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\emph{　　}1\emph{\textasciitilde{}}7,9,10,12,13,15\emph{\textasciitilde{}}17,18(1)(2)\emph{①},19(1),合计119分\emph{.}\\
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\emph{　　}上述分数是基础题和中档题的分数,是通过科学的训练能够拿到的分数,你拿到了吗?\includegraphics[width=0.92717in,height=\textheight,keepaspectratio]{media/image3.jpeg}\strut
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答案速查(标黑的有两种及以上解法)

1-5 BACDD\emph{　}6-8 BBA\emph{　}9\emph{.} ABD\emph{　}10\emph{.}
AC\emph{　}11\emph{.} ACD

12\emph{.} i\emph{　}13\emph{.} 1\emph{　}14\emph{.}
\(\left( 0\text{,}\frac{\pi}{3} \right)\)\emph{　-}\(\frac{1}{8}\)

1\emph{.}
B\emph{　}将数据按从小到大排列为105,110,115,120,125,130,135,140,145,150\emph{.}因为10\emph{×}25\%\emph{=}2\emph{.}5,所以第25百分位数是第3个数,即115\emph{.}

2\emph{.}
A\emph{　}易知\(\overrightarrow{AB}\)\emph{=}(1,\emph{-}2)是直线的一个方向向量\emph{.}因为(2,\emph{m})也是直线的一个方向向量,所以它与\(\overrightarrow{AB}\)共线,所以\(\frac{2}{1}\)\emph{=}\(\frac{m}{\text{-}2}\),解得\emph{m=-}4\emph{.}

3\emph{.}
C\emph{　}解法1(定义法)\emph{　}易知函数\emph{f}(\emph{x})的定义域为\{\emph{x\textbar x\textgreater{}}1或\emph{x\textless-}1\},关于原点对称\emph{.}由题意得\emph{f}(\emph{-x})\emph{=}ln\(\frac{\text{-}x + 1}{\text{-}x\text{-}1}\)\emph{-a}(\emph{-x})\textsuperscript{2}\emph{=}ln\(\frac{x\text{-}1}{x + 1}\)\emph{-ax}\textsuperscript{2}\emph{.}因为\emph{f}(\emph{-x})\emph{=-f}(\emph{x}),所以ln\(\frac{x\text{-}1}{x + 1}\)\emph{-ax}\textsuperscript{2}\emph{=-}\(\left( \ln\frac{x + 1}{x\text{-}1}\text{-}ax^{2} \right)\),即ln\(\frac{x\text{-}1}{x + 1}\)\emph{+}ln\(\frac{x + 1}{x\text{-}1}\)\emph{=}2\emph{ax}\textsuperscript{2},即2\emph{ax}\textsuperscript{2}\emph{=}ln
1\emph{=}0,因为\emph{x}≠0,所以\emph{a=}0\emph{.}

解法2(特值法)\emph{　}易知函数\emph{f}(\emph{x})的定义域为\{\emph{x\textbar x\textgreater{}}1或\emph{x\textless-}1\},关于原点对称\emph{.}又因为\emph{f}(\emph{x})为奇函数,所取\emph{x=}2,即\emph{f}(\emph{-}2)\emph{=-f}(2),即ln\(\frac{1}{3}\)\emph{-}4\emph{a=-}(ln
3\emph{-}4\emph{a}),则8\emph{a=}ln
1\emph{=}0,所以\emph{a=}0\emph{.}经检验,\emph{a=}0符合题意\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147512593;FounderCES}]{media/image4.jpeg}
通过多次的练习,学习比较留心的同学都已知晓\emph{y=}ln\(\frac{x + 1}{x\text{-}1}\)是一个常见的奇函数,从而易得出\emph{a=}0\emph{.}

