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\emph{　　}上述分数是基础题和中档题的分数,是通过科学的训练能够拿到的分数,你拿到了吗?\includegraphics[width=0.92717in,height=\textheight,keepaspectratio]{media/image3.jpeg}\strut
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答案速查(标黑的有两种及以上解法)

1-5 BBDCC\emph{　}6-8 DAA\emph{　}9\emph{.} AC\emph{　}10\emph{.}
ACD\emph{　}11\emph{.} BCD

12\emph{.} 2\emph{　}13\emph{.} (0,1)\emph{　}1\emph{　}14\emph{.}
\(\frac{37\pi}{3}\)

1\emph{.}
B\emph{　}因为\emph{U=}\{\emph{x}∈Z\emph{\textbar x}\textsuperscript{2}\emph{-}1≤0\}\emph{=}\{\emph{x}∈Z\emph{\textbar-}1≤\emph{x}≤1\}\emph{=}\{\emph{-}1,0,1\},\emph{A=}\{0,1\},所以∁\emph{\textsubscript{U}A=}\{\emph{-}1\},所以∁\emph{\textsubscript{U}A}中元素个数为1\emph{.}

2\emph{.}
B\emph{　}解法1\emph{　}由i\emph{z=}2\emph{-}i得\emph{\textbar{}}i\emph{z\textbar=\textbar{}}2\emph{-}i\emph{\textbar{}},即\emph{\textbar{}}i\emph{\textbar\textbar z\textbar=\textbar{}}2\emph{-}i\emph{\textbar{}},则\emph{\textbar z\textbar=}\(\sqrt{5}\)\emph{.}

解法2\emph{　}由i\emph{z=}2\emph{-}i,得\emph{z=}\(\frac{2\text{-}i}{i}\)\emph{=}\(\frac{\text{(}2\text{-}i\text{)(-}i\text{)}}{i\text{·(-}i\text{)}}\)\emph{=-}1\emph{-}2i,所以\emph{\textbar z\textbar=}\(\sqrt{{\text{(-}1\text{)}}^{2} + {\text{(-}2\text{)}}^{2}}\)\emph{=}\(\sqrt{5}\)\emph{.}

3\emph{.}
D\emph{　}由题意可知\(\overrightarrow{AB}\)\emph{=}(2,4)\emph{-}(5,0)\emph{=}(\emph{-}3,4),\emph{F=}(\emph{-}2,3),\(\overrightarrow{AB}\)·\emph{F=}(\emph{-}3)\emph{×}(\emph{-}2)\emph{+}4\emph{×}3\emph{=}18,所以\emph{F}对该物体所做的功为18\emph{.}

4\emph{.}
C\emph{　}解法1\emph{　}因为函数\emph{f}(\emph{x})\emph{=}tan(\emph{ωx+φ})(\emph{ω\textgreater{}}0)的图象与直线\emph{y=a}的两个相邻交点之间的距离为\(\frac{\pi}{4}\),所以\emph{f}(\emph{x})的最小正周期\emph{T=}\(\frac{\pi}{4}\)\emph{.}又\emph{T=}\(\frac{\pi}{\omega}\)\emph{=}\(\frac{\pi}{4}\),所以\emph{ω=}4\emph{.}

解法2\emph{　}因为\emph{φ}(\emph{x})\emph{=}tan
\emph{x}在\(\left( \text{-}\frac{\pi}{2}\text{,}\frac{\pi}{2} \right)\)上单调递增,且值域为R\emph{.}所以存在唯一\emph{α}∈\(\left( \text{-}\frac{\pi}{2}\text{,}\frac{\pi}{2} \right)\),使得tan
\emph{α=a.}令tan(\emph{ωx+φ})\emph{=a}得\emph{ωx+φ=α+k}π,\emph{k}∈Z,即\emph{x=}\(\frac{\alpha\text{-}\varphi + k\pi}{\omega}\),\emph{k}∈Z\emph{.}因为\emph{f}(\emph{x})\emph{=}tan(\emph{ωx+φ})(\emph{ω\textgreater{}}0)的图象与直线\emph{y=a}的相邻两个交点的距离为\(\frac{\pi}{4}\),故\(\frac{\alpha\text{-}\varphi + \pi}{\omega}\)\emph{-}\(\frac{\alpha\text{-}\varphi}{\omega}\)\emph{=}\(\frac{\pi}{4}\),即\emph{ω=}4\emph{.}

5\emph{.}
C\emph{　}解法1\emph{　}由抛物线\emph{C}:\emph{y}\textsuperscript{2}\emph{=}2\emph{px}(\emph{p\textgreater{}}0),得准线\emph{l}为\emph{x=-}\(\frac{p}{2}\),\emph{F}\(\left( \frac{p}{2}\text{,}0 \right)\)\emph{.}再由直线\emph{y=}3与准线\emph{l}交于点\emph{M},所以\emph{M}\(\left( \text{-}\frac{p}{2}\text{,}3 \right)\),则\emph{\textbar MF\textbar=}\(\sqrt{\left( \text{-}\frac{p}{2}\text{-}\frac{p}{2} \right)^{2} + 3^{2}}\)\emph{=}5,解得\emph{p=}4(舍去负值)\emph{.}

解法2\emph{　}设准线\emph{l}与\emph{x}轴交于点\emph{N},则\emph{\textbar NF\textbar=p},在Rt△\emph{MNF}中,\emph{\textbar NF\textbar=}\(\sqrt{\text{|}MF\text{|}^{2}\text{-|}MN\text{|}^{2}}\)\emph{=}\(\sqrt{5^{2}\text{-}3^{2}}\)\emph{=}4,即\emph{p=}4\emph{.}

6\emph{.}
D\emph{　}由\emph{x}≥0,\emph{f}(\emph{x})\emph{=f}(\emph{x-}4)知\emph{f}(2
025)\emph{=f}(4\emph{×}506\emph{+}1)\emph{=f}(1)\emph{=f}(\emph{-}3)\emph{=}cos\(\left\lbrack \text{(-}3\text{)} \times \frac{2\pi}{3} \right\rbrack\)\emph{=}cos(\emph{-}2π)\emph{=}1\emph{.}

7\emph{.}
A\emph{　}解法1(几何法)\emph{　}取\emph{BC}的中点为\emph{D},连接\emph{AD},\emph{B}\textsubscript{1}\emph{D},如图所示\emph{.}易证\emph{AD}⊥平面\emph{BCC}\textsubscript{1}\emph{B}\textsubscript{1},所以∠\emph{AB}\textsubscript{1}\emph{D}为直线\emph{AB}\textsubscript{1}与平面\emph{BCC}\textsubscript{1}\emph{B}\textsubscript{1}所成角\emph{.}设\emph{AB=}2,则\emph{AD=}\(\sqrt{3}\),\emph{AB}\textsubscript{1}\emph{=}2\(\sqrt{2}\)\emph{.}在Rt△\emph{AB}\textsubscript{1}\emph{D}中,sin∠\emph{AB}\textsubscript{1}\emph{D=}\(\frac{AD}{AB_{1}}\)\emph{=}\(\frac{\sqrt{3}}{2\sqrt{2}}\)\emph{=}\(\frac{\sqrt{6}}{4}\)\emph{.}

\includegraphics[width=1.04016in,height=1.14016in,alt={id:2147511276;FounderCES}]{media/image4.jpeg}

解法2(空间向量法)\emph{　}设三棱柱的棱长为1,以\emph{B}为原点,以过点\emph{B}作\emph{BC}的垂线为\emph{x}轴,以\emph{BC}所在直线为\emph{y}轴,\emph{BB}\textsubscript{1}所在直线为\emph{z}轴,建立空间直角坐标系,如图\emph{.}

\includegraphics[width=1.17992in,height=1.39685in,alt={id:2147511283;FounderCES}]{media/image5.jpeg}

则\emph{B}(0,0,0),\emph{B}\textsubscript{1}(0,0,1),\emph{A}\(\left( \frac{\sqrt{3}}{2}\text{,}\frac{1}{2}\text{,}0 \right)\),所以\(\overrightarrow{AB_{1}}\)\emph{=}\(\left( \text{-}\frac{\sqrt{3}}{2}\text{,-}\frac{1}{2}\text{,}1 \right)\),易知平面\emph{BCC}\textsubscript{1}\emph{B}\textsubscript{1}的一个法向量为\emph{n=}(1,0,0)\emph{.}设直线\emph{AB}\textsubscript{1}与平面\emph{BCC}\textsubscript{1}\emph{B}\textsubscript{1}所成角为\emph{θ},\emph{θ}∈\(\left\lbrack 0\text{,}\frac{\pi}{2} \right\rbrack\),则sin
\emph{θ=\textbar{}}cos\emph{\textless n},\(\overrightarrow{AB_{1}}\)\emph{\textgreater\textbar=}\(\frac{\text{|}n\text{·}\overrightarrow{AB_{1}}\text{|}}{\text{|}n\text{|·|}\overrightarrow{AB_{1}}\text{|}}\)\emph{=}\(\frac{\frac{\sqrt{3}}{2}}{\sqrt{2}}\)\emph{=}\(\frac{\sqrt{6}}{4}\)\emph{.}

解法3(等体积法)\emph{　}设\emph{AB=}2,则\emph{AB}\textsubscript{1}\emph{=}2\(\sqrt{2}\)\emph{.}设\emph{A}到平面\emph{BB}\textsubscript{1}\emph{C}\textsubscript{1}\emph{C}的距离为\emph{h},由\(V_{ABB_{1}C_{1}C}\)\emph{=}\(\frac{2}{3}V_{ABCA_{1}B_{1}C_{1}}\)得\(\frac{1}{3}\)\emph{×}2\textsuperscript{2}\emph{h=}\(\frac{2}{3}\)\emph{×}\(\left( \frac{\sqrt{3}}{4} \times 2^{2} \right)\)\emph{×}2,解得\emph{h=}\(\sqrt{3}\)\emph{.}设\emph{AB}\textsubscript{1}与平面\emph{BCC}\textsubscript{1}\emph{B}\textsubscript{1}所成角为\emph{θ},则sin
\emph{θ=}\(\frac{h}{AB_{1}}\)\emph{=}\(\frac{\sqrt{3}}{2\sqrt{2}}\)\emph{=}\(\frac{\sqrt{6}}{4}\)\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147511290;FounderCES}]{media/image6.jpeg}
与线面角有关的正弦值问题的三种解法

解法1适用于空间想象能力强、熟悉线面垂直构造的学生\emph{.}直接锁定线面角,运算量最小、效率最高,是考试中优先选择的解法,尤其适合快速得分场景,对学生空间想象能力要求较高\emph{.}

解法2适用于空间想象能力较弱、擅长代数运算的学生\emph{.}需建立空间直角坐标系,明确各点坐标,无需复杂的辅助线几何构造,将立体几何问题转化为坐标运算,逻辑直接,适合应对无法快速找到线面角的题目,是通用性较强的``保底解法''\emph{.}

解法3适用于线面角构造困难,但体积计算便捷的学生\emph{.}避开线面角的直接构造,通过体积转化求距离,再结合定义求解,适合底面为特殊图形(如正三角形)、体积易计算的场景,可作为补充解法验证答案\emph{.}

\emph{　　}8\emph{.}
A\emph{　}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147511297;FounderCES}]{media/image7.jpeg}
问题要求判断\emph{x},\emph{y}大小关系不可能的选项,属于``存在性\emph{/}可能性''判断类问题,优先考虑赋值验证排除法或构造函数分析单调性法\emph{.}

\emph{　　}解法1(赋值法)\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147511304;FounderCES}]{media/image8.jpeg}
采用赋值法,选取特殊值代入等式,计算对应\emph{y}的范围,直接验证选项是否成立\emph{.}

设\emph{g}(\emph{t})\emph{=t+}4log\textsubscript{2}\emph{t},则\emph{g}(\emph{t})为增函数,且\emph{g}(1)\emph{=}1\emph{.}

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147511311;FounderCES}]{media/image8.jpeg}
挖掘隐含条件,排除矛盾选项,从选项特征来看,均围绕\emph{x},\emph{y}与1的大小关系展开,因此赋值时可优先选取\emph{x=}\(\frac{1}{2}\),\emph{x=}2,\emph{x=}4等与1相关的特殊值,结合函数单调性快速排除成立的选项,锁定不可能的结果\emph{.}

取\emph{x=}\(\frac{1}{2}\),则\emph{x}\textsuperscript{2}\emph{+}log\textsubscript{2}\emph{x=-}\(\frac{3}{4}\),即\emph{y+}4log\textsubscript{2}\emph{y=-}\(\frac{3}{4}\),\emph{g}\(\left( \frac{1}{2} \right)\)\emph{=-}\(\frac{7}{2}\)\emph{\textless-}\(\frac{3}{4}\)\emph{=g}(\emph{y})\emph{\textless g}(1),因此\(\frac{1}{2}\)\emph{\textless y\textless{}}1,即\emph{x\textless y\textless{}}1,排除B;取\emph{x=}2,则\emph{x}\textsuperscript{2}\emph{+}log\textsubscript{2}\emph{x=}5,即\emph{y+}4log\textsubscript{2}\emph{y=}5,\emph{g}(1)\emph{\textless{}}5\emph{=g}(\emph{y})\emph{\textless{}}6\emph{=g}(2),因此1\emph{\textless y\textless{}}2,即1\emph{\textless y\textless x},排除D;取\emph{x=}4,则\emph{x}\textsuperscript{2}\emph{+}log\textsubscript{2}\emph{x=}18,即\emph{y+}4log\textsubscript{2}\emph{y=}18,\emph{g}(1)\emph{\textless{}}12\emph{=g}(4)\emph{\textless{}}18\emph{=g}(\emph{y}),因此1\emph{\textless{}}4\emph{\textless y},即1\emph{\textless x\textless y},排除C\emph{.}

