{B}的距离为\emph{\textbar{}}\(\overrightarrow{BM}\)\emph{\textbar=}\(\sqrt{3}\),圆半径\emph{r=}\(\sqrt{3}\),\(\overrightarrow{MP}\)在\(\overrightarrow{AM}\)方向上的最大投影为\emph{r=}\(\sqrt{3}\)(\emph{B}在\emph{M}正上方,\(\overrightarrow{AM}\)方向水平向右,\emph{P}在圆最右端点处时投影最大)\emph{.}因此(\(\overrightarrow{AM}\)·\(\overrightarrow{MP}\))\textsubscript{max}\emph{=}\(\sqrt{3}\),即(\(\overrightarrow{AC}\)·\(\overrightarrow{AP}\))\textsubscript{max}\emph{=}2\emph{+}2\(\sqrt{3}\)\emph{.}
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处理平面向量问题有三种常用方法:基底法、坐标法和几何意义法\emph{.}本题解法1采用了坐标法,多想少算解采用了几何意义法,两种方法都需要掌握,但多想少算解更优\emph{.}

\emph{　　}7\emph{.}
B\emph{　}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147520567;FounderCES}]{media/image10.jpeg}
由``\emph{OA}⊥\emph{OB}''不难想到直线\emph{AB}恒过定点,易求得定点为\emph{M}(4,0);由``点\emph{O}关于\emph{AB}对称的点为\emph{P}'',不难想到\emph{\textbar MP\textbar=\textbar MO\textbar=}4,故点\emph{P}的轨迹是以\emph{M}为圆心、半径为4的圆;欲求\emph{\textbar PQ\textbar{}}的最大值,即求圆心\emph{M}到\emph{Q}的距离加上半径\emph{.}

设直线\emph{AB}的方程为\emph{x=my+t},\emph{A}(\emph{x}\textsubscript{1},\emph{y}\textsubscript{1}),\emph{B}(\emph{x}\textsubscript{2},\emph{y}\textsubscript{2}),联立抛物线与直线方程得,\emph{y}\textsuperscript{2}\emph{-}4\emph{my-}4\emph{t=}0,由根与系数的关系得,\emph{y}\textsubscript{1}\emph{+y}\textsubscript{2}\emph{=}4\emph{m},\emph{y}\textsubscript{1}\emph{y}\textsubscript{2}\emph{=-}4\emph{t.}由\emph{OA}⊥\emph{OB},得\(\overrightarrow{OA}\)·\(\overrightarrow{OB}\)\emph{=x}\textsubscript{1}\emph{x}\textsubscript{2}\emph{+y}\textsubscript{1}\emph{y}\textsubscript{2}\emph{=}0,代入\emph{x}\textsubscript{1}\emph{=}\(\frac{y_{1}^{2}}{4}\),\emph{x}\textsubscript{2}\emph{=}\(\frac{y_{2}^{2}}{4}\),得\(\frac{\text{(}y_{1}y_{2}\text{)}^{2}}{16}\)\emph{+y}\textsubscript{1}\emph{y}\textsubscript{2}\emph{=}0,即\(\frac{16t^{2}}{16}\)\emph{-}4\emph{t=}0,解得\emph{t=}4或\emph{t=}0(舍去),所以直线\emph{AB}的方程为\emph{x=my+}4,恒过点\emph{M}(4,0)\emph{.}因为点\emph{O}关于直线\emph{AB}对称的点为\emph{P},所以\emph{AB}垂直平分\emph{OP.}因为\emph{M}在直线\emph{AB}上,所以\emph{\textbar OM\textbar=\textbar MP\textbar=}4,所以点\emph{P}的轨迹是以\emph{M}(4,0)为圆心、半径\emph{r=}4的圆(除去原点),则点\emph{P}的轨迹方程为(\emph{x-}4)\textsuperscript{2}\emph{+y}\textsuperscript{2}\emph{=}16(\emph{x}≠0),所以\emph{\textbar QM\textbar=}\(\sqrt{\text{(}4\text{-}0\text{)}^{2} + \text{(}0\text{-}3\text{)}^{2}}\)\emph{=}5,所以\emph{\textbar PQ\textbar{}}\textsubscript{max}\emph{=\textbar QM\textbar+r=}5\emph{+}4\emph{=}9\emph{.}
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1\emph{.}
涉及斜率的和差积商问题,需要考虑直线恒过定点或者斜率恒定,本题是直线恒过定点;

2\emph{.}
隐圆的各种表现形式需总结掌握,本题涉及定点定长法,可确定动点轨迹为圆\emph{.}

\emph{　　}8\emph{.}
C\emph{　}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147520588;FounderCES}]{media/image10.jpeg}
本题的核心是紧扣定义验证:判断函数是不是``倍增友好函数'',关键是对任意给定的正整数\emph{n},都能找到定义域内的\emph{x}\textsubscript{0},使得\emph{f}(\emph{nx}\textsubscript{0})\emph{=nf}(\emph{x}\textsubscript{0})成立\emph{.}对每个选项,把解析式代入给定等式,看是否对任意给定的\emph{n}都能解出定义域内的\emph{x}\textsubscript{0},解不出的就是答案\emph{.}

对于A,\emph{f}(\emph{x})\emph{=x}的定义域为R,对于任意给定\emph{n}∈N\emph{\textsuperscript{*}},任取\emph{x}\textsubscript{0}∈R,都有\emph{f}(\emph{nx}\textsubscript{0})\emph{=nx}\textsubscript{0}\emph{=nf}(\emph{x}\textsubscript{0}),满足``倍增友好函数''的定义\emph{.}对于B,\emph{f}(\emph{x})\emph{=}sin
\emph{x}的定义域为R,对于任意给定\emph{n}∈N\emph{\textsuperscript{*}},取\emph{x}\textsubscript{0}\emph{=}0,\emph{f}(\emph{nx}\textsubscript{0})\emph{=}0\emph{=nf}(\emph{x}\textsubscript{0}),满足``倍增友好函数''的定义\emph{.}对于C,\emph{f}(\emph{x})\emph{=}\(\frac{1}{x}\)的定义域为\{\emph{x\textbar x}≠0\},对于任意给定\emph{n}∈N\emph{\textsuperscript{*}},取\emph{x}\textsubscript{0}∈\{\emph{x\textbar x}≠0\},\emph{f}(\emph{nx}\textsubscript{0})\emph{=}\(\frac{1}{nx_{0}}\),\emph{nf}(\emph{x}\textsubscript{0})\emph{=}\(\frac{n}{x_{0}}\),要使\emph{f}(\emph{nx}\textsubscript{0})\emph{=nf}(\emph{x}\textsubscript{0})成立,则\(\frac{1}{nx_{0}}\)\emph{=}\(\frac{n}{x_{0}}\),由\emph{n}∈N\emph{\textsuperscript{*}},解得\emph{n=}1,这意味着对于任意\emph{n}≥2的正整数,不存在\emph{x}\textsubscript{0}满足条件,所以该函数不满足``倍增友好函数''的定义\emph{.}对于D,\emph{f}(\emph{x})\emph{=}ln
\emph{x}的定义域为(0,\emph{+∞}),对于任意给定\emph{n}∈N\emph{\textsuperscript{*}},取\emph{x}\textsubscript{0}∈(0,\emph{+∞}),\emph{f}(\emph{nx}\textsubscript{0})\emph{=}ln(\emph{nx}\textsubscript{0}),\emph{nf}(\emph{x}\textsubscript{0})\emph{=n}ln
\emph{x}\textsubscript{0},由ln(\emph{nx}\textsubscript{0})\emph{=n}ln
\emph{x}\textsubscript{0},即ln \emph{n+}ln
\emph{x}\textsubscript{0}\emph{=n}ln \emph{x}\textsubscript{0},则ln
\emph{n=}(\emph{n-}1)ln \emph{x}\textsubscript{0},所以,当\emph{n}≥2时,ln
\emph{x}\textsubscript{0}\emph{=}\(\frac{1}{n\text{-}1}\)ln \emph{n=}ln
\(n^{\frac{1}{n\text{-}1}}\),解得\emph{x}\textsubscript{0}\emph{=}\(n^{\frac{1}{n\text{-}1}}\),当\emph{n=}1时,ln(\emph{nx}\textsubscript{0})\emph{=n}ln
\emph{x}\textsubscript{0},\emph{x}\textsubscript{0}∈(0,\emph{+∞})恒成立\emph{.}综上,\emph{f}(\emph{x})\emph{=}ln
\emph{x}满足``倍增友好函数''的定义\emph{.}

9\emph{.}
ABC\emph{　}解法1(性质法)\emph{　}由已知,\emph{T}\textsubscript{5}\emph{=a}\textsubscript{1}\emph{a}\textsubscript{2}\emph{a}\textsubscript{3}\emph{a}\textsubscript{4}\emph{a}\textsubscript{5}\emph{=}\(a_{3}^{5}\)\emph{=}1\textsuperscript{5}\emph{=}1,故C正确;\emph{T}\textsubscript{6}\emph{=a}\textsubscript{1}\emph{a}\textsubscript{2}\emph{a}\textsubscript{3}\emph{a}\textsubscript{4}\emph{a}\textsubscript{5}\emph{a}\textsubscript{6}\emph{=T}\textsubscript{5}\emph{a}\textsubscript{6}\emph{=}1\emph{×a}\textsubscript{6}\emph{=}8,即\emph{a}\textsubscript{6}\emph{=}8,故B正确;由\emph{a}\textsubscript{6}\emph{=a}\textsubscript{3}\emph{q}\textsuperscript{3}\emph{=q}\textsuperscript{3}\emph{=}8,解得\emph{q=}2,故A正确;\emph{T}\textsubscript{7}\emph{=a}\textsubscript{1}\emph{a}\textsubscript{2}\emph{a}\textsubscript{3}\emph{a}\textsubscript{4}\emph{a}\textsubscript{5}\emph{a}\textsubscript{6}\emph{a}\textsubscript{7}\emph{=a}\textsubscript{6}\emph{a}\textsubscript{7}\emph{=}8\emph{a}\textsubscript{6}\emph{q=}8\emph{×}8\emph{×}2\emph{=}128≠16,故D错误\emph{.}