4\emph{.}
D\emph{　}取\emph{x=}2\emph{+}\(\sqrt{2}\),\emph{y=}2\emph{-}\(\sqrt{2}\),显然有\emph{x}与\emph{y}都是无理数,但\emph{x+y=}4,是有理数,即``\emph{x}与\emph{y}都是无理数''推不出``\emph{x+y}是无理数''\emph{.}取\emph{x=}2,\emph{y=}\(\sqrt{2}\),则\emph{x+y=}2\emph{+}\(\sqrt{2}\),显然有\emph{x+y}是无理数,但不满足\emph{x}与\emph{y}都是无理数,即``\emph{x+y}是无理数''推不出``\emph{x}与\emph{y}都是无理数''\emph{.}所以``\emph{x}与\emph{y}都是无理数''是``\emph{x+y}是无理数''的既不充分也不必要条件\emph{.}

\emph{　　}5\emph{.}
D\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147512600;FounderCES}]{media/image5.jpeg}
由于求\emph{f\textquotesingle{}}(0)的值,且易知对任意函数\emph{g}(\emph{x}),当\emph{x=}0时,\emph{xg}(\emph{x})\emph{=}0,因此可构造函数\emph{g}(\emph{x})\emph{=}(\emph{x+}1)(\emph{x+}2)(\emph{x+}3)(\emph{x+}4),从而有\emph{f}(\emph{x})\emph{=xg}(\emph{x}),再结合导数运算法则即可求解\emph{.}

令\emph{g}(\emph{x})\emph{=}(\emph{x+}1)(\emph{x+}2)(\emph{x+}3)(\emph{x+}4),则\emph{f}(\emph{x})\emph{=xg}(\emph{x}),所以\emph{f\textquotesingle{}}(\emph{x})\emph{=g}(\emph{x})\emph{+xg\textquotesingle{}}(\emph{x}),所以\emph{f\textquotesingle{}}(0)\emph{=g}(0)\emph{=}1\emph{×}2\emph{×}3\emph{×}4\emph{=}24\emph{.}

\includegraphics[width=0.77323in,height=0.18661in,alt={id:2147512607;FounderCES}]{media/image6.jpeg}
若依照惯性思维将解析式展开为多项式,再进行求导,则会陷入烦琐的计算中,甚至导致出错\emph{.}

\emph{　　}6\emph{.}
B\emph{　}解法1(不等式放缩法)\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147512614;FounderCES}]{media/image5.jpeg}
由题易得\emph{\textbar PF}\textsubscript{1}\emph{\textbar\textbar PF}\textsubscript{2}\emph{\textbar=}\({\text{|}F_{1}F_{2}\text{|}}^{2}\),结合椭圆的定义\emph{\textbar PF}\textsubscript{1}\emph{\textbar+\textbar PF}\textsubscript{2}\emph{\textbar=}2\emph{a},不难想到利用不等式法将等式放缩为关于\emph{a},\emph{c}的不等式,从而求出离心率的最大值\emph{.}

因为\emph{\textbar PF}\textsubscript{1}\emph{\textbar{}},\emph{\textbar F}\textsubscript{1}\emph{F}\textsubscript{2}\emph{\textbar{}},\emph{\textbar PF}\textsubscript{2}\emph{\textbar{}}成等比数列,所以\({\text{|}F_{1}F_{2}\text{|}}^{2}\)\emph{=\textbar PF}\textsubscript{1}\emph{\textbar\textbar PF}\textsubscript{2}\emph{\textbar{}}≤\(\left( \frac{\left| PF_{1} \right| + \text{|}PF_{2}\text{|}}{2} \right)^{2}\)\emph{=}\(\left( \frac{2a}{2} \right)^{2}\),所以(2\emph{c})\textsuperscript{2}≤
\emph{a}\textsuperscript{2},可得\(\frac{c}{a}\)≤\(\frac{1}{2}\),当且仅当\emph{\textbar PF}\textsubscript{1}\emph{\textbar=\textbar PF}\textsubscript{2}\emph{\textbar{}}时,取等号,所以离心率的最大值为\(\frac{1}{2}\)\emph{.}