\emph{　　}解法2(函数综合法)\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147511318;FounderCES}]{media/image8.jpeg}
要比较\emph{x},\emph{y}的大小,可以令\emph{x}\textsuperscript{2}\emph{+}2log\textsubscript{4}\emph{x=y+}4log\textsubscript{2}\emph{y=m},显然无法用\emph{m}表示出\emph{x},\emph{y},因此考虑转化为研究直线\emph{y=m}与\emph{y}\textsubscript{1}\emph{=x}\textsuperscript{2}\emph{+}2log\textsubscript{4}\emph{x}和\emph{y}\textsubscript{2}\emph{=y+}4log\textsubscript{2}\emph{y}图象交点横坐标的大小关系,需要画出函数图象,特别要关注两个函数图象的上下位置关系,因此构造函数\emph{φ}(\emph{x})\emph{=x}\textsuperscript{2}\emph{+}2log\textsubscript{4}\emph{x-x-}4log\textsubscript{2}\emph{x},通过导数法研究\emph{φ}(\emph{x})的单调性,进而确定\emph{φ}(\emph{x})的正负\emph{.}

令\emph{x}\textsuperscript{2}\emph{+}2log\textsubscript{4}\emph{x=y+}4log\textsubscript{2}\emph{y=m},则\emph{x},\emph{y}分别为直线\emph{y=m}与\emph{y}\textsubscript{1}\emph{=x}\textsuperscript{2}\emph{+}2log\textsubscript{4}\emph{x}和\emph{y}\textsubscript{2}\emph{=y+}4log\textsubscript{2}\emph{y}交点的横坐标,令\emph{φ}(\emph{x})\emph{=x}\textsuperscript{2}\emph{+}2log\textsubscript{4}\emph{x-x-}4log\textsubscript{2}\emph{x=x}\textsuperscript{2}\emph{-x-}3log\textsubscript{2}\emph{x},则\emph{φ\textquotesingle{}}(\emph{x})\emph{=}2\emph{x-}1\emph{-}\(\frac{3}{xln2}\),\emph{x\textgreater{}}0\emph{.}

因为ln\(\sqrt{e}\)\emph{\textless{}}ln 2\emph{\textless{}}ln
e,即\(\frac{1}{2}\)\emph{\textless{}}ln
2\emph{\textless{}}1,所以\emph{φ\textquotesingle{}}(1)\emph{=}1\emph{-}\(\frac{3}{ln2}\)\emph{\textless{}}0,\emph{φ\textquotesingle{}}(3)\emph{=}5\emph{-}\(\frac{1}{ln2}\)\emph{\textgreater{}}0\emph{.}又因为\emph{φ\textquotesingle{}}(\emph{x})在(0,\emph{+∞})上单调递增,所以\emph{φ\textquotesingle{}}(\emph{x})有唯一零点,记为\emph{x}\textsubscript{0},则\emph{x}\textsubscript{0}∈(1,3)\emph{.}所以当0\emph{\textless x\textless x}\textsubscript{0}时,\emph{φ\textquotesingle{}}(\emph{x})\emph{\textless{}}0,\emph{φ}(\emph{x})单调递减;当\emph{x\textgreater x}\textsubscript{0}时,\emph{φ\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,\emph{φ}(\emph{x})单调递增\emph{.}因为\emph{φ}(1)\emph{=}0,\emph{φ}(\emph{x}\textsubscript{0})\emph{\textless φ}(1)\emph{=}0,\emph{φ}(4)\emph{=}12\emph{-}6\emph{\textgreater{}}0,所以\emph{φ}(\emph{x})有两个零点,其中一个为1,另一个记为\emph{t},则\emph{t}∈(1,4)\emph{.}所以当0\emph{\textless x\textless{}}1时,\emph{φ}(\emph{x})\emph{\textgreater φ}(1)\emph{=}0,则\emph{x}\textsuperscript{2}\emph{-x-}3log\textsubscript{2}\emph{x\textgreater{}}0,即\emph{x}\textsuperscript{2}\emph{+}2log\textsubscript{4}\emph{x\textgreater x+}4log\textsubscript{2}\emph{x},即\emph{y}\textsubscript{1}\emph{=x}\textsuperscript{2}\emph{+}2log\textsubscript{4}\emph{x}图象在\emph{y}\textsubscript{2}\emph{=x+}4log\textsubscript{2}\emph{y}上方;当1\emph{\textless x\textless t}时,\emph{φ}(\emph{x})\emph{\textless{}}0,则\emph{x}\textsuperscript{2}\emph{-x-}3log\textsubscript{2}\emph{x\textless{}}0,即\emph{x}\textsuperscript{2}\emph{+}2log\textsubscript{4}\emph{x\textless x+}4log\textsubscript{2}\emph{x},即\emph{y}\textsubscript{1}\emph{=x}\textsuperscript{2}\emph{+}2log\textsubscript{4}\emph{x}图象在\emph{y}\textsubscript{2}\emph{=x+}4log\textsubscript{2}\emph{y}下方;当\emph{x\textgreater t}时,\emph{φ}(\emph{x})\emph{\textgreater{}}0,则\emph{x}\textsuperscript{2}\emph{-x-}3log\textsubscript{2}\emph{x\textgreater{}}0,即\emph{x}\textsuperscript{2}\emph{+}2log\textsubscript{4}\emph{x\textgreater x+}4log\textsubscript{2}\emph{x},即\emph{y}\textsubscript{1}\emph{=x}\textsuperscript{2}\emph{+}2log\textsubscript{4}\emph{x}图象在\emph{y}\textsubscript{2}\emph{=x+}4log\textsubscript{2}\emph{y}上方;在同一平面直角坐标系中,画出函数\emph{y}\textsubscript{1}\emph{=x}\textsuperscript{2}\emph{+}2log\textsubscript{4}\emph{x},\emph{y}\textsubscript{1}\emph{=x+}4log\textsubscript{2}\emph{x}的图象如图所示\emph{.}

\includegraphics[width=1.40984in,height=1.52008in,alt={id:2147511325;FounderCES}]{media/image9.jpeg}

结合图象可得当\emph{m\textless{}}1时,有\emph{x\textless y\textless{}}1;当1\emph{\textless m\textless φ}(\emph{t})时,有1\emph{\textless y\textless x};当\emph{m\textgreater φ}(\emph{t})时,有1\emph{\textless x\textless y.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147511332;FounderCES}]{media/image6.jpeg}
本题属于``函数背景下的变量大小比较'',通常有三种解法:\emph{①}构造同构函数,根据函数的单调性比较大小,往往涉及到放缩法的应用;\emph{②}构造辅助函数,运用数形结合法,转化两个函数图象与直线\emph{y=m}交点横坐标的大小关系;\emph{③}选取特殊值,运用排除法求解,选择题优先用特殊化再检验的方法则比较容易求解,解答题再进行严格证明,提升解题效率\emph{.}

9\emph{.}
AC\emph{　}对于A,由二项式系数和的性质得\(\left( \frac{2}{x}\text{-}x \right)^{n}\)中各二项式系数的和为2\emph{\textsuperscript{n}},而\(\left( \frac{2}{x}\text{-}x \right)^{n}\)各二项式系数的和为256,则2\emph{\textsuperscript{n}=}256,解得\emph{n=}8,故A正确\emph{.}对于B,由已知得\(\left( \frac{2}{x}\text{-}x \right)^{n}\)\emph{=}\(\left( \frac{2}{x}\text{-}x \right)^{8}\),令\emph{x=}1,则展开式中各项系数的和为\(\left( \frac{2}{1}\text{-}1 \right)^{8}\)\emph{=}1,故B错误\emph{.}对于C,由二项式定理得\(\left( \frac{2}{x}\text{-}x \right)^{8}\)的通项为\emph{T\textsubscript{k+}}\textsubscript{1}\emph{=}\(C_{8}^{k}\)·\(\left( \frac{2}{x} \right)^{8\text{-}k}\)(\emph{-x})\emph{\textsuperscript{k}=}\(C_{8}^{k}\)·2\textsuperscript{8\emph{-k}}·(\emph{-}1)\emph{\textsuperscript{k}}·\emph{x}\textsuperscript{2\emph{k-}8},且\emph{k}∈{[}0,8{]},\emph{k}∈Z\emph{.}若展开式中存在常数项,则2\emph{k-}8\emph{=}0,解得\emph{k=}4,符合\emph{k}∈{[}0,8{]},\emph{k}∈Z,故C正确\emph{.}对于D,令2\emph{k-}8\emph{=}6,解得\emph{k=}7,则\emph{x}\textsuperscript{6}的系数为\(C_{8}^{7}\)·2\textsuperscript{8\emph{-}7}·(\emph{-}1)\textsuperscript{7}\emph{=-}16,故D错误\emph{.}

10\emph{.}
ACD\emph{　}对于A,由题意可知,\emph{a=}1,\emph{b=}\(\sqrt{2}\),则\emph{c=}\(\sqrt{a^{2} + b^{2}}\)\emph{=}\(\sqrt{1 + 2}\)\emph{=}\(\sqrt{3}\),则离心率\emph{e=}\(\frac{c}{a}\)\emph{=}\(\sqrt{3}\),故A正确;对于B,设\emph{M}(\emph{x}\textsubscript{0},\emph{y}\textsubscript{0}),\emph{y}\textsubscript{0}≠0,则\(x_{0}^{2}\)\emph{-}\(\frac{y_{0}^{2}}{2}\)\emph{=}1,因为\emph{A}(\emph{-}1,0),\emph{B}(1,0),则\emph{k}\textsubscript{1}\emph{k}\textsubscript{2}\emph{=}\(\frac{y_{0}}{x_{0} + 1}\)·\(\frac{y_{0}}{x_{0}\text{-}1}\)\emph{=}\(\frac{y_{0}^{2}}{x_{0}^{2}\text{-}1}\)\emph{=}\(\frac{y_{0}^{2}}{\frac{y_{0}^{2}}{2}}\)\emph{=}2,故B错误;对于C,

解法1\emph{　}当\emph{k}\textsubscript{1}\emph{=}1时,\emph{k}\textsubscript{2}\emph{=}2,设直线\emph{AM},\emph{BM}的倾斜角分别为\emph{α},\emph{β},则tan∠\emph{AMB=\textbar{}}tan(\emph{α-β})\emph{\textbar=}\(\left| \frac{k_{1}\text{-}k_{2}}{1 + k_{1}k_{2}} \right|\)\emph{=}\(\left| \frac{1\text{-}2}{1 + 2} \right|\)\emph{=}\(\frac{1}{3}\),\textsuperscript{【1】}故C正确;

解法2\emph{　}直线\emph{AM}方程为\emph{y=x+}1,与双曲线方程\emph{x}\textsuperscript{2}\emph{-}\(\frac{y^{2}}{2}\)\emph{=}1联立得,\emph{x}\textsuperscript{2}\emph{-}2\emph{x-}3\emph{=}0,所以\emph{x=}3或\emph{x=-}1,则\emph{M}(3,4)\emph{.}所以\(\overrightarrow{MA}\)\emph{=}(\emph{-}4,\emph{-}4),\(\overrightarrow{MB}\)\emph{=}(\emph{-}2,\emph{-}4),cos∠\emph{AMB=}\(\frac{\overrightarrow{MA}\text{·}\overrightarrow{MB}}{\text{|}\overrightarrow{MA}\text{||}\overrightarrow{MB}\text{|}}\)\emph{=}\(\frac{8 + 16}{4\sqrt{2} \times 2\sqrt{5}}\)\emph{=}\(\frac{24}{8\sqrt{10}}\)\emph{=}\(\frac{3}{\sqrt{10}}\),sin∠\emph{AMB=}\(\sqrt{1\text{-}\left( \frac{3}{\sqrt{10}} \right)^{2}}\)\emph{=}\(\frac{1}{\sqrt{10}}\)tan∠\emph{AMB=}\(\frac{sin\angle AMB}{cos\angle AMB}\)\emph{=}\(\frac{1}{3}\),故C正确;对于D,

解法1\emph{　}联立\(\sqrt{2}\)\emph{x+y-}1\emph{=}0与2\emph{x}\textsuperscript{2}\emph{-y}\textsuperscript{2}\emph{=}2得,2\emph{x}\textsuperscript{2}\emph{-}\({\text{(}1\text{-}\sqrt{2}x\text{)}}^{2}\)\emph{=}2,即2\(\sqrt{2}\)\emph{x=}3,所以\emph{x=}\(\frac{3}{2\sqrt{2}}\)\emph{=}\(\frac{3\sqrt{2}}{4}\),故D正确\emph{.}