解法2(基本量法)\emph{　}由\emph{a\textsubscript{n}=a}\textsubscript{3}\emph{q\textsuperscript{n-}}\textsuperscript{3}\emph{=q\textsuperscript{n-}}\textsuperscript{3}可得\emph{T}\textsubscript{6}\emph{=q\textsuperscript{-}}\textsuperscript{2\emph{-}1\emph{+}0\emph{+}1\emph{+}2\emph{+}3}\emph{=q}\textsuperscript{3}\emph{=}8,故\emph{q=}2,\emph{a\textsubscript{n}=}2\textsuperscript{\emph{n-}3}\emph{.}对于A,由上分析可得A正确;对于B,\emph{a}\textsubscript{6}\emph{=}2\textsuperscript{6\emph{-}3}\emph{=}2\textsuperscript{3}\emph{=}8,故B正确;对于C,\emph{T}\textsubscript{5}\emph{=}\(\frac{T_{6}}{a_{6}}\)\emph{=}\(\frac{8}{8}\)\emph{=}1,故C正确;对于D,\emph{T}\textsubscript{7}\emph{=T}\textsubscript{6}\emph{a}\textsubscript{7}\emph{=}8\emph{×}2\textsuperscript{4}\emph{=}128≠16,故D错误\emph{.}
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两种方法都是通性通法,都需要掌握,本题基本量法更简洁\emph{.}

10\emph{.}
AC\emph{　}由\emph{Y\textasciitilde N}(2,2\textsuperscript{2}),知均值\emph{μ=}2,标准差\emph{σ=}2\emph{.}对于A,\emph{f}(2)\emph{=P}(2≤\emph{Y}≤4),而\emph{P}(\emph{μ-σ}≤\emph{Y}≤\emph{μ+σ})≈0\emph{.}68,代入\emph{μ=}2,\emph{σ=}2,得\emph{P}(0≤\emph{Y}≤4)≈0\emph{.}68,由正态分布的性质得\emph{P}(2≤\emph{Y}≤4)\emph{=P}(0≤\emph{Y}≤2),所以\emph{f}(2)\emph{=P}(2≤\emph{Y}≤4)≈\(\frac{0\text{.}68}{2}\)\emph{=}0\emph{.}34,故A正确\emph{.}对于B,\emph{g}(0)\emph{=P}(\emph{Y}≥0),由A可知\emph{P}(0≤\emph{Y}≤4)≈0\emph{.}68,由正态分布的对称性可知\emph{P}(\emph{Y\textless{}}0)\emph{=P}(\emph{Y\textgreater{}}4)\emph{.}又\emph{P}(\emph{Y\textless{}}0)\emph{+P}(0≤\emph{Y}≤4)\emph{+P}(\emph{Y\textgreater{}}4)\emph{=}1,所以2\emph{P}(\emph{Y\textless{}}0)≈1\emph{-}0\emph{.}68\emph{=}0\emph{.}32,解得\emph{P}(\emph{Y\textless{}}0)≈0\emph{.}16,因此\emph{g}(0)\emph{=P}(\emph{Y}≥0)\emph{=}1\emph{-P}(\emph{Y\textless{}}0)≈1\emph{-}0\emph{.}16\emph{=}0\emph{.}84,故B错误\emph{.}对于C,\emph{f}(\emph{x})\emph{=P}(\emph{x}≤\emph{Y}≤\emph{x+}2),则\emph{f}(1\emph{+t})\emph{=P}(1\emph{+t}≤\emph{Y}≤3\emph{+t}),\emph{f}(1\emph{-t})\emph{=P}(1\emph{-t}≤\emph{Y}≤3\emph{-t}),而\emph{Y}服从正态分布\emph{N}(2,2\textsuperscript{2}),区间{[}1\emph{+t},3\emph{+t}{]}和{[}1\emph{-t},3\emph{-t}{]}关于直线\emph{x=}2对称,故\emph{f}(1\emph{+t})\emph{=f}(1\emph{-t}),即\emph{f}(\emph{x})的图象关于直线\emph{x=}1对称,故C正确\emph{.}对于D,\emph{g}(\emph{x})\emph{=P}(\emph{Y}≥\emph{x}),若\emph{g}(\emph{x})的图象关于点\(\left( 1\text{,}\frac{1}{2} \right)\)对称,则\emph{g}(1\emph{+t})\emph{+g}(1\emph{-t})\emph{=}1,即\emph{g}(1\emph{+t})\emph{+g}(1\emph{-t})\emph{=P}(\emph{Y}≥1\emph{+t})\emph{+P}(\emph{Y}≥1\emph{-t})\emph{=}1,而\emph{Y}服从正态分布\emph{N}(2,2\textsuperscript{2}),则\emph{P}(\emph{Y}≥1\emph{+t})\emph{=P}(\emph{Y}≤3\emph{-t}),故\emph{g}(1\emph{+t})\emph{+g}(1\emph{-t})\emph{=P}(\emph{Y}≤3\emph{-t})\emph{+P}(\emph{Y}≥1\emph{-t}),当\emph{t=}1时,\emph{g}(2)\emph{+g}(0)\emph{=P}(\emph{Y}≤2)\emph{+P}(\emph{Y}≥0)\emph{=}0\emph{.}5\emph{+}0\emph{.}84\emph{=}1\emph{.}34≠1,即\emph{g}(\emph{x})的图象不关于点\(\left( 1\text{,}\frac{1}{2} \right)\)对称,故D错误\emph{.}

\emph{　　}11\emph{.}
ABD\emph{　}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147520602;FounderCES}]{media/image10.jpeg}
由函数\emph{y=f}(\emph{x})和\emph{y=g}(\emph{x})的奇偶性与对称性,不难推导出\emph{f}(\emph{x}),\emph{g}(\emph{x})的递推关系;根据\emph{f}(\emph{x+}1)\emph{-}1与\emph{g}(\emph{x+}1)\emph{-x}的奇偶性消去线性项,构造辅助函数\emph{F}(\emph{x})\emph{=f}(\emph{x})\emph{-x},\emph{G}(\emph{x})\emph{=g}(\emph{x})\emph{-x},转化为纯周期函数分析,再结合已知区间上的表达式与周期性,分析辅助函数性质,逐一验证选项\emph{.}