解法2(几何法)\emph{　}设点\emph{P}的横坐标为\emph{x}\textsubscript{0},\emph{-a}≤\emph{x}\textsubscript{0}≤\emph{a},由椭圆的焦半径公式可知,\emph{\textbar PF}\textsubscript{1}\emph{\textbar=a+ex}\textsubscript{0},\emph{\textbar PF}\textsubscript{2}\emph{\textbar=a-ex}\textsubscript{0}\emph{.}\textsuperscript{【1】}又\emph{\textbar F}\textsubscript{1}\emph{F}\textsubscript{2}\emph{\textbar=}2\emph{c},且\emph{\textbar PF}\textsubscript{1}\emph{\textbar{}},\emph{\textbar F}\textsubscript{1}\emph{F}\textsubscript{2}\emph{\textbar{}},\emph{\textbar PF}\textsubscript{2}\emph{\textbar{}}成等比数列,则4\emph{c}\textsuperscript{2}\emph{=a}\textsuperscript{2}\emph{-e}\textsuperscript{2}\(x_{0}^{2}\)\emph{=a}\textsuperscript{2}\emph{-}\(\frac{c^{2}}{a^{2}}x_{0}^{2}\)≤
\emph{a}\textsuperscript{2},即\(\frac{c^{2}}{a^{2}}\)≤\(\frac{1}{4}\),所以\(\frac{c}{a}\)≤\(\frac{1}{2}\),故离心率的最大值为\(\frac{1}{2}\)\emph{.}

\includegraphics[width=0.6685in,height=0.1563in,alt={id:2147512621;FounderCES}]{media/image7.jpeg}\\
二级结论【1】 详见另册常用二级结论P\emph{*}焦半径公式

\emph{　　}7\emph{.}
B\emph{　}解法1\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147512628;FounderCES}]{media/image5.jpeg}
三角恒等变换中的求值问题,往往从``角''的变换着手,注意到所求为2\emph{θ},因此考虑用2\emph{θ}和\emph{θ}表示3\emph{θ},减少角的种类,利用两角和与差公式、同角三角函数关系,化简得出cos
\emph{θ}的值,再利用二倍角的余弦公式即可求得cos 2\emph{θ}的值\emph{.}

由题意,得sin \emph{θ+}sin 2\emph{θ+}sin
3\emph{θ=}sin(2\emph{θ-θ})\emph{+}sin
2\emph{θ+}sin(2\emph{θ+θ})\emph{=}sin 2\emph{θ}cos \emph{θ-}cos
2\emph{θ}sin \emph{θ+}sin 2\emph{θ+}sin 2\emph{θ}cos \emph{θ+}cos
2\emph{θ}·sin \emph{θ=}sin 2\emph{θ}(2cos \emph{θ+}1)\emph{=}0,而cos
\emph{θ+}cos 2\emph{θ+}cos 3\emph{θ=}cos(2\emph{θ-θ})\emph{+}cos
2\emph{θ+}cos(2\emph{θ+θ})\emph{=}cos 2\emph{θ}cos \emph{θ+}sin
2\emph{θ}sin \emph{θ+}cos 2\emph{θ+}cos 2\emph{θ}cos \emph{θ-}sin
2\emph{θ}sin \emph{θ=}cos 2\emph{θ}(2cos
\emph{θ+}1)\emph{=}0\emph{.}由上面的分析知,sin 2\emph{θ},cos
2\emph{θ}不可能同时为零,所以2cos \emph{θ+}1\emph{=}0,即cos
\emph{θ=-}\(\frac{1}{2}\),故cos
2\emph{θ=}2cos\textsuperscript{2}\emph{θ-}1\emph{=-}\(\frac{1}{2}\)\emph{.}

\emph{　　}解法2\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147512635;FounderCES}]{media/image5.jpeg}
由条件sin \emph{θ+}sin 2\emph{θ+}sin 3\emph{θ=}0和cos \emph{θ+}cos
2\emph{θ+}cos
3\emph{θ=}0易联想到同角三角函数关系式cos\textsuperscript{2}\emph{θ+}sin\textsuperscript{2}\emph{θ=}1,结合等式特点求解\emph{.}