解法2\emph{　}双曲线的渐近线方程为\emph{y=±}\(\sqrt{2}\)\emph{x},直线\(\sqrt{2}\)\emph{x+y-}1\emph{=}0的斜率为\emph{-}\(\sqrt{2}\),与一条渐近线平行,因此直线与双曲线只有一个交点\emph{.}

\includegraphics[width=0.6685in,height=0.1563in,alt={id:2147511339;FounderCES}]{media/image10.jpeg}\\
二级结论【1】 详见另册常用二级结论\emph{P}15直线夹角公式

\emph{　　}11\emph{.}
BCD\emph{　}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147511346;FounderCES}]{media/image7.jpeg}
明确题目已知条件与待求结论,精准关联``三角形四心(重心、外心、垂心、内心)''的定义、性质,结合正弦定理、余弦定理、三角形面积公式等工具,判断各选项正误,核心是``条件对应性质,性质匹配公式''\emph{.}

审题核心口诀:已知边角先求边,四心性质记心间;重心中线分比2\emph{∶}1,外心半径正弦联;垂心对应高,内心角平分线;面积搭桥最简便,公式匹配不跑偏\emph{.}

\emph{　　}解法1(几何法)\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147511353;FounderCES}]{media/image8.jpeg}
重心性质------重心分中线比为\emph{AP∶PD=}2\emph{∶}1,故需先求中线\emph{AD}的长度\emph{.}看到``重心'',立即联想到``中线分比''和向量公式\(\overrightarrow{AD}\)\emph{=}\(\frac{1}{2}\)(\(\overrightarrow{AB}\)\emph{+}\(\overrightarrow{AC}\)),或坐标法求重心坐标\emph{.}

对于A,由\emph{P}为△\emph{ABC}的重心,得\(\overrightarrow{AP}\)\emph{=}\(\frac{2}{3}\overrightarrow{AD}\)\emph{=}\(\frac{1}{3}\)(\(\overrightarrow{AB}\)\emph{+}\(\overrightarrow{AC}\)),则\emph{\textbar{}}\(\overrightarrow{AP}\)\emph{\textbar=}\(\frac{1}{3}\sqrt{{\overrightarrow{AB}}^{2} + {\overrightarrow{AC}}^{2} + 2\overrightarrow{AB}\text{·}\overrightarrow{AC}}\)\emph{=}\(\frac{1}{3}\)\emph{×}\(\sqrt{2^{2} + 3^{2} + 2 \times 2 \times 3 \times \frac{1}{2}}\)\emph{=}\(\frac{\sqrt{19}}{3}\),故A错误;

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147511360;FounderCES}]{media/image8.jpeg}
外心性质------外心到三个顶点距离相等(即外接圆半径\emph{R}),故\emph{AP=R.}看到``外心'',优先关联正弦定理\(\frac{BC}{2sinA}\)\emph{=R},无需复杂计算,直接用已求的\emph{BC}代入\emph{.}

对于B,由余弦定理得\emph{BC=}\(\sqrt{2^{2} + 3^{2}\text{-}2 \times 2 \times 3 \times \frac{1}{2}}\)\emph{=}\(\sqrt{7}\),而\emph{P}为△\emph{ABC}的外心,由正弦定理得\emph{AP=}\(\frac{BC}{2sinA}\)\emph{=}\(\frac{\sqrt{7}}{\sqrt{3}}\)\emph{=}\(\frac{\sqrt{21}}{3}\),故B正确;

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147511367;FounderCES}]{media/image8.jpeg}
垂心性质------垂心与顶点连线为三角形的高,故\emph{AD}是\emph{BC}边上的高\emph{.}看到``垂心'',立即想到三角形面积公式\emph{S=}\(\frac{1}{2}\)\emph{AB}·\emph{AC}sin
\emph{A=}\(\frac{1}{2}\)\emph{BC}·\emph{AD},通过面积搭桥求\emph{AD.}

对于C,由\emph{P}为△\emph{ABC}的垂心,则\emph{AD}为\emph{BC}边上的高,由面积相等可\emph{S}\textsubscript{△\emph{ABC}}\emph{=}\(\frac{1}{2}\)\emph{BC}·\emph{AD=}\(\frac{1}{2}\)\emph{AB}·\emph{AC}sin
\emph{A},则\emph{AD=}\(\frac{2 \times 3 \times \frac{\sqrt{3}}{2}}{\sqrt{7}}\)\emph{=}\(\frac{3\sqrt{21}}{7}\),故C正确;

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147511374;FounderCES}]{media/image8.jpeg}
内心性质------内心与顶点连线为角平分线,故\emph{AD}是∠\emph{BAC}的角平分线\emph{.}思考触发:看到``内心'',联想到角平分线相关的面积公式\emph{S}\textsubscript{△\emph{BAD}}\emph{+S}\textsubscript{△\emph{CAD}}\emph{=S}\textsubscript{△\emph{BAC}},利用角平分线分角为\(\frac{\pi}{6}\)列方程求解\emph{.}

对于D,当\emph{P}为△\emph{ABC}的内心时,\emph{AD}为∠\emph{BAC}的角平分线,故∠\emph{BAD=}∠\emph{CAD=}\(\frac{\pi}{6}\),

由\emph{S}\textsubscript{△\emph{BAD}}\emph{+S}\textsubscript{△\emph{CAD}}\emph{=S}\textsubscript{△\emph{BAC}},可得\(\frac{1}{2}\)\emph{×}2\emph{AD×}sin\(\frac{\pi}{6}\)\emph{+}\(\frac{1}{2}\)\emph{×}3\emph{AD×}sin\(\frac{\pi}{6}\)\emph{=}\(\frac{1}{2}\)\emph{×}2\emph{×}3\emph{×}sin\(\frac{\pi}{3}\),解得\emph{AD=}\(\frac{6\sqrt{3}}{5}\),故D正确\emph{.}

解法2(建系法)\emph{　}以\emph{A}为坐标原点,\emph{AC}为\emph{x}轴建立平面直角坐标系,则\emph{A}(0,0),\emph{B}(1,\(\sqrt{3}\)),\emph{C}(3,0)\emph{.}对于A,由\emph{P}为△\emph{ABC}的重心,得\emph{P}\(\left( \frac{4}{3}\text{,}\frac{\sqrt{3}}{3} \right)\)故\emph{AP=}\(\sqrt{\left( \frac{4}{3} \right)^{2} + \left( \frac{\sqrt{3}}{3} \right)^{2}}\)\emph{=}\(\frac{\sqrt{19}}{3}\),故A错误;对于B,由\emph{P}为△\emph{ABC}的外心,\emph{AC}的中垂线方程为\emph{x=}\(\frac{3}{2}\),\emph{BC}的中垂线方程为\emph{y-}\(\frac{\sqrt{3}}{2}\)\emph{=}\(\frac{2}{\sqrt{3}}\)(\emph{x-}2),联立得\emph{P}\(\left( \frac{3}{2}\text{,}\frac{\sqrt{3}}{6} \right)\),\emph{AP=}\(\sqrt{\left( \frac{3}{2} \right)^{2} + \left( \frac{\sqrt{3}}{6} \right)^{2}}\)\emph{=}\(\frac{\sqrt{21}}{3}\),故B正确;对于C,\emph{BC}方程为\emph{y=-}\(\frac{\sqrt{3}}{2}\)(\emph{x-}3),由\emph{P}为△\emph{ABC}的垂心,\emph{AP}方程为\emph{y=}\(\frac{2}{\sqrt{3}}\)\emph{x},联立得\emph{D}\(\left( \frac{9}{7}\text{,}\frac{6\sqrt{3}}{7} \right)\),故\emph{AD=}\(\sqrt{\left( \frac{9}{7} \right)^{2} + \left( \frac{6\sqrt{3}}{7} \right)^{2}}\)\emph{=}\(\frac{3\sqrt{21}}{7}\),故C正确;对于D,\emph{BC}方程为\emph{y=-}\(\frac{\sqrt{3}}{2}\)(\emph{x-}3)\emph{.}由\emph{P}为△\emph{ABC}的内心,故角平分线\emph{AD}方程为\emph{y=}\(\frac{1}{\sqrt{3}}\)\emph{x},与\emph{BC}方程联立得\emph{D}\(\left( \frac{9}{5}\text{,}\frac{3\sqrt{3}}{5} \right)\),故\emph{AD=}\(\sqrt{\left( \frac{9}{5} \right)^{2} + \left( \frac{3\sqrt{3}}{5} \right)^{2}}\)\emph{=}\(\frac{6\sqrt{3}}{5}\),故D正确\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147511381;FounderCES}]{media/image6.jpeg}
本题巧妙地将``四心''融合到解三角形中,除了要熟知``四心''的定义,还需要掌握三角形中``中线、高、角平分线''长度的求解方法,例如中线长通常用向量法或两次余弦定理,高和角平分线常用面积法求解,此外含特殊角的三角形要想到``坐标化'',从而将线段长度转化为两点之间距离求解,可以简化计算的过程\emph{.}

12\emph{.}
2\emph{　}设\emph{f}(\emph{x})\emph{=ax-}\(\frac{1}{x}\)\emph{-a},则\emph{f\textquotesingle{}}(\emph{x})\emph{=a+}\(\frac{1}{x^{2}}\),因为在\emph{x=}1处的切线斜率为3,则\emph{f\textquotesingle{}}(1)\emph{=a+}1\emph{=}3,即\emph{a=}2\emph{.}

13\emph{.}
(0,1)\emph{　}1\emph{　}由题意得圆心\emph{M}到两平行直线\emph{y=x}与\emph{y=x+}2的距离相等\emph{.}所以圆心在直线\emph{y=x+}1上\emph{.}而两平行直线之间的距离为\(\sqrt{2}\),所以圆心\emph{M}到直线\emph{y=x}的距离为\(\frac{\sqrt{2}}{2}\),且圆\emph{M}的半径大于\(\frac{\sqrt{2}}{2}\)\emph{.}

\emph{　　}14\emph{.}
\(\frac{37\pi}{3}\)\emph{　}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147511388;FounderCES}]{media/image7.jpeg}
精准提取圆台与外接球的关键关联条件,将空间几何问题转化为平面几何问题(轴截面分析),核心是``利用外接球半径、圆台上下底半径、高的几何关系列方程求解'',最终通过圆台体积公式得出答案,关键在于``空间转平面,条件找等式''\emph{.}

审题核心口诀:旋转体外接球,轴截面来转化;先求球半径,再设比例差;直角三角形勾股,高与母线挂钩;变量统一列方程,体积公式最后凑\emph{.}

解法1\emph{　}设该球\emph{O}的半径为\emph{R},圆台的高为\emph{h},依题意,得4π\emph{R}\textsuperscript{2}\emph{=}100π,解得\emph{R=}5\emph{.}由题意可设圆台的上、下底面半径分别为3\emph{t},4\emph{t}(\emph{t\textgreater{}}0),球心到圆台的上、下底面的距离分别为\emph{d}\textsubscript{1},\emph{d}\textsubscript{2},则\emph{d}\textsubscript{1}\emph{=}\(\sqrt{25\text{-}9t^{2}}\),\emph{d}\textsubscript{2}\emph{=}\(\sqrt{25\text{-}16t^{2}}\left( 0 < t < \frac{5}{4} \right)\)\emph{.}因为母线长为\(\sqrt{2}\),所以\emph{h=}\(\sqrt{{\text{(}\sqrt{2}\text{)}}^{2}\text{-}{\text{(}4t\text{-}3t\text{)}}^{2}}\)\emph{=}\(\sqrt{2\text{-}t^{2}}\),故\emph{d}\textsubscript{1}\emph{-d}\textsubscript{2}\emph{=h}或\emph{d}\textsubscript{1}\emph{+d}\textsubscript{2}\emph{=h},即\(\sqrt{25\text{-}9t^{2}}\)\emph{-}\(\sqrt{25\text{-}16t^{2}}\)\emph{=}\(\sqrt{2\text{-}t^{2}}\)或\(\sqrt{25\text{-}9t^{2}}\)\emph{+}\(\sqrt{25\text{-}16t^{2}}\)\emph{=}\(\sqrt{2\text{-}t^{2}}\)(舍去),解得\emph{t=}1,所以\emph{h=}1\emph{.}

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147511395;FounderCES}]{media/image8.jpeg}
对于舍去部分,可以从2个角度出发\emph{.}从几何意义角度分析,圆台的高\emph{h=}\(\sqrt{2\text{-}t^{2}}\)是圆台上、下底面的垂直距离,而\emph{d}\textsubscript{1},\emph{d}\textsubscript{2}是球心到圆台上下底面的距离\emph{.}若\emph{d}\textsubscript{1}\emph{-d}\textsubscript{2}\emph{=h},意味着球心位于圆台内部且在上下底面之间的区域,但结合圆台和外接球的尺寸关系,球的半径为5,远大于圆台的母线长\(\sqrt{2}\),这种位置关系不符合实际几何构造,因此该情况不存在\emph{.}从数值大小角度分析,已知0\emph{\textless t\textless{}}\(\frac{5}{4}\),据此分析等式两边的取值范围,左边:\(\sqrt{25\text{-}9t^{2}}\)和\(\sqrt{25\text{-}16t^{2}}\)都是正数,且当\emph{t\textgreater{}}0时,\(\sqrt{25\text{-}9t^{2}}\)\emph{\textless{}}5,\(\sqrt{25\text{-}16t^{2}}\)\emph{\textless{}}5,但即使\emph{t}趋近于0,左边也有\(\sqrt{25}\)\emph{+}\(\sqrt{25}\)\emph{=}10,始终大于5;右边:\(\sqrt{2\text{-}t^{2}}\)的最大值在\emph{t=}0时取得,为\(\sqrt{2}\)≈1\emph{.}414,始终小于2;左边数值远大于右边,等式不可能成立,因此无实数解\emph{.}