对于A,由\emph{y=f}(\emph{x})是定义在R上的奇函数,得\emph{f}\(\left( \text{-}\frac{1}{2} \right)\)\emph{=-f}\(\left( \frac{1}{2} \right)\)\emph{=-}\(\left( \frac{1}{2} \right)^{2}\)\emph{=-}\(\frac{1}{4}\),所以\emph{f}\(\left( \text{-}\frac{1}{2} \right)\)\emph{+g}\(\left( \frac{1}{2} \right)\)\emph{=-}\(\frac{1}{4}\)\emph{+}\(\left( \frac{1}{2} \right)^{2}\)\emph{=}0,故A正确\emph{.}对于B,由函数\emph{y=f}(\emph{x+}1)\emph{-}1是奇函数,得\emph{f}(\emph{x+}1)\emph{-}1\emph{=-}{[}\emph{f}(\emph{-x+}1)\emph{-}1{]},即\emph{f}(\emph{x+}1)\emph{+f}(\emph{-x+}1)\emph{=}2,则\emph{f}(\emph{x+}2)\emph{+f}(\emph{-x})\emph{=f}(\emph{x+}2)\emph{-f}(\emph{x})\emph{=}2\emph{.}令\emph{F}(\emph{x})\emph{=f}(\emph{x})\emph{-x},则\emph{F}(\emph{x+}2)\emph{=f}(\emph{x+}2)\emph{-}(\emph{x+}2)\emph{=f}(\emph{x})\emph{+}2\emph{-x-}2\emph{=f}(\emph{x})\emph{-x=F}(\emph{x}),所以\emph{F}(\emph{x})的一个周期为2\emph{.}又\emph{f}(2)\emph{=f}(0)\emph{+}2\emph{=}2,\emph{f}(1)\emph{=}1,所以\emph{F}(1)\emph{=f}(1)\emph{-}1\emph{=}0,\emph{F}(2)\emph{=f}(2)\emph{-}2\emph{=}0,所以对任意\emph{n}∈N\emph{\textsuperscript{*}},\emph{F}(\emph{n})\emph{=}0,即\emph{f}(\emph{n})\emph{-n=}0,则\emph{f}(\emph{n})\emph{=n.}由\emph{y=g}(\emph{x})是定义在R上的奇函数且\emph{y=g}(\emph{x+}1)\emph{-x}是偶函数,得\emph{g}(\emph{x+}1)\emph{-x=g}(\emph{-x+}1)\emph{+x},即\emph{g}(\emph{x+}1)\emph{=g}(\emph{-x+}1)\emph{+}2\emph{x},则\emph{g}(\emph{x+}2)\emph{=g}(\emph{-x})\emph{+}2(\emph{x+}1)\emph{=-g}(\emph{x})\emph{+}2\emph{x+}2,所以\emph{g}(\emph{x+}2)\emph{-}(\emph{x+}2)\emph{=-}{[}\emph{g}(\emph{x})\emph{-x}{]}\emph{.}令\emph{G}(\emph{x})\emph{=g}(\emph{x})\emph{-x},则\emph{G}(\emph{x+}2)\emph{=-G}(\emph{x}),得\emph{G}(\emph{x+}4)\emph{=-G}(\emph{x+}2)\emph{=G}(\emph{x}),所以\emph{G}(\emph{x})的一个周期为4\emph{.}又\emph{G}(1)\emph{=g}(1)\emph{-}1\emph{=}0,\emph{G}(2)\emph{=-G}(0)\emph{=-g}(0)\emph{=}0,\emph{G}(3)\emph{=-G}(1)\emph{=}0,\emph{G}(5)\emph{=G}(0)\emph{=}0,所以对任意\emph{n}∈N\emph{\textsuperscript{*}},\emph{G}(\emph{n})\emph{=}0,即\emph{g}(\emph{n})\emph{-n=}0,则\emph{g}(\emph{n})\emph{=n.}综上,对任意\emph{n}∈N\emph{\textsuperscript{*}},\emph{f}(\emph{n})\emph{=g}(\emph{n})\emph{=n},故B正确\emph{.}对于C,由选项B知,\emph{f}(2)\emph{=g}(2)\emph{=}2,而2∉{[}4\emph{k-}1,4\emph{k+}1{]},\emph{k}∈Z,故C错误\emph{.}对于D,\emph{F}(\emph{-x})\emph{=f}(\emph{-x})\emph{+x=-f}(\emph{x})\emph{+x=-}{[}\emph{f}(\emph{x})\emph{-x}{]}\emph{=-F}(\emph{x}),\emph{G}(\emph{-x})\emph{=g}(\emph{-x})\emph{+x=-g}(\emph{x})\emph{+x=-}{[}\emph{g}(\emph{x})\emph{-x}{]}\emph{=-G}(\emph{x}),所以\emph{F}(\emph{x}),\emph{G}(\emph{x})均为奇函数\emph{.}当\emph{x}∈{[}0,1{]}时,\emph{f}(\emph{x})\emph{=g}(\emph{x})\emph{=x}\textsuperscript{2},此时\emph{F}(\emph{x})\emph{=x}\textsuperscript{2}\emph{-x}∈\(\left\lbrack \text{-}\frac{1}{4}\text{,}0 \right\rbrack\),\emph{G}(\emph{x})\emph{=x}\textsuperscript{2}\emph{-x}∈\(\left\lbrack \text{-}\frac{1}{4}\text{,}0 \right\rbrack\)\emph{.}由奇函数可得,当\emph{x}∈{[}\emph{-}1,0{]}时,\emph{F}(\emph{x})∈\(\left\lbrack 0\text{,}\frac{1}{4} \right\rbrack\),\emph{G}(\emph{x})∈\(\left\lbrack 0\text{,}\frac{1}{4} \right\rbrack\)\emph{.}结合\emph{F}(\emph{x}),\emph{G}(\emph{x})的周期性,可画出它们的大致图象,如图所示\emph{.}综上可得,\emph{F}(\emph{x}),\emph{G}(\emph{x})的值域均为\(\left\lbrack \text{-}\frac{1}{4}\text{,}\frac{1}{4} \right\rbrack\),所以\emph{\textbar F}(\emph{x})\emph{-G}(\emph{x})\emph{\textbar{}}≤\(\frac{1}{2}\),即\emph{\textbar f}(\emph{x})\emph{-x-}{[}\emph{g}(\emph{x})\emph{-x}{]}\emph{\textbar{}}≤\(\frac{1}{2}\),即\emph{\textbar f}(\emph{x})\emph{-g}(\emph{x})\emph{\textbar{}}≤\(\frac{1}{2}\),故D正确\emph{.}

\includegraphics[width=1.79331in,height=0.66654in,alt={id:2147520609;FounderCES}]{media/image12.jpeg}

\includegraphics[width=1.98346in,height=0.66654in,alt={id:2147520616;FounderCES}]{media/image13.jpeg}

12\emph{.}\(\frac{\sqrt{3}}{2}\)\emph{　}椭圆的标准方程为\(\frac{x^{2}}{16}\)\emph{+}\(\frac{y^{2}}{4}\)\emph{=}1,所以\emph{a}\textsuperscript{2}\emph{=}16,\emph{b}\textsuperscript{2}\emph{=}4,\emph{c}\textsuperscript{2}\emph{=a}\textsuperscript{2}\emph{-b}\textsuperscript{2}\emph{=}12,所以\emph{a=}4,\emph{b=}2,\emph{c=}2\(\sqrt{3}\),所以\emph{e=}\(\frac{c}{a}\)\emph{=}\(\frac{2\sqrt{3}}{4}\)\emph{=}\(\frac{\sqrt{3}}{2}\)\emph{.}

13\emph{.}\(\left\lbrack \text{-}\frac{5\pi}{3}\text{,}\frac{\pi}{3} \right\rbrack\)\emph{　}由题意,得\emph{f}(\emph{x})\emph{=}sin\(\frac{x}{2}\)\emph{+}\(\sqrt{3}\)cos\(\frac{x}{2}\)\emph{=}2sin
\(\left( \frac{x}{2} + \frac{\pi}{3} \right)\)\emph{.}令\(\frac{x}{2}\)\emph{+}\(\frac{\pi}{3}\)∈\(\left\lbrack \text{-}\frac{\pi}{2} + 2k\pi\text{,}\frac{\pi}{2} + 2k\pi \right\rbrack\),\emph{k}∈Z,解得\emph{x}∈\(\left\lbrack \text{-}\frac{5\pi}{3} + 4k\pi\text{,}\frac{\pi}{3} + 4k\pi \right\rbrack\),\emph{k}∈Z\emph{.}又因为\emph{x}∈{[}\emph{-}2π,2π{]},所以\emph{k=}0,函数的单调递增区间为\(\left\lbrack \text{-}\frac{5\pi}{3}\text{,}\frac{\pi}{3} \right\rbrack\)\emph{.}

\emph{　　}14\emph{.}1\emph{+}\(\frac{\sqrt{21}}{3}\)\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147520623;FounderCES}]{media/image14.jpeg}
本题关键条件是:汤圆与碗内壁相切,即碗对应的球心\emph{O}到每个汤圆球心\emph{O\textsubscript{i}}(\emph{i=}1,2,3)的距离\emph{OO\textsubscript{i}=r}\textsubscript{1}\emph{-r}\textsubscript{2};汤圆两两相切,即任意两个汤圆球心的距离\emph{O\textsubscript{i}O\textsubscript{j}=}2\emph{r}\textsubscript{2};汤圆与碗口等高,即碗对应的球心\emph{O}到三个汤圆球

心构成的平面的距离\emph{OO\textquotesingle=r}\textsubscript{2}(\emph{O\textquotesingle{}}为△\emph{O}\textsubscript{1}\emph{O}\textsubscript{2}\emph{O}\textsubscript{3}的中心)\emph{.}故可以先在等边三角形\emph{O}\textsubscript{1}\emph{O}\textsubscript{2}\emph{O}\textsubscript{3}中,计算其中心\emph{O\textquotesingle{}}到顶点的距离\emph{O\textquotesingle O\textsubscript{i}.}再在Rt△\emph{OO\textquotesingle O\textsubscript{i}}中,利用勾股定理\emph{OO\textquotesingle{}}\textsuperscript{2}\emph{+O\textquotesingle{}}\(O_{i}^{2}\)\emph{=O}\(O_{i}^{2}\),代入已知量建立关于\emph{r}\textsubscript{1},\emph{r}\textsubscript{2}的方程,化简后求出\(\frac{r_{1}}{r_{2}}\)\emph{.}