由sin \emph{θ+}sin 2\emph{θ+}sin 3\emph{θ=}0和cos \emph{θ+}cos
2\emph{θ+}cos 3\emph{θ=}0,得sin \emph{θ+}sin 3\emph{θ=-}sin
2\emph{θ},cos \emph{θ+}cos 3\emph{θ=-}cos
2\emph{θ},两式分别平方并相加,得1\emph{+}2(cos 3\emph{θ}cos \emph{θ+}sin
3\emph{θ}sin
\emph{θ})\emph{+}1\emph{=}1,则2cos(3\emph{θ-θ})\emph{=-}1,即cos
2\emph{θ=-}\(\frac{1}{2}\)\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147512642;FounderCES}]{media/image4.jpeg}
若熟悉和差化积公式,则易得sin \emph{θ+}sin 3\emph{θ=}2·sin 2\emph{θ}cos
\emph{θ}和cos \emph{θ+}cos 3\emph{θ=}2cos 2\emph{θ}cos \emph{θ.}

\emph{　　}8\emph{.}
A\emph{　}解法1(综合法)\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147512649;FounderCES}]{media/image5.jpeg}
正三棱台中的角不方便表示,可以考虑将其补成正三棱锥处理,不难得到侧面\emph{ABB}\textsubscript{1}\emph{A}\textsubscript{1}与底面\emph{ABC}的夹角\emph{.}

如图1,取正三角形\emph{ABC}的中心\emph{O},连接\emph{CO},并延长交\emph{AB}于点\emph{M},记\emph{AA}\textsubscript{1},\emph{BB}\textsubscript{1},\emph{CC}\textsubscript{1}交于点\emph{P},连接\emph{PM},\emph{PO.}

\includegraphics[width=1.36654in,height=1.27677in,alt={id:2147512656;FounderCES}]{media/image8.jpeg}图1

易知\emph{M}为\emph{AB}中点,\emph{PO}⊥平面\emph{ABC},所以\emph{PM}⊥\emph{AB},\emph{CM}⊥\emph{AB},所以∠\emph{PMO}即为侧面\emph{ABB}\textsubscript{1}\emph{A}\textsubscript{1}与底面\emph{ABC}的夹角,由题意,可知cos∠\emph{PMO=}\(\frac{1}{3}\)\emph{.}设\emph{MO=}1,\emph{OC=}2,\emph{PM=}3,则\emph{PO=}2\(\sqrt{2}\),\emph{PC=}2\(\sqrt{3}\)\emph{.}

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147512663;FounderCES}]{media/image5.jpeg}
如何确定直线\emph{A}\textsubscript{1}\emph{C}与平面\emph{ABB}\textsubscript{1}\emph{A}\textsubscript{1}所成的角?关键在于过点\emph{C}作出平面\emph{PAB}的一条垂线,通常根据面面垂直的性质定理,得到线面垂直\emph{.}本题中易知平面\emph{PCM}⊥平面\emph{PAB},从而只需在平面\emph{PCM}中过点\emph{C}作两平面的交线的垂线即可\emph{.}