所以该圆台的体积为\emph{V=}\(\frac{\pi}{3}\)\emph{×}(3\textsuperscript{2}\emph{+}4\textsuperscript{2}\emph{+}3\emph{×}4)\emph{×}1\emph{=}\(\frac{37\pi}{3}\)\emph{.}

解法2\emph{　}圆台及其外接球的轴截面如图所示\emph{.}连接\emph{OE},\emph{OF.}设球\emph{O}的半径为\emph{R},由题意球\emph{O}的表面积为\emph{S=}4π\emph{R}\textsuperscript{2}\emph{=}100π,所以\emph{R=}5\emph{.}设圆台的上底面圆的半径为3\emph{r},则下底面圆的半径为4\emph{r},当球\emph{O}的球心\emph{O}在圆台外时,设圆台的高为\emph{h},

\includegraphics[width=1.15669in,height=1.15669in,alt={id:2147511402;FounderCES}]{media/image11.jpeg}

则\(\left\{ \begin{matrix}
{\text{(}3r\text{)}}^{2} + OM^{2} = 5^{2}\text{,　　　①,} \\
{\text{(}4r\text{)}}^{2} + {\text{(}OM\text{-}h\text{)}}^{2} = 5^{2}\text{,　　②,} \\
h^{2} + {\text{(}4r\text{-}3r\text{)}}^{2} = {\text{(}\sqrt{2}\text{)}}^{2}\text{,③,}
\end{matrix} \right.\ \)解得\(\left\{ \begin{matrix}
r = 1\text{,} \\
h = 1\text{,} \\
OM = 4\text{.}
\end{matrix} \right.\ \)所以圆台的体积为\(\frac{1}{3}\)π\emph{×}(3\textsuperscript{2}\emph{+}3\emph{×}4\emph{+}4\textsuperscript{2})\emph{=}\(\frac{37\pi}{3}\)\emph{.}

当球\emph{O}的球心\emph{O}在圆台内时,

\includegraphics[width=1.15669in,height=1.15669in,alt={id:2147511409;FounderCES}]{media/image12.jpeg}

则\(\left\{ \begin{matrix}
{\text{(}3r\text{)}}^{2} + OM^{2} = 5^{2}\text{,} \\
{\text{(}4r\text{)}}^{2} + {\text{(}h\text{-}OM\text{)}}^{2} = 5^{2}\text{,} \\
h^{2} + r^{2} = \text{(}\sqrt{2}\text{)}^{2}\text{,}
\end{matrix} \right.\ \)解得\(\left\{ \begin{matrix}
r = 1\text{,} \\
h = 1\text{,} \\
OM = 4\text{,}
\end{matrix} \right.\ \)这与\emph{h\textgreater OM}矛盾\emph{.}

综上,该圆台的体积为\(\frac{37\pi}{3}\)\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147511416;FounderCES}]{media/image6.jpeg}
本题中的解法,看到``旋转体(圆台)外接球'',立即想到``轴截面法''------将空间中球与圆台的位置关系,转化为平面内圆与梯形的外接关系,由题中条件得到球\emph{O}的半径为5,设出圆台的底面半径及圆台的高,再分圆台的两个底面在球心\emph{O}异侧与同侧两种情况,列方程求解底面圆的半径和圆台的高,代入圆台体积公式即得出结果\emph{.}

15\emph{.} 解:(1)
因为\emph{S}\textsubscript{6}\emph{=S}\textsubscript{5}\emph{+}7,

所以\emph{a}\textsubscript{6}\emph{=S}\textsubscript{6}\emph{-S}\textsubscript{5}\emph{=}7,
(2分)

所以\{\emph{a\textsubscript{n}}\}的公差\emph{d=}\(\frac{a_{6}\text{-}a_{1}}{6\text{-}1}\)\emph{=}\(\frac{7\text{-}2}{6\text{-}1}\)\emph{=}1\emph{.}
(4分)

所以\{\emph{a\textsubscript{n}}\}的通项公式为\emph{a\textsubscript{n}=}2\emph{+}(\emph{n-}1)\emph{×}1\emph{=n+}1(\emph{n}∈N\emph{\textsuperscript{*}})\emph{.}
(6分)

(2)
由(1)及题设得\emph{b\textsubscript{n}=}\(2^{a_{n}}\)\emph{=}2\textsuperscript{\emph{n+}1}\emph{.}
(7分)

所以\emph{b}\textsubscript{1}\emph{=}2\textsuperscript{2}\emph{=}4,\(\frac{b_{n + 1}}{b_{n}}\)\emph{=}\(\frac{2^{n + 2}}{2^{n + 1}}\)\emph{=}2\emph{.}

所以\{\emph{b\textsubscript{n}}\}是首项为4,公比为2的等比数列\emph{.}\textsuperscript{【1】}

所以\emph{T\textsubscript{n}=}(\emph{a}\textsubscript{1}\emph{+b}\textsubscript{1})\emph{+}(\emph{a}\textsubscript{2}\emph{+b}\textsubscript{2})\emph{+}\ldots{}\emph{+}(\emph{a\textsubscript{n}+b\textsubscript{n}})
(8分)

\emph{=}(\emph{a}\textsubscript{1}\emph{+a}\textsubscript{2}\emph{+}\ldots{}\emph{+a\textsubscript{n}})\emph{+}(\emph{b}\textsubscript{1}\emph{+b}\textsubscript{2}\emph{+}\ldots{}\emph{+b\textsubscript{n}})\textsuperscript{【2】}

\emph{=}\(\frac{\text{(}2 + n + 1\text{)}n}{2}\)\emph{+}\(\frac{4\text{(}1\text{-}2^{n}\text{)}}{1\text{-}2}\)

\emph{=}\(\frac{1}{2}\)\emph{n}\textsuperscript{2}\emph{+}\(\frac{3}{2}\)\emph{n+}2\textsuperscript{\emph{n+}2}\emph{-}4(\emph{n}∈N\emph{\textsuperscript{*}})\emph{.}\textsuperscript{【3】}
(13分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147511423;FounderCES}]{media/image13.jpeg}
【1】
未算\emph{b}\textsubscript{1}和公比,或未说明\{\emph{b\textsubscript{n}}\}是等比数列,扣1分\emph{.}

【2】 跳过\emph{T\textsubscript{n}}拆分步骤,直接代入公式,扣1分\emph{.}

【3】 化简正确1分,未化简(只代入公式)扣1分\emph{.}

\emph{　　}16\emph{.} (1)
\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147511430;FounderCES}]{media/image7.jpeg}解三角形问题时,将条件中的边角等式利用正弦定理转化为``角''的形式是解题的第一步\emph{.}因此,处理方法是化``角''方式\emph{.}

解法1\emph{　}由\(\sqrt{3}\)\emph{a}sin \emph{C=c}(1\emph{+}cos
\emph{A})及正弦定理,

得\(\sqrt{3}\)sin \emph{A}sin \emph{C=}sin \emph{C}(1\emph{+}cos
\emph{A})\textsuperscript{【1】}\emph{.} (2分)

又sin \emph{C}≠0,得\(\sqrt{3}\)sin \emph{A-}cos
\emph{A=}1,\textsuperscript{【2】} (3分)

即sin\(\left( A\text{-}\frac{\pi}{6} \right)\)\emph{=}\(\frac{1}{2}\)\emph{.}
(5分)

因为\emph{A}∈(0,π),所以\emph{A-}\(\frac{\pi}{6}\)\emph{=}\(\frac{\pi}{6}\),即\emph{A=}\(\frac{\pi}{3}\)\emph{.}
(7分)

解法2\emph{　}由\(\sqrt{3}\)\emph{a}sin \emph{C=c}(1\emph{+}cos
\emph{A})及正弦定理,

得\(\sqrt{3}\)sin \emph{A}sin \emph{C=}sin \emph{C}(1\emph{+}cos
\emph{A})\emph{.} (2分)

又sin \emph{C}≠0,得\(\sqrt{3}\)sin \emph{A=}1\emph{+}cos \emph{A}, (3分)

即2\(\sqrt{3}\)sin\(\frac{A}{2}\)cos\(\frac{A}{2}\)\emph{=}2cos\textsuperscript{2}\(\frac{A}{2}\),
(5分)

因为\emph{A}∈(0,π),\textsuperscript{【3】}所以\(\frac{A}{2}\)∈\(\left( 0\text{,}\frac{\pi}{2} \right)\),故cos\(\frac{A}{2}\)≠0\textsuperscript{【4】},

所以tan\(\frac{A}{2}\)\emph{=}\(\frac{\sin\frac{A}{2}}{\cos\frac{A}{2}}\)\emph{=}\(\frac{\sqrt{3}}{3}\),故\(\frac{A}{2}\)\emph{=}\(\frac{\pi}{6}\),即\emph{A=}\(\frac{\pi}{3}\)\emph{.}
(7分)

\emph{　　}(2)
\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147511437;FounderCES}]{media/image8.jpeg}题干要求\emph{S=}\(\frac{1}{2}\)\emph{bc}sin
\emph{A},即要求\emph{bc}的值,由(1)知,给了对角对边(角\emph{A}和边\emph{a}),以及\emph{b+c}的值,可以联想到用余弦定理(两边平方和、两边之积相互转换)来处理\emph{.}

由(1)得\emph{A=}\(\frac{\pi}{3}\)\emph{.}

由\emph{a=}2,△\emph{ABC}的周长为6,得\emph{b+c=}4\emph{.} (8分)

由cos
\emph{A=}\(\frac{b^{2} + c^{2}\text{-}a^{2}}{2bc}\)\emph{=}\(\frac{1}{2}\)得\emph{b}\textsuperscript{2}\emph{+c}\textsuperscript{2}\emph{-}4\emph{=bc},即(\emph{b+c})\textsuperscript{2}\emph{-}4\emph{=}3\emph{bc},
(10分)

即\emph{bc=}4\emph{.} (13分)

所以\emph{S}\textsubscript{△\emph{ABC}}\emph{=}\(\frac{1}{2}\)\emph{bc}sin
\emph{A=}\(\frac{1}{2}\)\emph{×}4\emph{×}\(\frac{\sqrt{3}}{2}\)\emph{=}\(\sqrt{3}\)\emph{.}\textsuperscript{【5】}
(15分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147511444;FounderCES}]{media/image13.jpeg}
【1】 要写出正弦定理名称或直接给出公式,否则扣1分\emph{.}

【2】 没有交待sin \emph{C}≠0,扣1分\emph{.}

【3】 没有交待\emph{A}∈(0,π),扣1分\emph{.}

【4】 没有交待cos\(\frac{A}{2}\)≠0的范围,扣1分\emph{.}

【5】
解题跳步、符号写错,没有写\emph{S}\textsubscript{△\emph{ABC}}\emph{=}\(\frac{1}{2}\)\emph{bc}sin
\emph{A}的公式,扣1分\emph{.}

\emph{　　}17\emph{.} (1)
\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147511451;FounderCES}]{media/image7.jpeg}求证平面\emph{PEF}⊥平面\emph{PBE},实际就是在一个平面内找一条线去垂直另一平面,即求证线面垂直,最终转化为求证线线垂直,总之关键在于找垂直\emph{.}结合题意垂直的切入口有以下几个:\emph{①}由\emph{PB}⊥平面\emph{ABCD},知有线线垂直;\emph{②}底面为矩形,有线线垂直;\emph{③}矩形两边长2倍关系和中点,有线线垂直\emph{.}用几何法证明可以,另外建立空间直角坐标系也很方便\emph{.}

证法1(几何法)\emph{　}连接\emph{AE},如图所示\emph{.}

因为四棱锥\emph{P}-\emph{ABCD}的底面为矩形,\emph{AB=}2\emph{BC},点\emph{E}为棱\emph{CD}的中点,

所以\emph{BC=CE},且∠\emph{BCE=}90°,所以∠\emph{BEC=}45°\emph{.} (1分)

同理∠\emph{DEA=}45°,所以∠\emph{AEB=}180°\emph{-}2\emph{×}45°\emph{=}90°,即\emph{AE}⊥\emph{EB.}
(2分)

因为\emph{PB}⊥平面\emph{ABCD},\emph{AE}⊂平面\emph{ABCD},所以\emph{AE}⊥\emph{PB.}\textsuperscript{【1】}
(3分)

又因为\emph{EB}∩\emph{PB=B},且\emph{EB},\emph{PB}⊂平面\emph{PBE},所以\emph{AE}⊥平面\emph{PBE.}\textsuperscript{【2】}
(4分)

因为\emph{AE}⊂平面\emph{PAE}\textsuperscript{【3】},所以平面\emph{PAE}⊥平面\emph{PBE},

即平面\emph{PEF}⊥平面\emph{PBE.} (5分)