如图,设半球面碗的球心为\emph{O},三颗汤圆的球心分别为\emph{O}\textsubscript{1},\emph{O}\textsubscript{2},\emph{O}\textsubscript{3}\emph{.}因为汤圆与碗的内壁相切,所以\emph{OO}\textsubscript{1}\emph{=OO}\textsubscript{2}\emph{=OO}\textsubscript{3}\emph{=r}\textsubscript{1}\emph{-r}\textsubscript{2}\emph{.}又因为三颗汤圆两两相切,所以\emph{O}\textsubscript{1}\emph{O}\textsubscript{2}\emph{=O}\textsubscript{1}\emph{O}\textsubscript{3}\emph{=O}\textsubscript{2}\emph{O}\textsubscript{3}\emph{=}2\emph{r}\textsubscript{2}\emph{.}设等边三角形\emph{O}\textsubscript{1}\emph{O}\textsubscript{2}\emph{O}\textsubscript{3}的中心为\emph{O\textquotesingle{}},因为汤圆与碗口等高,所以\emph{OO\textquotesingle=r}\textsubscript{2}\emph{.}在△\emph{O}\textsubscript{1}\emph{O}\textsubscript{2}\emph{O}\textsubscript{3}中,\emph{O\textquotesingle O}\textsubscript{3}\emph{=}\(\frac{2\sqrt{3}}{3}\)\emph{r}\textsubscript{2},在Rt△\emph{OO\textquotesingle O}\textsubscript{3}中,\emph{OO\textquotesingle{}}\textsuperscript{2}\emph{+O\textquotesingle{}}\(O_{3}^{2}\)\emph{=O}\(O_{3}^{2}\),即\(r_{2}^{2}\)\emph{+}\(\left( \frac{2\sqrt{3}}{3}r_{2} \right)^{2}\)\emph{=}(\emph{r}\textsubscript{1}\emph{-r}\textsubscript{2})\textsuperscript{2},即\(\frac{7}{3}r_{2}^{2}\)\emph{=}(\emph{r}\textsubscript{1}\emph{-r}\textsubscript{2})\textsuperscript{2},所以\(\frac{\sqrt{21}}{3}\)\emph{r}\textsubscript{2}\emph{=r}\textsubscript{1}\emph{-r}\textsubscript{2},所以\(\frac{r_{1}}{r_{2}}\)\emph{=}1\emph{+}\(\frac{\sqrt{21}}{3}\)\emph{.}

\includegraphics[width=0.88346in,height=0.91654in,alt={id:2147520630;FounderCES}]{media/image15.jpeg}

15\emph{.} (1)
证明:如图,取\emph{AB}的中点为\emph{O},连接\emph{OP},\emph{OC.} (2分)

由△\emph{PAB}为正三角形,得\emph{PA=PB},又\emph{O}是\emph{AB}的中点,所以\emph{AB}⊥\emph{PO.}

由△\emph{ABC}为正三角形,得\emph{CA=CB},所以\emph{AB}⊥\emph{CO.}

又\emph{CO}∩\emph{PO=O},\textsuperscript{【1】}\emph{CO},\emph{PO}⊂平面\emph{POC},所以\emph{AB}⊥平面\emph{POC.}
(4分)

又\emph{PC}⊂平面\emph{POC},所以\emph{PC}⊥\emph{AB.} (5分)

(2)
解:因为平面\emph{PAB}⊥平面\emph{ABC},且平面\emph{PAB}∩平面\emph{ABC=AB},\emph{AB}⊥\emph{PO},\emph{PO}⊂平面\emph{PAB},所以\emph{PO}⊥平面\emph{ABC.}\textsuperscript{【2】}

如图,以\emph{O}为原点,以\emph{OA},\emph{OC},\emph{OP}所在直线分别为\emph{x},\emph{y},\emph{z}轴,建立空间直角坐标系,则\emph{O}(0,0,0),\emph{A}\(\left( \frac{1}{2}\text{,}0\text{,}0 \right)\),\emph{B}\(\left( \text{-}\frac{1}{2}\text{,}0\text{,}0 \right)\),\emph{C}\(\left( 0\text{,}\frac{\sqrt{3}}{2}\text{,}0 \right)\),\emph{P}\(\left( 0\text{,}0\text{,}\frac{\sqrt{3}}{2} \right)\),

所以\(\overrightarrow{PB}\)\emph{=}\(\left( \text{-}\frac{1}{2}\text{,}0\text{,-}\frac{\sqrt{3}}{2} \right)\),\(\overrightarrow{PC}\)\emph{=}\(\left( 0\text{,}\frac{\sqrt{3}}{2}\text{,-}\frac{\sqrt{3}}{2} \right)\)\emph{.}
(8分)

设平面\emph{PBC}的法向量为\emph{n=}(\emph{x},\emph{y},\emph{z}),由\(\left\{ \begin{matrix}
\overrightarrow{PB}\text{·}n = 0\text{,} \\
\overrightarrow{PC}\text{·}n = 0\text{,}
\end{matrix} \right.\ \)得\(\left\{ \begin{matrix}
\text{-}\frac{1}{2}x\text{-}\frac{\sqrt{3}}{2}z = 0\text{,} \\
\frac{\sqrt{3}}{2}y\text{-}\frac{\sqrt{3}}{2}z = 0\text{,}
\end{matrix} \right.\ \)

取\emph{x=}\(\sqrt{3}\),\emph{y=z=-}1,得\emph{n=}(\(\sqrt{3}\),\emph{-}1,\emph{-}1)\emph{.}
(10分)

由\(\overrightarrow{AE}\)\emph{=}\(\frac{1}{4}\overrightarrow{AC}\),得点\emph{E}\(\left( \frac{3}{8}\text{,}\frac{\sqrt{3}}{8}\text{,}0 \right)\),所以\(\overrightarrow{PE}\)\emph{=}\includegraphics[width=0.1in,height=0.29331in]{media/image6.jpeg}\(\frac{3}{8}\),\(\frac{\sqrt{3}}{8}\),\emph{-}\(\frac{\sqrt{3}}{2}\)\includegraphics[width=0.1in,height=0.29331in]{media/image7.jpeg}\emph{.}

设\emph{PE}与平面\emph{PBC}所成角为\emph{θ},\textsuperscript{【3】}则sin
\emph{θ=\textbar{}}cos\emph{\textless{}}\(\overrightarrow{PE}\),\emph{n\textgreater\textbar=}\(\frac{\text{|}\overrightarrow{PE}\text{·}n\text{|}}{\text{|}\overrightarrow{PE}\text{||}n\text{|}}\)\emph{=}\(\frac{3}{5}\)\emph{.}因此直线\emph{PE}与平面\emph{PBC}所成角的正弦值是\(\frac{3}{5}\)\emph{.}\textsuperscript{【4】}
(13分)

\includegraphics[width=1.05669in,height=1.17677in,alt={id:2147520637;FounderCES}]{media/image16.jpeg}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147520644;FounderCES}]{media/image17.jpeg}
【1】不交代\emph{CO}∩\emph{PO=O},扣1分\emph{.}

【2】无线面垂直或三线两两垂直的证明,直接建系,扣2分\emph{.}

【3】不设\emph{PE}与平面\emph{PBC}所成的角为\emph{θ},扣1分\emph{.}

【4】不下结论``直线\emph{PE}与平面\emph{PBC}所成角的正弦值是\(\frac{3}{5}\)'',扣1分\emph{.}

16\emph{.} 解:(1)
当\emph{a=}1时,\emph{f}(\emph{x})\emph{=}e\emph{\textsuperscript{-x}+x-}1,则\emph{f\textquotesingle{}}(\emph{x})\emph{=-}e\emph{\textsuperscript{-x}+}1,
(2分)

故\emph{f\textquotesingle{}}(\emph{-}1)\emph{=}1\emph{-}e,\emph{f}(\emph{-}1)\emph{=}e\emph{-}2,
(4分)

因此所求切线方程为\emph{y-}(e\emph{-}2)\emph{=}(1\emph{-}e)(\emph{x+}1),即\emph{y=}(1\emph{-}e)\emph{x-}1\emph{.}\textsuperscript{【1】}
(6分)

(2)
由题意知定义域为R,\emph{f\textquotesingle{}}(\emph{x})\emph{=-}e\emph{\textsuperscript{-x}+a.}
(7分)

\emph{①}若\emph{a}≤0,则\emph{f\textquotesingle{}}(\emph{x})≤0恒成立,可知\emph{f}(\emph{x})在R上单调递减,无极值,不符合题意\emph{.}
(9分)

\emph{②}若\emph{a\textgreater{}}0,令\emph{f\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,解得\emph{x\textgreater-}ln
\emph{a};令\emph{f\textquotesingle{}}(\emph{x})\emph{\textless{}}0,解得\emph{x\textless-}ln
\emph{a.}所以\emph{f}(\emph{x})在(\emph{-∞},\emph{-}ln
\emph{a})上单调递减,在(\emph{-}ln
\emph{a},\emph{+∞})上单调递增,则\emph{f}(\emph{x})有极小值\emph{f}(\emph{-}ln
\emph{a})\emph{=a-a}ln
\emph{a-a}\textsuperscript{3},无极大值,\textsuperscript{【2】} (12分)

所以\emph{a-a}ln
\emph{a-a}\textsuperscript{3}\emph{\textgreater{}}0,即\emph{a}\textsuperscript{2}\emph{+}ln
\emph{a-}1\emph{\textless{}}0\emph{.}

令\emph{g}(\emph{a})\emph{=a}\textsuperscript{2}\emph{+}ln
\emph{a-}1,\emph{a\textgreater{}}0,则\emph{g\textquotesingle{}}(\emph{a})\emph{=}2\emph{a+}\(\frac{1}{a}\)\emph{\textgreater{}}0,可知\emph{g}(\emph{a})在(0,\emph{+∞})上单调递增,且\emph{g}(1)\emph{=}0,则不等式\emph{a}\textsuperscript{2}\emph{+}ln
\emph{a-}1\emph{\textless{}}0等价于\emph{g}(\emph{a})\emph{\textless g}(1),解得0\emph{\textless a\textless{}}1,

所以实数\emph{a}的取值范围是(0,1)\emph{.} (15分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147520651;FounderCES}]{media/image17.jpeg}
【1】最终切线方程要化简成最简形式,一般为斜截式或一般式,否则扣1分\emph{.}

【2】不交代函数的单调区间,直接写极值,扣2分\emph{.}

17\emph{.} 解:(1) 由余弦定理得(14\emph{a-}11\emph{c})cos
\emph{B=}\(\frac{11\text{·}2ab\cos C}{2a}\)\emph{=}11\emph{b}cos
\emph{C}, (2分)

整理得14\emph{a}cos \emph{B=}11(\emph{c}cos \emph{B+b}cos \emph{C}),

由正弦定理,得14sin \emph{A}cos \emph{B=}11(sin \emph{C}cos \emph{B+}sin
\emph{B}cos \emph{C})\emph{=}11sin(\emph{B+C})\emph{=}11sin
\emph{A.}\textsuperscript{【1】} (4分)

在三角形中,sin \emph{A}≠0,\textsuperscript{【2】}所以cos
\emph{B=}\(\frac{11}{14}\)\emph{.} (6分)

(2) 若选择条件\emph{①}:

由(1)可得,sin
\emph{B=}\(\sqrt{1\text{-}cos^{2}B}\)\emph{=}\(\frac{5\sqrt{3}}{14}\)\emph{.}\textsuperscript{【3】}
(8分)

由\emph{S=}\(\frac{1}{2}\)\emph{ac}sin
\emph{B=}\(\frac{15\sqrt{3}}{4}\),得\emph{ac=}21\emph{　}(\emph{*})\emph{.}
(10分)

又由余弦定理,得\emph{b}\textsuperscript{2}\emph{=a}\textsuperscript{2}\emph{+c}\textsuperscript{2}\emph{-}2\emph{ac}cos
\emph{B=a}\textsuperscript{2}\emph{+c}\textsuperscript{2}\emph{-}33\emph{=}25,

则\emph{a}\textsuperscript{2}\emph{+c}\textsuperscript{2}\emph{=}58\emph{　}(\emph{**})\emph{.}
(12分)

联立(\emph{*})(\emph{**}),解得\emph{a=}7,\emph{c=}3或\emph{a=}3,\emph{c=}7\emph{.}

因此\emph{a=}7或\emph{a=}3\emph{.} (15分)

若选择条件\emph{②},不符合要求,理由如下:

因为sin \emph{A-}sin \emph{C=}1,在△\emph{ABC}中,sin
\emph{C\textgreater{}}0,所以sin \emph{A=}sin
\emph{C+}1\emph{\textgreater{}}1,与正弦函数的值域矛盾,不符合题意\emph{.}

若选择条件\emph{③}:

由(1)可知,sin
\emph{B=}\(\sqrt{1\text{-}cos^{2}B}\)\emph{=}\(\frac{5\sqrt{3}}{14}\)\emph{.}
(8分)

又sin \emph{A=}sin(\emph{B+C})\emph{=}sin \emph{B}cos \emph{C+}cos
\emph{B}sin
\emph{C=}\(\frac{5\sqrt{3}}{14}\)\emph{×}\(\left( \text{-}\frac{1}{2} \right)\)\emph{+}\(\frac{11}{14}\)\emph{×}\(\frac{\sqrt{3}}{2}\)\emph{=}\(\frac{3\sqrt{3}}{14}\),\textsuperscript{【4】}
(10分)

且\emph{a∶b∶c=}sin \emph{A∶}sin \emph{B∶}sin
\emph{C=}3\emph{∶}5\emph{∶}7,所以\emph{c=}\(\frac{7}{3}\)\emph{a.}
(12分)

所以\emph{S=}\(\frac{1}{2}\)\emph{ac}sin
\emph{B=}\(\frac{1}{2}\)·\emph{a}·\(\frac{7}{3}\)\emph{a}·\(\frac{5\sqrt{3}}{14}\)\emph{=}\(\frac{15\sqrt{3}}{4}\),

化简得\emph{a}\textsuperscript{2}\emph{=}9,得\emph{a=}3,因此所求\emph{a}的值是3\emph{.}
(15分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147520658;FounderCES}]{media/image17.jpeg}
【1】不交代``由正弦定理''而直接边化正弦,扣1分\emph{.}

【2】不写sin \emph{A}≠0,,扣1分\emph{.}

【3】不写``sin \emph{B=}\(\sqrt{1\text{-}cos^{2}B}\)'',直接得sin
\emph{B=}\(\frac{5\sqrt{3}}{14}\),扣1分\emph{.}

【4】不写``sin \emph{A=}sin(\emph{B+C})'',直接写``sin
\emph{A=}\(\frac{5\sqrt{3}}{14}\)\emph{×}\(\left( \text{-}\frac{1}{2} \right)\)\emph{+}\(\frac{11}{14}\)\emph{×}\(\frac{\sqrt{3}}{2}\)\emph{=}\(\frac{3\sqrt{3}}{14}\)'',扣1分\emph{.}

18\emph{.} 解:(1) 设点\emph{M}(\emph{x},\emph{y})\emph{.} (1分)

由直线\emph{AM},\emph{BM}的斜率之积为3,得\(\frac{y}{x + 2}\)·\(\frac{y}{x\text{-}2}\)\emph{=}3(\emph{x}≠\emph{±}2),\textsuperscript{【1】}
(4分)

整理可得\(\frac{x^{2}}{4}\)\emph{-}\(\frac{y^{2}}{12}\)\emph{=}1(\emph{x}≠\emph{±}2)\emph{.}

因此轨迹\emph{W}的方程为\(\frac{x^{2}}{4}\)\emph{-}\(\frac{y^{2}}{12}\)\emph{=}1(\emph{x}≠\emph{±}2)\emph{.}
(5分)

\emph{　　}(2)
\emph{①}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147520665;FounderCES}]{media/image14.jpeg}
由于直线\emph{DE}过点\emph{F},点\emph{F}在\emph{x}轴上,故\(\frac{\text{|}DF\text{|}}{\text{|}FE\text{|}}\)\emph{=}\(\left| \frac{y_{D}}{y_{E}} \right|\),进而直线\emph{l}\textsubscript{1}的方程应设为\emph{x=ty+}4,与双曲线方程联立消去\emph{x},建立关于\emph{y}的一元二次方程,统一以纵坐标为核心变量简化运算,再应用根与系数的关系求解\emph{.}

证明:设直线\emph{l}\textsubscript{1}的方程为\emph{x=ty+}4,\emph{P}(\emph{x}\textsubscript{1},\emph{y}\textsubscript{1}),\emph{Q}(\emph{x}\textsubscript{2},\emph{y}\textsubscript{2}),则\emph{C}\(\left( 1\text{,-}\frac{3}{t} \right)\)\emph{.}

\includegraphics[width=1.07008in,height=1.13661in,alt={id:2147520672;FounderCES}]{media/image18.jpeg}

由\(\left\{ \begin{matrix}
x = ty + 4\text{,} \\
\frac{x^{2}}{4}\text{-}\frac{y^{2}}{12} = 1\text{,}
\end{matrix} \right.\ \)得(3\emph{t}\textsuperscript{2}\emph{-}1)\emph{y}\textsuperscript{2}\emph{+}24\emph{ty+}36\emph{=}0,则\(\left\{ \begin{matrix}
\Delta = \text{(}24t\text{)}^{2}\text{-}4 \times 36\text{(}3t^{2}\text{-}1\text{)} = 144\text{(}t^{2} + 1\text{)} > 0\text{,}^{\text{【}2\text{】}} \\
y_{1} + y_{2} = \frac{\text{-}24t}{3t^{2}\text{-}1}\text{,} \\
y_{1}y_{2} = \frac{36}{3t^{2}\text{-}1}\text{.}
\end{matrix} \right.\ \)(\emph{*}) (8分)

直线\emph{l}\textsubscript{2}的方程为\emph{x=-}\(\frac{t}{3}\)\emph{y+}4,直线\emph{OP}的方程为\emph{x=}\(\frac{x_{1}}{y_{1}}\)\emph{y=}\(\frac{ty_{1} + 4}{y_{1}}\)\emph{y.}

由\(\left\{ \begin{matrix}
x = \text{-}\frac{t}{3}y + 4\text{,} \\
x = \frac{ty_{1} + 4}{y_{1}}y\text{,}
\end{matrix} \right.\ \)解得\emph{y\textsubscript{D}=}\(\frac{3y_{1}}{ty_{1} + 3}\)\emph{.}
(10分)

同理可得\emph{y\textsubscript{E}=}\(\frac{3y_{2}}{ty_{2} + 3}\)\emph{.}

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147520679;FounderCES}]{media/image14.jpeg}
欲证\(\frac{y_{D}}{y_{E}}\)\emph{=}\(\frac{3y_{1}\text{(}ty_{2} + 3\text{)}}{3y_{2}\text{(}ty_{1} + 3\text{)}}\)为定值,一种思路是运用和积关系整体消元;由\emph{y\textsubscript{D}},\emph{y\textsubscript{E}}表达式结构的对称性知,\emph{y\textsubscript{D}+y\textsubscript{E}}可建立根与系数的关系,这样就产生了另一种思路\emph{.}

证法1(非对称根与系数的关系)\emph{　}由(\emph{*})知,\emph{ty}\textsubscript{1}\emph{y}\textsubscript{2}\emph{=-}\(\frac{3\text{(}y_{1} + y_{2}\text{)}}{2}\),代入\(\frac{y_{D}}{y_{E}}\)\emph{=}\(\frac{3y_{1}\text{(}ty_{2} + 3\text{)}}{3y_{2}\text{(}ty_{1} + 3\text{)}}\)\emph{=}\(\frac{ty_{1}y_{2} + 3y_{1}}{ty_{1}y_{2} + 3y_{2}}\)\emph{=}\(\frac{\frac{3\text{(}y_{1}\text{-}y_{2}\text{)}}{2}}{\frac{3\text{(}y_{2}\text{-}y_{1}\text{)}}{2}}\)\emph{=-}1,故\(\frac{\text{|}DF\text{|}}{\text{|}FE\text{|}}\)\emph{=}\(\left| \frac{y_{D}}{y_{E}} \right|\)\emph{=}1\emph{.}
(12分)