解法2(空间向量法)\emph{　}因为四棱锥\emph{P}-\emph{ABCD}的底面为矩形,且\emph{PB}⊥平面\emph{ABCD},所以以\emph{B}为原点,以\emph{BC},\emph{BA},\emph{BP}所在直线分别为\emph{x}轴、\emph{y}轴、\emph{z}轴,建立如图所示的空间直角坐标系\emph{B}-\emph{xyz.}\textsuperscript{【4】}
(1分)

设\emph{PB=h},\emph{BC=t.}因为\emph{AB=}2\emph{BC},所以\emph{P}(0,0,\emph{h}),\emph{E}(\emph{t},\emph{t},0),\emph{F}\(\left( 0\text{,}t\text{,}\frac{h}{2} \right)\),\emph{B}(0,0,0),所以\(\overrightarrow{PE}\)\emph{=}(\emph{t},\emph{t},\emph{-h}),\(\overrightarrow{PF}\)\emph{=}\(\left( 0\text{,}t\text{,-}\frac{h}{2} \right)\),\(\overrightarrow{PB}\)\emph{=}(0,0,\emph{-h})\emph{.}

设平面\emph{PEF}的法向量为\emph{m=}(\emph{x}\textsubscript{1},\emph{y}\textsubscript{1},\emph{z}\textsubscript{1}),则

\(\left\{ \begin{matrix}
m\text{·}\overrightarrow{PE} = 0\text{,} \\
m\text{·}\overrightarrow{PF} = 0\text{,}
\end{matrix} \right.\ \)即\(\left\{ \begin{matrix}
tx_{1} + ty_{1}\text{-}hz_{1} = 0\text{,} \\
ty_{1}\text{-}\frac{h}{2}z_{1} = 0\text{,}
\end{matrix} \right.\ \)

令\emph{z}\textsubscript{1}\emph{=}2\emph{t},得\emph{m=}(\emph{h},\emph{h},2\emph{t})\emph{.}
(2分)

设平面\emph{PBE}的法向量为\emph{n=}(\emph{x}\textsubscript{2},\emph{y}\textsubscript{2},\emph{z}\textsubscript{2}),则

\(\left\{ \begin{matrix}
n\text{·}\overrightarrow{PE} = 0\text{,} \\
n\text{·}\overrightarrow{PB} = 0\text{,}
\end{matrix} \right.\ \)即\(\left\{ \begin{matrix}
tx_{2} + ty_{2}\text{-}hz_{2} = 0\text{,} \\
\text{-}hz_{2} = 0\text{,}
\end{matrix} \right.\ \)

令\emph{x}\textsubscript{2}\emph{=}1,得\emph{n=}(1,\emph{-}1,0)\emph{.}
(4分)

所以\emph{m}·\emph{n=h×}1\emph{+h×}(\emph{-}1)\emph{+}2\emph{t×}0\emph{=}0,\textsuperscript{【7】}

所以\emph{m}⊥\emph{n.}所以平面\emph{PEF}⊥平面\emph{PBE.} (5分)

\includegraphics[width=1.48346in,height=1in,alt={id:2147511458;FounderCES}]{media/image14.jpeg}

\emph{　　}(2)
解法1(几何法)\emph{　①}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147511465;FounderCES}]{media/image8.jpeg}
关键是在平面\emph{BFH}中找到一条直线与\emph{PE}平行\emph{.}可以利用点投法,把\emph{A}视为发射点,将\emph{PE}投射到平面\emph{BFH}上,从而确定点\emph{G}的位置,进而找到点\emph{H.}

如图,连接\emph{BH}交\emph{AE}于点\emph{G.}

因为\emph{PE}∥平面\emph{BFH},\emph{PE}⊂平面\emph{PAE},平面\emph{PAE}∩平面\emph{BFH=FG},所以\emph{PE}∥\emph{FG.}\textsuperscript{【5】}
(6分)

因为点\emph{F}为棱\emph{PA}的中点,所以点\emph{G}为\emph{AE}的中点\emph{.}
(7分)

设\emph{K}为\emph{AB}的中点,连接\emph{EK}交\emph{BH}于点\emph{N.}

又因为点\emph{E}为\emph{CD}的中点,四边形\emph{ABCD}为矩形,

所以\emph{EK}∥\emph{AD},且\emph{EK=AD.}所以\emph{EK=}\(\frac{1}{2}\)\emph{AH.}
(8分)

所以∠\emph{EGN=}∠\emph{AGH},∠\emph{NEG=}∠\emph{HAG.}

又\emph{AG=GE},

所以△\emph{NEG}≌△\emph{HAG},所以\emph{NE=HA.}

所以\emph{HD=KN=}\(\frac{1}{2}\)\emph{AH},所以\(\frac{AH}{HD}\)\emph{=}2,即\emph{H}为\emph{AD}的一个三等分点,靠近点\emph{D}的位置\emph{.}
(10分)

\emph{②}因为四棱锥\emph{P}-\emph{ABCD}的底面为矩形,且\emph{PB}⊥平面\emph{ABCD},所以\emph{PB},\emph{BC},\emph{BA}两两垂直\emph{.}

因此以\(\overrightarrow{BC}\),\(\overrightarrow{BA}\),\(\overrightarrow{BP}\)为基底,表示\(\overrightarrow{PC}\),\(\overrightarrow{FH}\),则有
(11分)

\(\overrightarrow{PC}\)\emph{=}\(\overrightarrow{BC}\)\emph{-}\(\overrightarrow{BP}\),\(\overrightarrow{FH}\)\emph{=}\(\overrightarrow{FK}\)\emph{+}\(\overrightarrow{KA}\)\emph{+}\(\overrightarrow{AH}\)\emph{=-}\(\frac{1}{2}\overrightarrow{BP}\)\emph{+}\(\frac{1}{2}\overrightarrow{BA}\)\emph{+}\(\frac{2}{3}\overrightarrow{BC}\)\emph{.}
(12分)

因为\emph{BC=}3,\emph{AB=}2\emph{BC},所以\emph{AB=}6\emph{.}

又因为\emph{PB=}2\(\sqrt{3}\),

所以cos\emph{\textless{}}\(\overrightarrow{PC}\),\(\overrightarrow{FH}\)\emph{\textgreater=}\(\frac{\overrightarrow{PC}\text{·}\overrightarrow{FH}}{\text{|}\overrightarrow{PC}\text{||}\overrightarrow{FH}\text{|}}\)

\emph{=}\(\frac{\left( \overrightarrow{BC}\text{-}\overrightarrow{BP} \right)\text{·}\left( \text{-}\frac{1}{2}\overrightarrow{BP} + \frac{1}{2}\overrightarrow{BA} + \frac{2}{3}\overrightarrow{BC} \right)}{\sqrt{\boxed{\left( \overrightarrow{BC}\text{-}\overrightarrow{BP} \right)^{2}}} \times \sqrt{\left( \text{-}\frac{1}{2}\overrightarrow{BP} + \frac{1}{2}\overrightarrow{BA} + \frac{2}{3}\overrightarrow{BC} \right)^{2}}}\)

\emph{=}\(\frac{\frac{1}{2}{\overrightarrow{BP}}^{2} + \frac{2}{3}{\overrightarrow{BC}}^{2}}{\sqrt{\boxed{{\overrightarrow{BC}}^{2} + {\overrightarrow{BP}}^{2}}} \times \sqrt{\frac{1}{4}{\overrightarrow{BP}}^{2} + \frac{1}{4}{\overrightarrow{BA}}^{2} + \frac{4}{9}{\overrightarrow{BC}}^{2}}}\),
(13分)

所以cos\emph{\textless{}}\(\overrightarrow{PC}\),\(\overrightarrow{FH}\)\emph{\textgreater=}\(\frac{12}{\sqrt{21} \times 4}\)\emph{=}\(\frac{\sqrt{21}}{7}\)\emph{.}
(14分)

所以直线\emph{PC}与直线\emph{FH}所成角的余弦值为\(\frac{\sqrt{21}}{7}\)\emph{.}\textsuperscript{【10】}
(15分)

解法2(空间向量法)\emph{　①}由(1)解法2,建立如图所示的空间直角坐标系,得\(\overrightarrow{PE}\)\emph{=}(\emph{t},\emph{t},\emph{-h})\emph{.}

设\emph{AH=r}(0≤\emph{r}≤\emph{t}),则\emph{H}(\emph{r},2\emph{t},0),
(6分)

所以\(\overrightarrow{BF}\)\emph{=}\(\left( 0\text{,}t\text{,}\frac{h}{2} \right)\),\(\overrightarrow{BH}\)\emph{=}(\emph{r},2\emph{t},0),

设平面\emph{BFH}的法向量为\emph{u=}(\emph{x}\textsubscript{3},\emph{y}\textsubscript{3},\emph{z}\textsubscript{3}),

则\(\left\{ \begin{matrix}
u\text{·}\overrightarrow{BF} = 0\text{,} \\
u\text{·}\overrightarrow{BH} = 0\text{,}
\end{matrix} \right.\ \)所以\(\left\{ \begin{matrix}
ty_{3} + \frac{h}{2}z_{3} = 0\text{,} \\
rx_{3} + 2ty_{3} = 0\text{,}
\end{matrix} \right.\ \)

令\emph{x}\textsubscript{3}\emph{=}2\emph{t},得\emph{u=}\(\left( 2t\text{,-}r\text{,}\frac{2rt}{h} \right)\)\emph{.}
(8分)

因为\emph{PE}∥平面\emph{BFH},所以\(\overrightarrow{PE}\)·\emph{u=}0,

所以2\emph{t×t+}(\emph{-r})\emph{×t+}\(\frac{2rt}{h}\)\emph{×}(\emph{-h})\emph{=}0,解得\emph{r=}\(\frac{2}{3}\)\emph{t.}
(9分)

所以\(\frac{AH}{HD}\)\emph{=}2,即\emph{H}为\emph{AD}的一个三等分点,靠近点\emph{D}的位置\emph{.}
(10分)

\emph{　　②}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147511472;FounderCES}]{media/image7.jpeg}
先求出\(\overrightarrow{PC}\)和\(\overrightarrow{FH}\),然后用坐标表示得\(\overrightarrow{PC}\)与\(\overrightarrow{FH}\),并求得\(\overrightarrow{PC}\)与\(\overrightarrow{FH}\)所成角的余弦值,即直线\emph{PC}与直线\emph{FH}所成角的余弦值\emph{.}

因为\emph{PB=}2\(\sqrt{3}\),\emph{BC=}3,\emph{AB=}2\emph{BC},

所以\emph{P}(0,0,2\(\sqrt{3}\)),\emph{C}(3,0,0),\emph{F}(0,3,\(\sqrt{3}\)),

由\emph{①}知,\emph{AH=}2\emph{HD},故\emph{AH=}2,\emph{H}(2,6,0), (12分)

所以\(\overrightarrow{PC}\)\emph{=}(3,0,\emph{-}2\(\sqrt{3}\)),\(\overrightarrow{FH}\)\emph{=}(2,3,\emph{-}\(\sqrt{3}\)),
(13分)

所以cos\emph{\textless{}}\(\overrightarrow{PC}\),\(\overrightarrow{FH}\)\emph{\textgreater=}\(\frac{\overrightarrow{PC}\text{·}\overrightarrow{FH}}{\left| \overrightarrow{PC} \right|\left| \overrightarrow{FH} \right|}\)\emph{=}\(\frac{6 + 6}{\sqrt{21} \times 4}\)\emph{=}\(\frac{\sqrt{21}}{7}\)\emph{.}
(14分)

所以直线\emph{PC}与直线\emph{FH}所成角的余弦值为\(\frac{\sqrt{21}}{7}\)\emph{.}
(15分)

\includegraphics[width=1.48346in,height=1in,alt={id:2147511479;FounderCES}]{media/image15.jpeg}

解法3\emph{　①}由\emph{PE}∥平面\emph{BFH}可知,\emph{H}唯一确定\emph{.}如图,连接\emph{AE},取\emph{AE}的中点\emph{G},连接\emph{BF},\emph{FH},\emph{FG},\emph{BG},\emph{BG}的延长线交\emph{AD}于点\emph{H},则\emph{H}即为所求\emph{.}
(6分)

理由如下:

因为\emph{F},\emph{G}分别为\emph{AP},\emph{AE}中点,所以\emph{FG}∥\emph{PE},
(7分)

因为\emph{FG}⊂平面\emph{BFH},\emph{PE}⊄平面\emph{BFH},

所以\emph{PE}∥平面\emph{BFH.}\textsuperscript{【6】} (8分)

设\(\overrightarrow{AD}\)\emph{=λ}\(\overrightarrow{AH}\)(\emph{λ}≥1),由\(\overrightarrow{AE}\)\emph{=}\(\frac{1}{2}\overrightarrow{AB}\)\emph{+}\(\overrightarrow{AD}\)得2\(\overrightarrow{AG}\)\emph{=}\(\frac{1}{2}\overrightarrow{AB}\)\emph{+λ}\(\overrightarrow{AH}\),因为\emph{G},\emph{B},\emph{H}三点共线,所以2\emph{=}\(\frac{1}{2}\)\emph{+λ},解得\emph{λ=}\(\frac{3}{2}\)\emph{.}
(9分)