证法2(构造对称根与系数的关系)\emph{　}故\emph{y\textsubscript{D}+y\textsubscript{E}=}\(\frac{3y_{1}}{ty_{1} + 3}\)\emph{+}\(\frac{3y_{2}}{ty_{2} + 3}\)\emph{=}\(\frac{3\text{[}2ty_{1}y_{2} + 3\text{(}y_{1} + y_{2}\text{)]}}{\text{(}ty_{1} + 3\text{)(}ty_{2} + 3\text{)}}\)\emph{=}\(\frac{3\left\lbrack 2ty_{1}y_{2} + 3 \times \left( \text{-}\frac{2t}{3}y_{1}y_{2} \right) \right\rbrack}{\text{(}ty_{1} + 3\text{)(}ty_{2} + 3\text{)}}\)\emph{=}0,

\includegraphics[width=0.1in,height=0.56339in]{media/image19.jpeg}也可直接代入\emph{y}\textsubscript{1}\emph{+y}\textsubscript{2},\emph{y}\textsubscript{1}\emph{y}\textsubscript{2}:\emph{y\textsubscript{D}+y\textsubscript{E}=}\(\frac{3y_{1}\text{(}ty_{2} + 3\text{)} + 3y_{2}\text{(}ty_{1} + 3\text{)}}{\text{(}ty_{1} + 3\text{)(}ty_{2} + 3\text{)}}\)\emph{=}\(\frac{3ty_{1}y_{2} + 9y_{1} + 3ty_{1}y_{2} + 9y_{2}}{\text{(}ty_{1} + 3\text{)(}ty_{2} + 3\text{)}}\)\emph{=}\(\frac{6ty_{1}y_{2} + 9\text{(}y_{1} + y_{2}\text{)}}{\text{(}ty_{1} + 3\text{)(}ty_{2} + 3\text{)}}\)\emph{=}\(\frac{6t\text{·}\frac{36}{3t^{2}\text{-}1} + 9\text{·}\left( \text{-}\frac{24t}{3t^{2}\text{-}1} \right)}{\text{(}ty_{1} + 3\text{)(}ty_{2} + 3\text{)}}\)\emph{=}0\includegraphics[width=0.1in,height=0.56339in]{media/image20.jpeg}

因此\emph{y\textsubscript{D}+y\textsubscript{E}=}2\emph{y\textsubscript{F}=}0,即\emph{F}是线段\emph{DE}的中点,因此\(\frac{\text{|}DF\text{|}}{\text{|}FE\text{|}}\)\emph{=}1,为定值\emph{.}
(12分)

\emph{　　②}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147520686;FounderCES}]{media/image14.jpeg}
要求双曲线上的点\emph{Q},只需确定它的横坐标或纵坐标之一即可\emph{.}若直接求纵坐标,把面积比转化为纵坐标差的形式,结合根与系数的关系``暴力''求解,这就产生了解法1;若优先求横坐标,会更简洁,因为点\emph{F}(4,0)和\emph{C}(1,\emph{y\textsubscript{C}})的横坐标已知,只需把面积比转化为线段比,再通过定比分点公式算出\emph{Q}的横坐标\emph{.}转化为线段比有两种策略:解法2(平行线比例法),直接利用\emph{l}\textsubscript{2}∥\emph{OC}的几何性质,把面积比转化为横坐标的比例关系,一步锁定点\emph{Q}横坐标;解法3(面积参数法),先设面积参数,利用同高三角形的面积比推导出线段比,最终同样转化为横坐标的定比分点问题,本质与解法2一致,只是从面积关系切入\emph{.}

解法1\emph{　}不妨假设点\emph{P}在第二象限,点\emph{Q}在第一象限,\textsuperscript{【3】}此时\emph{y}\textsubscript{1}\emph{+y}\textsubscript{2}\emph{=}\(\frac{\text{-}24t}{3t^{2}\text{-}1}\)\emph{\textgreater{}}0,\emph{y}\textsubscript{1}\emph{y}\textsubscript{2}\emph{=}\(\frac{36}{3t^{2}\text{-}1}\)\emph{\textgreater{}}0,得\emph{t\textless-}\(\frac{\sqrt{3}}{3}\)\emph{.}由题意得\(\frac{S_{\text{△}EFQ}}{S_{\text{△}OPQ}}\)\emph{=}\(\frac{\frac{1}{2}\text{·|}QE\text{|·|}QF\text{|·}sin\angle EQF}{\frac{1}{2}\text{·|}QP\text{|·|}QO\text{|·}sin\angle PQO}\)\emph{=}\(\frac{\text{|}QE\text{|·|}QF\text{|}}{\text{|}QP\text{|·|}QO\text{|}}^{\text{【}4\text{】}}\)\emph{=}\(\frac{\text{|}QE\text{|}}{\text{|}QO\text{|}}\)·\(\frac{\text{|}QF\text{|}}{\text{|}QP\text{|}}\)\emph{=}\(\frac{\text{|}y_{E}\text{-}y_{2}\text{|}}{\text{|}y_{2}\text{|}}\)·\(\frac{\text{|}y_{2}\text{|}}{\text{|}y_{1}\text{-}y_{2}\text{|}}\)\emph{=}\(\frac{\left| y_{2}\text{-}\frac{3y_{2}}{ty_{2} + 3} \right|}{\text{|}y_{1}\text{-}y_{2}\text{|}}\)\emph{=}\(\frac{\text{|}ty_{2}^{2}\text{|}}{\text{|}ty_{2} + 3\text{|·|}y_{1}\text{-}y_{2}\text{|}}\)\emph{　}(\emph{**})\emph{.}

由\emph{①}得\emph{\textbar y}\textsubscript{1}\emph{-y}\textsubscript{2}\emph{\textbar=}\(\sqrt{\text{(}y_{1} + y_{2}\text{)}^{2}\text{-}4y_{1}y_{2}}\)\emph{=}\(\frac{12\sqrt{t^{2} + 1}}{\text{|}3t^{2}\text{-}1\text{|}}\),\emph{y}\textsubscript{2}\emph{=}\(\frac{\text{-}24t\text{-}12\sqrt{t^{2} + 1}}{2\text{(}3t^{2}\text{-}1\text{)}}\)\emph{=-}\(\frac{12t + 6\sqrt{t^{2} + 1}}{3t^{2}\text{-}1}\)\emph{.}

代入(\emph{**})化简得\(\frac{\text{|}t\text{(}\sqrt{t^{2} + 1} + 2t\text{)|}}{\text{|}t^{2} + 1\text{|}}\)\emph{=}\(\frac{3}{8}\),
(15分)

得105\emph{t}\textsuperscript{4}\emph{-}142\emph{t}\textsuperscript{2}\emph{+}9\emph{=}0,即(15\emph{t}\textsuperscript{2}\emph{-}1)(7\emph{t}\textsuperscript{2}\emph{-}9)\emph{=}0,解得\emph{t}\textsuperscript{2}\emph{=}\(\frac{9}{7}\)或\emph{t}\textsuperscript{2}\emph{=}\(\frac{1}{15}\)(舍去),因此\emph{t=-}\(\frac{3}{\sqrt{7}}\),则\emph{y}\textsubscript{2}\emph{=}\(\frac{12t + 6\sqrt{t^{2} + 1}}{3t^{2}\text{-}1}\)\emph{=}\(\frac{3\sqrt{7}}{5}\),代入双曲线方程得\emph{x}\textsubscript{2}\emph{=}\(\frac{11}{5}\)\emph{.}由对称性可得,当点\emph{Q}在第四象限时,\emph{x}\textsubscript{2}\emph{=}\(\frac{11}{5}\),\emph{y}\textsubscript{2}\emph{=-}\(\frac{3\sqrt{7}}{5}\)\emph{.}因此点\emph{Q}的坐标为\(\left( \frac{11}{5}\text{,} \pm \frac{3\sqrt{7}}{5} \right)\)\emph{.}
(17分)

解法2\emph{　}由题意得\(\frac{S_{\text{△}EFQ}}{S_{\text{△}OPQ}}\)\emph{=}\(\frac{\frac{1}{2}\text{·|}QE\text{|·|}QF\text{|·}sin\angle EQF}{\frac{1}{2}\text{·|}QP\text{|·|}QO\text{|·}sin\angle PQO}\)\emph{=}\(\frac{\text{|}QE\text{|·|}QF\text{|}}{\text{|}QP\text{|·|}QO\text{|}}\)\emph{=}\(\frac{\text{|}QF\text{|}}{\text{|}QP\text{|}}\)·\(\frac{\text{|}QE\text{|}}{\text{|}QO\text{|}}\)\emph{.}由\emph{OC}∥\emph{DE}结合\emph{\textbar DF\textbar=\textbar EF\textbar{}},可得\(\frac{\text{|}QF\text{|}}{\text{|}QP\text{|}}\)·\(\frac{\text{|}QE\text{|}}{\text{|}QO\text{|}}\)\emph{=}\(\frac{\text{|}QF\text{|}}{\text{|}QP\text{|}}\)·\(\frac{\text{|}QF\text{|}}{\text{|}QC\text{|}}\)\emph{.}