所以\(\overrightarrow{AH}\)\emph{=}\(\frac{2}{3}\overrightarrow{AD}\),\emph{H}为\emph{AD}的一个三等分点,靠近点\emph{D}位置\emph{.}
(10分)

\emph{②}连接\emph{AC},取\emph{AC}的中点\emph{O},连接\emph{OF.}

在Rt△\emph{PBC}中,\emph{PC=}\(\sqrt{PB^{2} + BC^{2}}\)\emph{=}\(\sqrt{{\text{(}2\sqrt{3}\text{)}}^{2} + 3^{2}}\)\emph{=}\(\sqrt{21}\)\emph{.}

因为点\emph{F}为\emph{PA}中点,\emph{O}为\emph{AC}中点,所以\emph{OF=}\(\frac{1}{2}\)\emph{PC=}\(\frac{\sqrt{21}}{2}\),且\emph{OF}∥\emph{PC.}所以∠\emph{OFH}为直线\emph{PC}与直线\emph{FH}所成角或其补角\emph{.}
(12分)

取\emph{AB}的中点\emph{M},连接\emph{FM},\emph{MH.}

因为\emph{F}为\emph{PA}的中点,\emph{M}为\emph{AB}中点,所以\emph{FM=}\(\frac{1}{2}\)\emph{PB=}\(\sqrt{3}\),且\emph{FM}∥\emph{PB.}

因为\emph{PB}⊥平面\emph{ABCD},所以\emph{FM}⊥平面\emph{ABCD.}

在Rt△\emph{AHM}中,\emph{AM=}\(\frac{1}{2}\)\emph{AB=}3,\emph{AH=}\(\frac{2}{3}\)\emph{AD=}2,

所以\emph{MH=}\(\sqrt{AM^{2} + AH^{2}}\)\emph{=}\(\sqrt{3^{2} + 2^{2}}\)\emph{=}\(\sqrt{13}\)\emph{.}

在Rt△\emph{FMH}中,\emph{FH=}\(\sqrt{FM^{2} + MH^{2}}\)\emph{=}\(\sqrt{\text{(}\sqrt{3}\text{)}^{2} + \text{(}\sqrt{13}\text{)}^{2}}\)\emph{=}4\emph{.}

取\emph{AD}中点\emph{N},连接\emph{ON},则\emph{ON}⊥\emph{AD.}

所以\emph{OH=}\(\sqrt{ON^{2} + HN^{2}}\)\emph{=}\(\sqrt{3^{2} + \left( 2\text{-}\frac{3}{2} \right)^{2}}\)\emph{=}\(\frac{\sqrt{37}}{2}\)\emph{.}
(14分)

在△\emph{OFH}中,由余弦定理得

cos∠\emph{OFH=}\(\frac{OF^{2} + FH^{2}\text{-}OH^{2}}{2OF\text{·}FH}\)\emph{=}\(\frac{\frac{21}{4} + 16\text{-}\frac{37}{4}}{2 \times \frac{\sqrt{21}}{2} \times 4}\)\emph{=}\(\frac{\sqrt{21}}{7}\)\emph{.}

所以直线\emph{PC}与直线\emph{FH}所成角的余弦值为\(\frac{\sqrt{21}}{7}\)\emph{.}
(15分)

\includegraphics[width=1.18661in,height=0.81339in,alt={id:2147511486;FounderCES}]{media/image16.jpeg}
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【1】【2】【3】【5】【6】 证明的条件不全,扣1分\emph{.}

【4】 未交代建系的过程,扣1分\emph{.}

\emph{　　}18\emph{.} (1)
\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147511500;FounderCES}]{media/image7.jpeg}函数是轴对称图形,首先联想到偶函数\emph{.}不妨先从偶函数入手,考虑定义域以及\emph{f}(\emph{-x})与\emph{f}(\emph{x})的关系\emph{.}

证明:\emph{f}(\emph{x})的定义域\emph{D=}\{\emph{x\textbar x}≠0\},\textsuperscript{【1】}
(1分)

对任意\emph{x}∈\emph{D},都有\emph{-x}∈\emph{D},且\emph{f}(\emph{-x})\emph{=}{[}(\emph{-x})\textsuperscript{2}\emph{-a}{]}ln\emph{\textbar-x\textbar=}(\emph{x}\textsuperscript{2}\emph{-a})ln\emph{\textbar x\textbar=f}(\emph{x}),

所以\emph{f}(\emph{x})为偶函数\emph{.} (2分)

所以曲线\emph{y=f}(\emph{x})是轴对称图形,对称轴为\emph{y}轴\emph{.}
(3分)

\emph{　　}(2)
\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147511507;FounderCES}]{media/image7.jpeg}由于\emph{f}(\emph{x})是偶函数,所以可以只考虑\emph{x\textgreater{}}0的情况\emph{.}思路1,ln
\emph{x}在不同区间的正负情况不同,因此联想到分类讨论\emph{.}思路2,两个函数的乘积恒非负,意味着它们须``同正、同负或同时为0'',而单调函数的符号变化仅在零点处,因此两个函数的零点相同\emph{.}

解:由(1)知,只需考虑\emph{x\textgreater{}}0时,\emph{f}(\emph{x})≥0\emph{.}
(4分)

解法1\emph{　}当\emph{x\textgreater{}}1时,ln \emph{x\textgreater{}}0,

所以\emph{f}(\emph{x})≥0,即\emph{x}\textsuperscript{2}\emph{-a}≥0,即\emph{a}≤1\emph{.}

当\emph{x=}1时,ln
\emph{x=}0,此时\emph{f}(\emph{x})≥0恒成立,所以\emph{a}∈R\emph{.}

当0\emph{\textless x\textless{}}1时,ln \emph{x\textless{}}0,

所以\emph{f}(\emph{x})≥0,即\emph{x}\textsuperscript{2}\emph{-a}≤0,即\emph{a}≥1\textsuperscript{【2】}
(7分)

综上,\emph{a=}1\emph{.} (8分)

解法2\emph{　}因为\emph{u}(\emph{x})\emph{=x}\textsuperscript{2}\emph{-a}与\emph{v}(\emph{x})\emph{=}ln
\emph{x}在(0,\emph{+∞})上都单调递增,

所以\emph{f}(\emph{x})≥0等价于\emph{u}(\emph{x})与\emph{v}(\emph{x})的零点相同\emph{.}
(6分)

所以\(\left\{ \begin{matrix}
u\text{(}x\text{)} = 0\text{,} \\
v\text{(}x\text{)} = 0\text{,}
\end{matrix} \right.\ \)即\(\left\{ \begin{matrix}
x^{2}\text{-}a = 0\text{,} \\
\ln x = 0\text{,}
\end{matrix} \right.\ \) (7分)

解得\emph{a=}1\emph{.} (8分)

\emph{　　}(3)
解:\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147511514;FounderCES}]{media/image8.jpeg}
由(1)知\emph{f}(\emph{x})在(0,\emph{+∞})上恰有2个极值点,对函数求导\emph{.}要求\emph{f}(\emph{x})恰有4个极值点,需先将极值点问题转化为导数的零点问题,再结合函数奇偶性,只需分析\emph{x\textgreater{}}0时,\emph{f\textquotesingle{}}(\emph{x})有2个变号零点即可,关联导数与构造函数,观察到\emph{f\textquotesingle{}}(\emph{x})的零点与构造的函数\emph{φ}(\emph{x})\emph{=}ln
\emph{x+}\(\frac{1}{2}\)\emph{-}\(\frac{a}{2x^{2}}\)(\emph{x\textgreater{}}0)零点相同,因此将问题转化为求\emph{φ}(\emph{x})在\emph{x\textgreater{}}0时有2个变号零点的\emph{a}的取值范围\emph{.}

由(1)知,\emph{f}(\emph{x})恰有4个极值点等价于\emph{f}(\emph{x})在(0,\emph{+∞})上恰有2个极值点\emph{.}\textsuperscript{【3】}
(9分)

下面只考虑\emph{x\textgreater{}}0的情形\emph{.}

\emph{f}(\emph{x})\emph{=}(\emph{x}\textsuperscript{2}\emph{-a})ln
\emph{x},则

\emph{f\textquotesingle{}}(\emph{x})\emph{=}2\emph{x}ln
\emph{x+}(\emph{x}\textsuperscript{2}\emph{-a})\(\frac{1}{x}\)\emph{=}2\emph{x}\(\left( \ln x + \frac{1}{2}\text{-}\frac{a}{2x^{2}} \right)\),
(10分)

解法1\emph{　}设\emph{φ}(\emph{x})\emph{=}ln
\emph{x+}\(\frac{1}{2}\)\emph{-}\(\frac{a}{2x^{2}}\)(\emph{x\textgreater{}}0),\emph{f\textquotesingle{}}(\emph{x})与\emph{φ}(\emph{x})的零点相同\emph{.}

当\emph{a}≥0时,\emph{φ}(\emph{x})是增函数,\emph{φ}(\emph{x})至多有一个零点,则\emph{f}(\emph{x})至多1个极值点,不合题意\emph{.}\textsuperscript{【4】}
(11分)

当\emph{a\textless{}}0时,\emph{φ\textquotesingle{}}(\emph{x})\emph{=}\(\frac{1}{x}\)\emph{+}\(\frac{a}{x^{3}}\)\emph{=}\(\frac{x^{2} + a}{x^{3}}\),

当0\emph{\textless x\textless{}}\(\sqrt{\text{-}a}\)时,\emph{φ\textquotesingle{}}(\emph{x})\emph{\textless{}}0,\emph{φ}(\emph{x})单调递减;

当\emph{x\textgreater{}}\(\sqrt{\text{-}a}\)时,\emph{φ\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,\emph{φ}(\emph{x})单调递增,

所以\emph{φ}(\emph{x})\textsubscript{min}\emph{=φ}(\(\sqrt{\text{-}a}\))\emph{=}ln\(\sqrt{\text{-}a}\)\emph{+}\(\frac{1}{2}\)\emph{+}\(\frac{1}{2}\)\emph{=}ln\(\sqrt{\text{-}a}\)\emph{+}1,(13分)

因为\emph{f}(\emph{x})有2个极值点,所以\emph{φ}(\emph{x})有2个变号零点,

则\emph{φ}(\emph{x})\textsubscript{min}\emph{\textless{}}0,即ln\(\sqrt{\text{-}a}\)\emph{+}1\emph{\textless{}}0,解得\emph{-}\(\frac{1}{e^{2}}\)\emph{\textless a\textless{}}0\emph{.}\textsuperscript{【5】}
(14分)

下面证明:当\emph{-}\(\frac{1}{e^{2}}\)\emph{\textless a\textless{}}0时,\emph{f}(\emph{x})有两个极值点,因为\(\left( \text{-}\frac{a}{2} \right)^{2}\)\emph{-}(\emph{-a})\emph{=}\(\frac{a}{4}\)(\emph{a+}4)\emph{\textless{}}0,即0\emph{\textless-}\(\frac{a}{2}\)\emph{\textless{}}\(\sqrt{\text{-}a}\)\emph{\textless{}}1\emph{.}令\emph{h}(\emph{x})\emph{=}ln
\emph{x+}\(\frac{1}{x}\)\emph{-}1,则\emph{h\textquotesingle{}}(\emph{x})\emph{=}\(\frac{1}{x}\)\emph{-}\(\frac{1}{x^{2}}\)\emph{=}\(\frac{x\text{-}1}{x^{2}}\)\emph{.}当0\emph{\textless x\textless{}}1时,\emph{h\textquotesingle{}}(\emph{x})\emph{\textless{}}0,\emph{h}(\emph{x})单调递减;当\emph{x\textgreater{}}1时,\emph{h\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,\emph{h}(\emph{x})单调递增\emph{.}所以\emph{h}(\emph{x})≥\emph{h}(1)\emph{=}0,即ln
\emph{x}≥1\emph{-}\(\frac{1}{x}\)\emph{.} (15分)

所以\emph{φ}\(\left( \text{-}\frac{a}{2} \right)\)\emph{=}ln\(\left( \text{-}\frac{a}{2} \right)\)\emph{+}\(\frac{1}{2}\)\emph{-}\(\frac{2}{a}\)\emph{\textgreater{}}1\emph{+}\(\frac{2}{a}\)\emph{+}\(\frac{1}{2}\)\emph{-}\(\frac{2}{a}\)\emph{=}\(\frac{3}{2}\)\emph{\textgreater{}}0,又\emph{φ}(1)\emph{=}\(\frac{1}{2}\)\emph{-}\(\frac{a}{2}\)\emph{\textgreater{}}0,

结合零点存在定理知,当\emph{-}\(\frac{1}{e^{2}}\)\emph{\textless a\textless{}}0时,\emph{φ}(\emph{x})在(0,\(\sqrt{\text{-}a}\)),(\(\sqrt{\text{-}a}\),\emph{+∞})上各有一个零点,记为\emph{x}\textsubscript{1},\emph{x}\textsubscript{2}(\emph{x}\textsubscript{1}\emph{\textless x}\textsubscript{2})\emph{.}当0\emph{\textless x\textless x}\textsubscript{1}时,\emph{φ}(\emph{x})\emph{\textgreater{}}0,\emph{f\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,\emph{f}(\emph{x})单调递增;当\emph{x}\textsubscript{1}\emph{\textless x\textless x}\textsubscript{2}时,\emph{φ}(\emph{x})\emph{\textless{}}0,\emph{f}(\emph{x})单调递减,\emph{f\textquotesingle{}}(\emph{x})\emph{\textless{}}0;当\emph{x\textgreater x}\textsubscript{2}时,\emph{φ}(\emph{x})\emph{\textgreater{}}0,\emph{f\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,\emph{f}(\emph{x})单调递增\emph{.}故\emph{x}\textsubscript{1}为\emph{f}(\emph{x})的极大值点,\emph{x}\textsubscript{2}为\emph{f}(\emph{x})的极小值点,满足题意\emph{.}

综上,\emph{a}的取值范围是\(\left( \text{-}\frac{1}{e^{2}}\text{,}0 \right)\)\emph{.}
(17分)

\emph{　　}解法2\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147511521;FounderCES}]{media/image8.jpeg}
要求\emph{f}(\emph{x})恰有4个极值点,需先将极值点问题转化为导数的零点问题,再结合函数奇偶性,只需分析\emph{x\textgreater{}}0时\emph{f\textquotesingle{}}(\emph{x})有2个不同零点即可\emph{.}观察\emph{f\textquotesingle{}}(\emph{x})的表达式结构,发现其零点与构造的函数\emph{g}(\emph{x})\emph{=}2\emph{x}\textsuperscript{2}ln
\emph{x+x}\textsuperscript{2}\emph{-a}(\emph{x\textgreater{}}0)的零点完全相同,将复杂的导数零点问题转化为研究\emph{g}(\emph{x})的零点个数问题\emph{.}再分析构造函数的单调性,对\emph{g}(\emph{x})求导,通过导数的符号找到单调性的分界点,确定\emph{g}(\emph{x})的单调区间和最小值点,这是判断函数零点个数的关键前提\emph{.}

设\emph{g}(\emph{x})\emph{=}2\emph{x}\textsuperscript{2}ln
\emph{x+x}\textsuperscript{2}\emph{-a}(\emph{x\textgreater{}}0),\emph{f\textquotesingle{}}(\emph{x})与\emph{g}(\emph{x})的零点相同,

\emph{g\textquotesingle{}}(\emph{x})\emph{=}4\emph{x}ln
\emph{x+}2\emph{x}\textsuperscript{2}·\(\frac{1}{x}\)\emph{+}2\emph{x=}4\emph{x}ln
\emph{x+}4\emph{x=}4\emph{x}(ln \emph{x+}1)\emph{.} (11分)

令\emph{g\textquotesingle{}}(\emph{x})\emph{=}0,得\emph{x=}\(\frac{1}{e}\),当0\emph{\textless x\textless{}}\(\frac{1}{e}\)时,\emph{g\textquotesingle{}}(\emph{x})\emph{\textless{}}0,\emph{g}(\emph{x})单调递减;当\emph{x\textgreater{}}\(\frac{1}{e}\)时,\emph{g\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,\emph{g}(\emph{x})单调递增,故\emph{g}(\emph{x})\textsubscript{min}\emph{=g}\(\left( \frac{1}{e} \right)\)\emph{=-}\(\frac{1}{e^{2}}\)\emph{-a.}
(13分)

因为当\emph{x\textgreater{}}0且\emph{x}→0时,\emph{g}(\emph{x})→\emph{-a};当\emph{x}→\emph{+∞}时,\emph{g}(\emph{x})→\emph{+∞},
(14分)

所以当\emph{a}≥0时,\emph{-a}≤0,\emph{g}(\emph{x})只有一个零点,不符合题意;

所以\emph{a\textless{}}0\emph{.} (15分)

因为\emph{f}(\emph{x})在(0,\emph{+∞})上恰有2个极值点,所以\emph{g}(\emph{x})恰有2个变号零点,

则\emph{g}(\emph{x})\textsubscript{min}\emph{=-}\(\frac{1}{e^{2}}\)\emph{-a\textless{}}0,解得\emph{-}\(\frac{1}{e^{2}}\)\emph{\textless a\textless{}}0\emph{.}

综上,\emph{a}的取值范围为\(\left( \text{-}\frac{1}{e^{2}}\text{,}0 \right)\)\emph{.}
(17分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147511528;FounderCES}]{media/image13.jpeg}
【1】 没有写函数定义域,扣1分\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147511535;FounderCES}]{media/image17.jpeg}
【2】 此处发现\emph{f}(\emph{x})为两个因式的乘积,而当ln
\emph{x=}0时,\emph{x=}1,因此分\emph{x\textgreater{}}1,\emph{x=}1,0\emph{\textless x\textless{}}1三种情况讨论,写对一种情况得1个,合计3分\emph{.}

【3】
能根据偶函数的性质,转化为\emph{f}(\emph{x})在(0,\emph{+∞})上恰有2个极值点,即可得1分\emph{.}

【4】
能将\emph{f\textquotesingle{}}(\emph{x})化简为2\emph{x}\(\left( \ln x + \frac{1}{2}\text{-}\frac{a}{2x^{2}} \right)\),可得1分,能得到\emph{a}≥0不符合题意,可再得1分\emph{.}

【5】
能通过单调性得到函数\emph{φ}(\emph{x})\textsubscript{min}\emph{\textless{}}0,求出\emph{-}\(\frac{1}{e^{2}}\)\emph{\textless a\textless{}}0,可以得到3分\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147511542;FounderCES}]{media/image6.jpeg}
解法1中构造\emph{φ}(\emph{x})\emph{=}ln
\emph{x+}\(\frac{1}{2}\)\emph{-}\(\frac{a}{2x^{2}}\)(\emph{x\textgreater{}}0)简化了导数的形式,解法2中构造\emph{g}(\emph{x})\emph{=}2\emph{x}\textsuperscript{2}ln
\emph{x+x}\textsuperscript{2}\emph{-a}(\emph{x\textgreater{}}0)将分式导数转化为整式函数,均体现了``化繁为简''的构造原则\emph{.}反思可得,面对复杂导数式,可通过约分、换元等方式构造新函数,聚焦零点或单调性问题\emph{.}

19\emph{.} 解:(1) 依题意得\(\left\{ \begin{matrix}
2a = \text{|}OA\text{|} = 4\text{,} \\
e = \frac{c}{a} = \frac{1}{2}\text{,} \\
a^{2} = b^{2} + c^{2}\text{,}
\end{matrix} \right.\ \)解得\(\left\{ \begin{matrix}
a = 2\text{,} \\
b = \sqrt{3}\text{,} \\
c = 1\text{.}
\end{matrix} \right.\ \) (3分)

所以椭圆\emph{E}的方程为\(\frac{x^{2}}{4}\)\emph{+}\(\frac{y^{2}}{3}\)\emph{=}1\emph{.}
(4分)

\emph{　　}(2)
\emph{①　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147511549;FounderCES}]{media/image8.jpeg}
如图,若直线\emph{CD}经过一定点,由对称性知直线\emph{CD}经过的定点一定在\emph{x}轴上,设定点\emph{T}(\emph{x}\textsubscript{0},0),\emph{C}(\emph{x}\textsubscript{1},\emph{y}\textsubscript{1}),\emph{D}(\emph{x}\textsubscript{2},\emph{y}\textsubscript{2}),\emph{P}(\emph{s},\emph{t}),则\emph{Q}(\emph{-s},\emph{t}),

\includegraphics[width=1.69331in,height=1.21339in,alt={id:2147511556;FounderCES}]{media/image18.jpeg}

解法1\emph{　}由\emph{P},\emph{Q}在椭圆上,得到3\emph{s}\textsuperscript{2}\emph{+}4\emph{t}\textsuperscript{2}\emph{=}12,其中\emph{s}∈{[}\emph{-}2,0)∪(0,2{]},\emph{t}∈(\emph{-}\(\sqrt{3}\),\(\sqrt{3}\)),且设直线\emph{AP}的方程为\emph{y=}\(\frac{t}{s + 4}\)(\emph{x+}4)(\emph{t}≠0),直线\emph{AQ}的方程为\emph{y=}\(\frac{t}{\text{-}s + 4}\)(\emph{x+}4)(\emph{t}≠0)\emph{.}

联立方程组\(\left\{ \begin{matrix}
3x^{2} + 4y^{2} = 12\text{,} \\
y = \frac{t}{s + 4}\text{(}x + 4\text{),}
\end{matrix} \right.\ \)得到(2\emph{s+}5)\emph{x}\textsuperscript{2}\emph{+}(8\emph{-}2\emph{s}\textsuperscript{2})\emph{x-s}(5\emph{s+}8)\emph{=}0,
(5分)

由韦达定理得\emph{s}·\emph{x}\textsubscript{1}\emph{=-}\(\frac{s\text{(}5s + 8\text{)}}{2s + 5}\),故\emph{x}\textsubscript{1}\emph{=-}\(\frac{5s + 8}{2s + 5}\)\emph{.}\textsuperscript{【1】}
(6分)

则\emph{y}\textsubscript{1}\emph{=}\(\frac{t}{s + 4}\left( \text{-}\frac{5s + 8}{2s + 5} + 4 \right)\)\emph{=}\(\frac{t}{s + 4}\left( \text{-}\frac{5s + 8}{2s + 5} + \frac{8s + 20}{2s + 5} \right)\)

\emph{=}\(\frac{t}{s + 4}\)·\(\frac{3s + 12}{2s + 5}\)\emph{=}\(\frac{3t\text{(}s + 4\text{)}}{\text{(}s + 4\text{)(}2s + 5\text{)}}\)\emph{=}\(\frac{3t}{2s + 5}\)\emph{.}

同理可得\emph{x}\textsubscript{2}\emph{=-}\(\frac{\text{-}5s + 8}{\text{-}2s + 5}\)\emph{=}\(\frac{\text{-}5s + 8}{2s\text{-}5}\),
(7分)

则\emph{y}\textsubscript{2}\emph{=}\(\frac{t}{\text{-}s + 4}\left( \frac{\text{-}5s + 8}{2s\text{-}5} + 4 \right)\)\emph{=}\(\frac{t}{\text{-}s + 4}\left( \frac{\text{-}5s + 8}{2s\text{-}5} + \frac{8s\text{-}20}{2s\text{-}5} \right)\)

\emph{=}\(\frac{t}{\text{-}s + 4}\)·\(\left. \ \frac{3s\text{-}12}{2s\text{-}5} \right.\ \)\emph{=}\(\frac{t}{\text{-}s + 4}\)·\(\frac{3\text{(}s\text{-}4\text{)}}{2s\text{-}5}\)\emph{=-}\(\frac{3t}{2s\text{-}5}\)\emph{.}

则\emph{C}\(\left( \text{-}\frac{5s + 8}{2s + 5}\text{,}\frac{3t}{2s + 5} \right)\),\emph{D}\(\left( \frac{\text{-}5s + 8}{2s\text{-}5}\text{,-}\frac{3t}{2s\text{-}5} \right)\)\emph{.}\textsuperscript{【2】}
(8分)

所以直线\emph{CD}的斜率为

\[\frac{\frac{3t}{2s + 5}\text{-}\left( \text{-}\frac{3t}{2s\text{-}5} \right)}{\text{-}\frac{5s + 8}{2s + 5}\text{-}\frac{\text{-}5s + 8}{2s\text{-}5}}\]

\emph{=}\(\frac{\frac{3t\text{(}2s\text{-}5\text{)}}{\text{(}2s + 5\text{)(}2s\text{-}5\text{)}} + \frac{3t\text{(}2s + 5\text{)}}{\text{(}2s\text{-}5\text{)(}2s + 5\text{)}}}{\text{-}\frac{\text{(}2s + 5\text{)(}5s + 8\text{)}}{\text{(}2s\text{-}5\text{)(}2s + 5\text{)}} + \frac{\text{(}2s + 5\text{)(}5s\text{-}8\text{)}}{\text{(}2s\text{-}5\text{)(}2s + 5\text{)}}}\)

\emph{=}\(\frac{3t\text{(}2s\text{-}5\text{)} + 3t\text{(}2s + 5\text{)}}{\text{(}2s + 5\text{)(}5s\text{-}8\text{)-(}2s + 5\text{)(}5s + 8\text{)}}\)

\emph{=-}\(\frac{12ts}{16\text{(}2s + 5\text{)}}\)\emph{=-}\(\frac{3ts}{4\text{(}2s + 5\text{)}}\),

所以直线\emph{CD}的方程为\emph{y-}\(\frac{3t}{2s + 5}\)\emph{=-}\(\frac{3ts}{4\text{(}2s + 5\text{)}}\left( x + \frac{5s + 8}{2s + 5} \right)\),

即\emph{y=}3\emph{t}\(\left\lbrack \frac{1}{2s + 5}\text{-}\frac{s\text{(}5s + 8\text{)}}{4{\text{(}2s + 5\text{)}}^{2}}\text{-}\frac{s}{4\text{(}2s + 5\text{)}}x \right\rbrack\)\emph{.}

又点\emph{B}位于\emph{x}轴上方,且不在短轴的两个端点,可得\emph{t}∈(0,\(\sqrt{3}\))\emph{.}

令\(\frac{1}{2s + 5}\)\emph{-}\(\frac{s\text{(}5s + 8\text{)}}{4{\text{(}2s + 5\text{)}}^{2}}\)\emph{-}\(\frac{s}{4\text{(}2s + 5\text{)}}\)\emph{x=}0,