不妨设\(\frac{\text{|}QF\text{|}}{\text{|}QC\text{|}}\)\emph{=λ},则\emph{λ=}\(\frac{\text{|}QF\text{|}}{\text{|}QC\text{|}}\)\emph{=}\(\frac{\text{|}EF\text{|}}{\text{|}OC\text{|}}\)\emph{=}\(\frac{\text{|}DF\text{|}}{\text{|}OC\text{|}}\)\emph{=}\(\frac{\text{|}PF\text{|}}{\text{|}PC\text{|}}\)\emph{\textgreater{}}1,得\emph{\textbar PF\textbar=λ\textbar PC\textbar{}},\emph{\textbar QF\textbar=λ\textbar QC\textbar{}},\emph{\textbar PQ\textbar+\textbar QF\textbar=\textbar PQ\textbar+λ\textbar QC\textbar=λ}(\emph{\textbar PQ\textbar-\textbar QC\textbar{}}),得\emph{\textbar PQ\textbar=}\(\frac{2\lambda}{\lambda\text{-}1}\)\emph{\textbar QC\textbar.}

因此\(\frac{\text{|}QF\text{|}}{\text{|}QP\text{|}}\)·\(\frac{\text{|}QF\text{|}}{\text{|}QC\text{|}}\)\emph{=}\(\frac{\text{|}QF\text{|}}{\frac{2\lambda}{\lambda\text{-}1}\text{|}QC\text{|}}\)·\(\frac{\text{|}QF\text{|}}{\text{|}QC\text{|}}\)\emph{=}\(\frac{\lambda^{2}\text{-}\lambda}{2}\)\emph{=}\(\frac{3}{8}\),得4\emph{λ}\textsuperscript{2}\emph{-}4\emph{λ-}3\emph{=}0,解得\emph{λ=}\(\frac{3}{2}\)(负值舍去)\emph{.}
(15分)

故\(\overrightarrow{FQ}\)\emph{=}\(\frac{3}{2}\overrightarrow{QC}\),因此\emph{x}\textsubscript{2}\emph{=}\(\frac{4 + \frac{3}{2} \times 1}{1 + \frac{3}{2}}\)\emph{=}\(\frac{11}{5}\),代入双曲线方程得\emph{y}\textsubscript{2}\emph{=±}\(\frac{3\sqrt{7}}{5}\),

因此点\emph{Q}的坐标为\(\left( \frac{11}{5}\text{,} \pm \frac{3\sqrt{7}}{5} \right)\)\emph{.}
(17分)

解法3\emph{　}不妨设\emph{S}\textsubscript{△\emph{EFQ}}\emph{=}3\emph{m},\emph{S}\textsubscript{△\emph{OPQ}}\emph{=}8\emph{m},\emph{S}\textsubscript{△\emph{ODQ}}\emph{=n.}由\emph{OC}∥\emph{DE}结合\emph{\textbar DF\textbar=\textbar EF\textbar{}},得\emph{S}\textsubscript{△\emph{PQE}}\emph{=S}\textsubscript{△\emph{PQD}}\emph{=}8\emph{m+n.}由\(\frac{S_{\text{△}PQE}}{S_{\text{△}PQO}}\)\emph{=}\(\frac{S_{\text{△}DQE}}{S_{\text{△}ODQ}}\)\emph{=}\(\frac{\text{|}QE\text{|}}{\text{|}QO\text{|}}\),得\(\frac{8m + n}{8m}\)\emph{=}\(\frac{6m}{n}\),化简得\emph{n}\textsuperscript{2}\emph{+}8\emph{mn-}48\emph{m}\textsuperscript{2}\emph{=}0,解得\emph{n=}4\emph{m},因此\(\frac{\text{|}EQ\text{|}}{\text{|}QO\text{|}}\)\emph{=}\(\frac{S_{\text{△}DQE}}{S_{\text{△}ODQ}}\)\emph{=}\(\frac{6m}{4m}\)\emph{=}\(\frac{3}{2}\)\emph{=}\(\frac{\text{|}QF\text{|}}{\text{|}QC\text{|}}\)\emph{.}
(15分)

故\(\overrightarrow{FQ}\)\emph{=}\(\frac{3}{2}\overrightarrow{QC}\),因此\emph{x}\textsubscript{2}\emph{=}\(\frac{4 + \frac{3}{2} \times 1}{1 + \frac{3}{2}}\)\emph{=}\(\frac{11}{5}\),代入双曲线方程得\emph{y}\textsubscript{2}\emph{=±}\(\frac{3\sqrt{7}}{5}\),

因此点\emph{Q}的坐标为\(\left( \frac{11}{5}\text{,} \pm \frac{3\sqrt{7}}{5} \right)\)\emph{.}
(17分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147520693;FounderCES}]{media/image17.jpeg}
【1】不交代``\emph{x}≠\emph{±}2'',扣2分\emph{.}

【2】一定要写\emph{Δ=}(24\emph{t})\textsuperscript{2}\emph{-}4\emph{×}36(3\emph{t}\textsuperscript{2}\emph{-}1)\emph{=}144(\emph{t}\textsuperscript{2}\emph{+}1)\emph{\textgreater{}}0,否则扣1分\emph{.}

【3】一定要对点\emph{P}和点\emph{Q}所在象限进行假设,否则扣1分\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147520700;FounderCES}]{media/image21.jpeg}
【4】进行面积比向线段比的转化:\(\frac{S_{\text{△}EFQ}}{S_{\text{△}OPQ}}\)\emph{=}\(\frac{\frac{1}{2}\text{·|}QE\text{|·|}QF\text{|·}sin\angle EQF}{\frac{1}{2}\text{·|}QP\text{|·|}QO\text{|·}sin\angle PQO}\)\emph{=}\(\frac{\text{|}QE\text{|·|}QF\text{|}}{\text{|}QP\text{|·|}QO\text{|}}\),即可拿到第(2)\emph{②}小问的1分\emph{.}

\emph{　　}19\emph{.} 解:(1)
\emph{①}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147520707;FounderCES}]{media/image14.jpeg}
``第\emph{n}次抛掷时甲恰好累计得2分''的隐含关键条件是``最后一次抛掷一定是甲抛出正面向上得分,前面所有轮次不能提前凑出甲得2分''\emph{.}故先固定最后一步为甲得分,再对前面抛掷次数做合法情况枚举,筛选符合换抛规则、甲乙得分不提前达标的有效序列,用古典概型直接计数求对应概率即可\emph{.}

\emph{n=}3,无符合条件的情形,故\emph{P}(3)\emph{=}0\emph{.}

\emph{n=}4,符合条件的情形有:甲正→甲反→乙反→甲正,甲反→乙反→甲正→甲正,共2种情况,故\emph{P}(4)\emph{=}\(\frac{2}{2^{4}}\)\emph{=}\(\frac{1}{8}\)\emph{.}

\emph{n=}5,符合条件的情形有:甲反→乙正→乙反→甲正→甲正,甲正→甲反→乙正→乙反→甲正,共2种情况,故\emph{P}(5)\emph{=}\(\frac{2}{2^{5}}\)\emph{=}\(\frac{1}{16}\)\emph{.}

\emph{n=}6,符合条件的情形有:甲正→甲反→乙反→甲反→乙反→甲正,甲反→乙反→甲正→甲反→乙反→甲正,甲反→乙反→甲反→乙反→甲正→甲正,共3种情况,故\emph{P}(6)\emph{=}\(\frac{3}{2^{6}}\)\emph{=}\(\frac{3}{64}\)\emph{.}
(4分)

\emph{　　②}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147520714;FounderCES}]{media/image14.jpeg}
承接第一小问算出的离散概率,先观察数据规律,发现有效概率只出现在偶数项,且通项是等差乘等比的数列结构;识别题型为典型的错位相减求和模型,先写出求和表达式,再利用错位相减法消去中间项,转化为普通等比数列求和,即可顺利求出前\emph{n}项和\emph{.}

分为两种情况\emph{.①}第一种情况:甲得2分,乙得0分\emph{.}此时由乙得0分可知,``反面向上''是成对出现的,所以\emph{n}必须为偶数,设\emph{n=}2\emph{k}(\emph{k}∈N\emph{\textsuperscript{*}})\emph{.}

此时第2\emph{k}次是``正'',前(2\emph{k-}1)次可以看成(\emph{k-}1)组``反\emph{+}反''与1次``正''的组合,共\emph{k}种情况,\textsuperscript{【1】}则\emph{P}(2\emph{k})\emph{=}\(\frac{k}{2^{2k}}\)\emph{.}
(6分)

\emph{②}第二种情况:甲得2分,乙得1分\emph{.}此时最后一次是``正'',乙得1分必须有``反\emph{+}正\emph{+}反''的组合,若干组``反\emph{+}反''组合,还有1次``正'',所以\emph{n}必须是奇数,设\emph{n=}2\emph{k+}1(\emph{k}≥2,\emph{k}∈N\emph{\textsuperscript{*}})\emph{.}此时前2\emph{k}次可看成1次``正'',1组``反\emph{+}正\emph{+}反'',(\emph{k-}2)组``反\emph{+}反''的组合,\textsuperscript{【2】}共\(\frac{A_{k}^{k}}{A_{k\text{-}2}^{k\text{-}2}}\)\emph{=k}(\emph{k-}1)种情况,