同乘4(2\emph{s+}5)\textsuperscript{2}可得4(2\emph{s+}5)\emph{-s}(5\emph{s+}8)\emph{-s}(2\emph{s+}5)\emph{x=}0,

即\emph{s}\textsuperscript{2}(\emph{-}5\emph{-}2\emph{x})\emph{+}20\emph{-}5\emph{sx=}0,

令\emph{t=}\(\frac{3\sqrt{3}}{5}\),解得\emph{s=-}\(\frac{8}{5}\),此时变为\(\left( \text{-}\frac{8}{5} \right)^{2}\)(\emph{-}5\emph{-}2\emph{x})\emph{+}20\emph{+}8\emph{x=}0,

令\emph{-}5\emph{-}2\emph{x=}0,20\emph{+}8\emph{x=}0,解得\emph{x=-}\(\frac{5}{2}\)\emph{.}

此时直线\emph{CD}经过定点\emph{T}\(\left( \text{-}\frac{5}{2}\text{,}0 \right)\)\emph{.}

当\emph{t=}0时,直线\emph{CD}为\emph{x}轴,此时直线\emph{CD}过定点\emph{T}\(\left( \text{-}\frac{5}{2}\text{,}0 \right)\)\emph{.}

综上,直线\emph{CD}经过一个定点\emph{T}\(\left( \text{-}\frac{5}{2}\text{,}0 \right)\),

解法2\emph{　}由\emph{P},\emph{Q}在椭圆上,得到3\emph{s}\textsuperscript{2}\emph{+}4\emph{t}\textsuperscript{2}\emph{=}12,其中\emph{s}∈{[}\emph{-}2,0)∪(0,2{]},\emph{t}∈(\emph{-}\(\sqrt{3}\),\(\sqrt{3}\))设直线\emph{AP}的方程为\emph{y=}\(\frac{t}{s + 4}\)(\emph{x+}4)(\emph{t}≠0)\emph{.}

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147511563;FounderCES}]{media/image8.jpeg}
由\emph{C},\emph{D},\emph{T}三点共线,得\emph{TC}∥\emph{TD},利用向量关系,把几何问题代数化\emph{.}

联立方程组\(\left\{ \begin{matrix}
3x^{2} + 4y^{2} = 12\text{,} \\
y = \frac{t}{s + 4}\text{(}x + 4\text{),}
\end{matrix} \right.\ \)得到(2\emph{s+}5)\emph{x}\textsuperscript{2}\emph{+}(8\emph{-}2\emph{s}\textsuperscript{2})\emph{x-s}(5\emph{s+}8)\emph{=}0,

由韦达定理得\emph{s}·\emph{x}\textsubscript{1}\emph{=-}\(\frac{s\text{(}5s + 8\text{)}}{2s + 5}\),故\emph{x}\textsubscript{1}\emph{=-}\(\frac{5s + 8}{2s + 5}\)\emph{.}

同理可得\emph{x}\textsubscript{2}\emph{=-}\(\frac{\text{-}5s + 8}{\text{-}2s + 5}\)\emph{=}\(\frac{\text{-}5s + 8}{2s\text{-}5}\),
(9分)

由解法1知\emph{y}\textsubscript{1}\emph{=}\(\frac{3t}{2s + 5}\),\emph{y}\textsubscript{2}\emph{=}\(\frac{3t}{2s\text{-}5}\)\emph{.}

则\(\overrightarrow{TC}\)\emph{=}(\emph{x}\textsubscript{1}\emph{-x}\textsubscript{0},\emph{y}\textsubscript{1}),\(\overrightarrow{TD}\)\emph{=}(\emph{x}\textsubscript{2}\emph{-x}\textsubscript{0},\emph{y}\textsubscript{2}),

因为\emph{C},\emph{D},\emph{T}三点共线,\textsuperscript{【3】}所以\emph{TC}∥\emph{TD.}

所以(\emph{x}\textsubscript{1}\emph{-x}\textsubscript{0})\emph{y}\textsubscript{2}\emph{-}(\emph{x}\textsubscript{2}\emph{-x}\textsubscript{0})\emph{y}\textsubscript{1}\emph{=}0,即\emph{x}\textsubscript{0}\emph{=}\(\frac{x_{1}y_{2}\text{-}x_{2}y_{1}}{y_{2}\text{-}y_{1}}\)\emph{=}\(\frac{\left( \text{-}\frac{5s + 8}{2s + 5} \right)\text{·}\left( \text{-}\frac{3t}{2s\text{-}5} \right)\text{-}\frac{\text{-}5s + 8}{2s\text{-}5}\text{·}\frac{3t}{2s + 5}}{\frac{\text{-}3t}{2s\text{-}5}\text{-}\frac{3t}{2s + 5}}\)\emph{=}\(\frac{\frac{30st}{\text{(}2s\text{-}5\text{)(}2s + 5\text{)}}}{\frac{12st}{\text{(}5\text{-}2s\text{)(}5 + 2s\text{)}}}\)\emph{=-}\(\frac{5}{2}\)\emph{.}

故当\emph{t}≠0时,直线过定点\emph{T}\(\left( \text{-}\frac{5}{2}\text{,}0 \right)\)

当\emph{t=}0时,直线\emph{CD}为\emph{x}轴,此时直线\emph{CD}过定点\emph{T}\includegraphics[width=0.1in,height=0.29331in]{media/image19.jpeg}\emph{-}\(\frac{5}{2}\),0\includegraphics[width=0.1in,height=0.29331in]{media/image20.jpeg},线上,直线\emph{CD}经过定点\emph{T}\(\left( \text{-}\frac{5}{2}\text{,}0 \right)\)\emph{.}

\emph{②}联立方程组\(\left\{ \begin{matrix}
y = \text{-}\frac{1}{2}x + 4\text{,} \\
y = \frac{t}{s + 4}\text{(}x + 4\text{),}
\end{matrix} \right.\ \)解得\emph{x\textsubscript{M}=}\(\frac{8\text{(}s\text{-}t + 4\text{)}}{s + 2t + 4}\),
(12分)

同理可得\emph{x\textsubscript{N}=}\(\frac{8\text{(-}s\text{-}t + 4\text{)}}{\text{-}s + 2t + 4}\),
(13分)

因此由弦长公式得\emph{\textbar MN\textbar=}\(\sqrt{1 + \left( \text{-}\frac{1}{2} \right)^{2}}\)·\(\left| x_{M}\text{-}x_{N} \right|\)\emph{=}\(\left| \frac{24\sqrt{5}st}{(2t + 4)^{2}\text{-}s^{2}} \right|\)\emph{.}
(14分)

又点\emph{B}位于\emph{x}轴上方,且不在短轴的两个端点,可得\emph{t}∈(0,\(\sqrt{3}\))\emph{.}

由已知得3\emph{s}\textsuperscript{2}\emph{+}4\emph{t}\textsuperscript{2}\emph{=}12,解得\emph{s=-}\(\frac{2\sqrt{3\text{-}t^{2}}}{\sqrt{3}}\),

所以\emph{P}\(\left( \text{-}\frac{2\sqrt{3\text{-}t^{2}}}{\sqrt{3}}\text{,}t \right)\),\emph{Q}\(\left( \frac{2\sqrt{3\text{-}t^{2}}}{\sqrt{3}}\text{,}t \right)\),

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147511570;FounderCES}]{media/image8.jpeg}
对称性质的利用,\emph{P},\emph{Q}关于\emph{y}轴对称,直接可得\emph{\textbar PQ\textbar{}}为横坐标差的绝对值,简化了线段长的计算\emph{.}

\emph{\textbar PQ\textbar=}\(\frac{4\sqrt{9\text{-}3t^{2}}}{3}\)\emph{.}

所以\(\frac{\text{|}PQ\text{|}}{\text{|}MN\text{|}}\)\emph{=}\(\frac{\frac{4\sqrt{9\text{-}3t^{2}}}{3}}{\left| \frac{24\sqrt{5}st}{(2t + 4)^{2}\text{-}s^{2}} \right|}\)

\emph{=}\(\frac{\frac{4\sqrt{9\text{-}3t^{2}}}{3}}{\left| \frac{24\sqrt{5} \times \frac{2\sqrt{3\text{-}t^{2}}}{\sqrt{3}} \times t}{(2t + 4)^{2}\text{-}\left( \frac{2\sqrt{3\text{-}t^{2}}}{\sqrt{3}} \right)^{2}} \right|}\)

\emph{=}\(\frac{\left| 4t^{2} + 16t + 16\text{-}4\left( 1\text{-}\frac{t^{2}}{3} \right) \right|}{12\sqrt{5}|t|}\)

\emph{=}\(\frac{1}{3\sqrt{5}}\)\emph{×}\(\left( \frac{4}{3}t + \frac{3}{t} + 4 \right)\)\emph{.}
(15分)

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147511577;FounderCES}]{media/image8.jpeg}
利用基本不等式的验证,使用基本不等式\(\frac{4}{3}\)\emph{t+}\(\frac{3}{t}\)≥2\(\sqrt{\frac{4}{3}t\text{·}\frac{3}{t}}\)时,需验证等号成立条件\emph{t=}\(\frac{3}{2}\)是否在\emph{t}∈(0,\(\sqrt{3}\))范围内,确保最值有效\emph{.}最后取值范围的确定,由基本不等式求得最小值\(\frac{8\sqrt{5}}{15}\),结合函数单调性可知比值无上限,故最终取值范围为\(\left\lbrack \frac{8\sqrt{5}}{15}\text{,} + \text{∞} \right)\)\emph{.}

由基本不等式可得\(\frac{1}{3\sqrt{5}}\)\emph{×}\(\left( \frac{4}{3}t + \frac{3}{t} + 4 \right)\)≥\(\frac{1}{3\sqrt{5}}\)\emph{×}\(\left( 2\sqrt{\frac{4}{3}t\text{·}\frac{3}{t}} + 4 \right)\)\emph{=}\(\frac{8\sqrt{5}}{15}\),

当且仅当\(\frac{4}{3}\)\emph{t=}\(\frac{3}{t}\),即\emph{t=}\(\frac{3}{2}\)时等号成立,\textsuperscript{【4】}
(16分)

故\(\frac{|PQ|}{|MN|}\)的取值范围是\(\left\lbrack \frac{8\sqrt{5}}{15}\text{,} + \text{∞} \right)\)\emph{.}
(17分)

\includegraphics[width=0.77323in,height=0.18661in,alt={id:2147511584;FounderCES}]{media/image21.jpeg}
【4】使用基本不等式\(\frac{4}{3}\)\emph{t+}\(\frac{3}{t}\)≥2\(\sqrt{\frac{4}{3}t\text{·}\frac{3}{t}}\)时,需验证等号成立条件\emph{t=}\(\frac{3}{2}\)是否在\emph{t}∈(0,\(\sqrt{3}\))范围内,确保最值有效\emph{.}
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【3】 没有说明``\emph{C},\emph{D},\emph{T}三点共线'',扣1分;

【4】 没有说明取等条件扣1分;
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【1】
联立直线\emph{AQ}方程与曲线方程,并结合韦达定理,求出\emph{x}\textsubscript{1}\emph{=-}\(\frac{5s + 8}{2s + 5}\)即可得2分

【2】 求出\emph{C},\emph{D}两点坐标,即可得到2分\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147511605;FounderCES}]{media/image6.jpeg}
1\emph{.}直线过定点的证明技巧\emph{.}本题采用向量共线法:通过构造向量\(\overrightarrow{TC}\)∥\(\overrightarrow{TD}\),证明向量共线且有公共点,从而推出三点共线,最终证得直线过定点\emph{.}同类题还可采用消参法:将直线方程整理为``参数\emph{×}系数\emph{+}常数项\emph{=}0''的形式,令系数和常数项分别为0,求解定点坐标;或特殊值法:取参数的两个特殊值,求出两条直线的交点,再验证该点在任意情况下均在直线上\emph{.}2\emph{.}线段比值范围的求解思路\emph{.}先通过联立直线方程求交点坐标,再用弦长公式\emph{/}对称性质表示线段长,最后将比值转化为单参数函数,结合基本不等式\emph{/}函数单调性求范围\emph{.}该思路可迁移至抛物线、双曲线的同类比值范围问题,核心是消参化简与不等式\emph{/}函数工具的适配\emph{.}3\emph{.}思维拓展与深化\emph{.}(1)``设而不求''思想的深化\emph{.}本题利用韦达定理求\emph{C}、\emph{D}横坐标时,未直接求解一元二次方程,而是通过根与系数的关系快速化简,体现了解析几何``设而不求''的核心思想\emph{.}在处理直线与圆锥曲线的交点问题时,可优先考虑韦达定理简化计算,避免复杂的根式运算\emph{.}(2)几何问题代数化的本质\emph{.}将``直线过定点''的几何问题转化为``向量共线的代数运算'',将``线段比值范围''转化为``函数最值的代数求解'',是解析几何``以数解形''的本质体现\emph{.}解题时需主动建立几何特征与代数表达式的对应关系,如对称关系对应坐标的奇偶性、共线关系对应向量的线性相关\emph{.}
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