则\emph{P}(2\emph{k+}1)\emph{=}\(\frac{k\text{(}k\text{-}1\text{)}}{2^{2k + 1}}\)且\emph{P}(1)\emph{=P}(3)\emph{=}0\emph{.}

综上,\emph{P}(\emph{n})\emph{=}\(\left\{ \begin{matrix}
\frac{n}{2^{n + 1}}\text{,　　　　}n\text{为偶数,} \\
\frac{\text{(}n\text{-}1\text{)(}n\text{-}3\text{)}}{2^{n + 2}}\text{,}n\text{为奇数.}
\end{matrix} \right.\ \) (8分)

所以\emph{S\textsubscript{n}=P}(2)\emph{+P}(4)\emph{+}\ldots{}\emph{+P}(2\emph{n})\emph{=}\(\frac{2}{2^{3}}\)\emph{+}\(\frac{4}{2^{5}}\)\emph{+}\ldots{}\emph{+}\(\frac{2n}{2^{2n + 1}}\)\emph{=}\(\frac{1}{4}\)\emph{+}\(\frac{2}{4^{2}}\)\emph{+}\ldots{}\emph{+}\(\frac{n}{4^{n}}\),

\(\frac{1}{4}\)\emph{S\textsubscript{n}=}\(\frac{1}{4^{2}}\)\emph{+}\(\frac{2}{4^{3}}\)\emph{+}\ldots{}\emph{+}\(\frac{n}{4^{n + 1}}\),故\(\frac{3}{4}\)\emph{S\textsubscript{n}=}\(\frac{1}{4}\)\emph{+}\(\frac{1}{4^{2}}\)\emph{+}\(\frac{1}{4^{3}}\)\emph{+}\ldots{}\emph{+}\(\frac{1}{4^{n}}\)\emph{-}\(\frac{n}{4^{n + 1}}\)\emph{=}\(\frac{1}{3}\left( 1\text{-}\frac{1}{4^{n}} \right)\)\emph{-}\(\frac{n}{4^{n + 1}}\),故\emph{S\textsubscript{n}=}\(\frac{4}{9}\)\emph{-}\(\left( \frac{n}{3} + \frac{4}{9} \right)\frac{1}{4^{n}}\)\emph{.}
(12分)

\emph{　　}(2)
\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147520721;FounderCES}]{media/image14.jpeg}本题是种类期望最值优化问题,直接算整体种类期望难度极大\emph{.}不难想到2023年全国\emph{Ⅰ}卷概率题的处理方法,即用0-1指示变量法,利用期望线性特征把整体种类期望拆成单种铜币被抽到的概率之和;再把最大化期望转化为最小化组合数求和,用调整法证明:数量分布越均匀、差值不超过1时期望取最大值,最后根据总数做整数分配即可求出最优分布\emph{.}

记\emph{X\textsubscript{i}=}\(\left\{ \begin{matrix}
1\text{,铜币}i\text{出现,} \\
0\text{,铜币}i\text{未出现,}
\end{matrix} \right.\ \)则\emph{X=X}\textsubscript{1}\emph{+X}\textsubscript{2}\emph{+}\ldots{}\emph{+X}\textsubscript{150},\textsuperscript{【3】}
(13分)

故\emph{E}(\emph{X})\emph{=}\(\overset{150}{\underset{i = 1}{\text{∑}}}\)\emph{E}(\emph{X\textsubscript{i}})\emph{=}\(\overset{150}{\underset{i = 1}{\text{∑}}}\)\{1\emph{×P}(\emph{X\textsubscript{i}})\emph{+}0\emph{×}{[}1\emph{-P}(\emph{X\textsubscript{i}}){]}\}\emph{=}\(\overset{150}{\underset{i = 1}{\text{∑}}}\)\emph{P}(\emph{X\textsubscript{i}})\emph{=}\(\overset{150}{\underset{i = 1}{\text{∑}}}\left( 1\text{-}\frac{C_{2026\text{-}n_{i}}^{150}}{C_{2026}^{150}} \right)\)\emph{=}150\emph{-}\(\frac{1}{C_{2026}^{150}}\overset{150}{\underset{i = 1}{\text{∑}}}C_{2026\text{-}n_{i}}^{150}\),

因此只需求\(\overset{150}{\underset{i = 1}{\text{∑}}}C_{2026\text{-}n_{i}}^{150}\)的最小值即可\emph{.}

记\emph{f}(\emph{n}\textsubscript{1},\emph{n}\textsubscript{2},\ldots,\emph{n}\textsubscript{150})\emph{=}\(\overset{150}{\underset{i = 1}{\text{∑}}}C_{2026\text{-}n_{i}}^{150}\)\emph{.}
(14分)

假设
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铜币 &
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&
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& 备注 \\
数量 & \emph{n}\textsubscript{1} & \emph{n}\textsubscript{2} &
\emph{n}\textsubscript{3} & \ldots{} & \emph{n}\textsubscript{150} &
\emph{n}\textsubscript{2}\emph{-n}\textsubscript{1}≥2 \\
调整 & \emph{n}\textsubscript{1}\emph{+}1 &
\emph{n}\textsubscript{2}\emph{-}1 & \emph{n}\textsubscript{3} &
\ldots{} & \emph{n}\textsubscript{150} & \\
\end{longtable}
}

\emph{　　}Δ\emph{=f}(\emph{n}\textsubscript{1}\emph{+}1,\emph{n}\textsubscript{2}\emph{-}1,\emph{n}\textsubscript{3},\ldots,\emph{n}\textsubscript{150})\emph{-f}(\emph{n}\textsubscript{1},\emph{n}\textsubscript{2},\emph{n}\textsubscript{3},\ldots,\emph{n}\textsubscript{150})\emph{=}\(C_{2026\text{-}n_{1}\text{-}1}^{150}\)\emph{+}\(C_{2026\text{-}n_{2} + 1}^{150}\)\emph{-}\(C_{2026\text{-}n_{1}}^{150}\)\emph{-}\(C_{2026\text{-}n_{2}}^{150}\)\emph{.}

由\(C_{m}^{n}\)\emph{+}\(C_{m}^{n\text{-}1}\)\emph{=}\(C_{m + 1}^{n}\)得Δ\emph{=}\(C_{2026\text{-}n_{2}}^{149}\)\emph{-}\(C_{2026\text{-}n_{1}\text{-}1}^{149}\)\emph{=}\(C_{2026\text{-}n_{2}}^{149}\)\emph{-}\(C_{2025\text{-}n_{1}}^{149}\)\emph{.}

令\emph{a\textsubscript{k}=}\(C_{2026\text{-}k}^{149}\),可知\{\emph{a\textsubscript{n}}\}单调递减,而\emph{n}\textsubscript{2}\emph{-n}\textsubscript{1}≥2,即\emph{n}\textsubscript{2}\emph{-}(\emph{n}\textsubscript{1}\emph{+}1)≥1\emph{\textgreater{}}0,

故Δ\emph{=}\(a_{n_{2}}\)\emph{-}\(a_{n_{1} + 1}\)\emph{\textless{}}0\emph{.}
(15分)

综上,只要\emph{n}\textsubscript{1},\emph{n}\textsubscript{2},\ldots,\emph{n}\textsubscript{150}中有两个数之差大于等于2,一定能找到\emph{n\textquotesingle{}}\textsubscript{1},\emph{n\textquotesingle{}}\textsubscript{2},\ldots,\emph{n\textquotesingle{}}\textsubscript{150},使得\emph{f}(\emph{n\textquotesingle{}}\textsubscript{1},\emph{n\textquotesingle{}}\textsubscript{2}\ldots,\emph{n\textquotesingle{}}\textsubscript{150})\emph{\textless f}(\emph{n}\textsubscript{1},\emph{n}\textsubscript{2}\ldots,\emph{n}\textsubscript{150}),故\emph{n}\textsubscript{1},\emph{n}\textsubscript{2},\ldots,\emph{n}\textsubscript{150}中任意两数之差不超过1\emph{.}
(16分)

由\(\frac{2026}{150}\)≈13\emph{.}51,可设\emph{x}种铜币有14枚,则14\emph{x+}13(150\emph{-x})\emph{=}2026,

故2026个不同种类铜币中的76种铜币各有14枚,74种铜币各有13枚时,\emph{E}(\emph{X})最大,

此时\emph{E}(\emph{X})\emph{=}150\emph{-}\(\frac{76C_{2026\text{-}14}^{150} + 74C_{2026\text{-}13}^{150}}{C_{2026}^{150}}\)\emph{=}150\emph{-}\(\frac{76C_{2012}^{150} + 74C_{2013}^{150}}{C_{2026}^{150}}\)\emph{.}
(17分)
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【1】【2】不进行事件情形描述,直接给出表达式的,扣1分\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147520743;FounderCES}]{media/image21.jpeg}
【3】记\emph{X\textsubscript{i}=}\(\left\{ \begin{matrix}
1\text{,铜币}i\text{出现,} \\
0\text{,铜币}i\text{未出现,}
\end{matrix} \right.\ \)则\emph{X=X}\textsubscript{1}\emph{+X}\textsubscript{2}\emph{+}\ldots{}\emph{+X}\textsubscript{150},即可拿到第(2)小问的1分\emph{.}
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