如图1,过点\emph{C}作\emph{CH}⊥\emph{MP},垂足为\emph{H},连接\emph{A}\textsubscript{1}\emph{H.}因为\emph{PM}⊥\emph{AB},\emph{CM}⊥\emph{AB},\emph{PM},\emph{CM}⊂平面\emph{PCM},\emph{PM}∩\emph{CM=M},所以\emph{AB}⊥平面\emph{PCM.}又\emph{CH}⊂平面\emph{PCM},所以\emph{AB}⊥\emph{CH.}又\emph{AB}∩\emph{PM=M},\emph{AB},\emph{PM}⊂平面\emph{ABP},所以\emph{CH}⊥平面\emph{PAB},则∠\emph{CA}\textsubscript{1}\emph{H}即为\emph{A}\textsubscript{1}\emph{C}与平面\emph{ABB}\textsubscript{1}\emph{A}\textsubscript{1}所成的角\emph{.}由\emph{S}\textsubscript{△\emph{CPM}}\emph{=}\(\frac{1}{2}\)\emph{CH}·\emph{PM=}\(\frac{1}{2}\)\emph{PO}·\emph{CM},即\(\frac{1}{2}\)\emph{×CH×}3\emph{=}\(\frac{1}{2}\)\emph{×}2\(\sqrt{2}\)\emph{×}3,解得\emph{CH=}2\(\sqrt{2}\),因为\emph{PA=PB=PC=AC=}2\(\sqrt{3}\),\emph{A}\textsubscript{1}\emph{C}\textsubscript{1}\emph{=}\(\frac{1}{2}\)\emph{AC=}\(\sqrt{3}\),易知正三角形\emph{PAC}中,\emph{A}\textsubscript{1}为\emph{PA}中点,所以\emph{CA}\textsubscript{1}\emph{=}\(\sqrt{PC^{2}\text{-}PA_{1}^{2}}\)\emph{=}\(\sqrt{\text{(}2\sqrt{3}\text{)}^{2}\text{-(}\sqrt{3}\text{)}^{2}}\)\emph{=}3,所以sin∠\emph{CA}\textsubscript{1}\emph{H=}\(\frac{2\sqrt{2}}{3}\),所以cos∠\emph{CA}\textsubscript{1}\emph{H=}\(\frac{1}{3}\)\emph{.}

解法2(空间向量法)\emph{　}如图2,取\emph{AB}的中点为\emph{M},连接\emph{CM},记\emph{AA}\textsubscript{1},\emph{BB}\textsubscript{1},\emph{CC}\textsubscript{1}交于点\emph{H},连接\emph{HM.}易知\emph{HM}⊥\emph{AB},\emph{CM}⊥\emph{AB},所以∠\emph{HMC}为侧面\emph{ABB}\textsubscript{1}\emph{A}\textsubscript{1}与底面\emph{ABC}的夹角,由题意,可知cos∠\emph{HMC=}\(\frac{1}{3}\)\emph{.}设\emph{AB=}2\emph{A}\textsubscript{1}\emph{B}\textsubscript{1}\emph{=}2,则\emph{CM=HM=}\(\sqrt{3}\)\emph{.}

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147512670;FounderCES}]{media/image5.jpeg}
考虑以\emph{M}为坐标原点建立空间直角坐标系,注意到\emph{x}轴、\emph{y}轴易确定,只需过点\emph{M}作出平面\emph{ABC}的垂线,确定\emph{z}轴,即可得到三条直线两两垂直,这是建立空间直角坐标系的前提条件,然后分别求出平面\emph{ABB}\textsubscript{1}\emph{A}\textsubscript{1}的一个法向量以及直线\emph{A}\textsubscript{1}\emph{C}的一个方向向量即可求解\emph{.}

过点\emph{M}作\emph{MM}\textsubscript{1}⊥平面\emph{ABC},所以\emph{MC},\emph{MA},\emph{MM}\textsubscript{1}两两垂直,以\{\(\overrightarrow{MC}\),\(\overrightarrow{MA}\),\(\overrightarrow{MM_{1}}\)\}为正交基底,建立空间直角坐标系\emph{Mxyz},则\emph{M}(0,0,0),\emph{A}(0,1,0),\emph{C}(\(\sqrt{3}\),0,0),\emph{A}\textsubscript{1}\(\left( \frac{\sqrt{3}}{6}\text{,}\frac{1}{2}\text{,}\frac{\sqrt{6}}{3} \right)\),则\(\overrightarrow{A_{1}C}\)\emph{=}\(\left( \frac{5\sqrt{3}}{6}\text{,-}\frac{1}{2}\text{,-}\frac{\sqrt{6}}{3} \right)\),\(\overrightarrow{MA}\)\emph{=}(0,1,0),\(\overrightarrow{MA_{1}}\)\emph{=}\(\left( \frac{\sqrt{3}}{6}\text{,}\frac{1}{2}\text{,}\frac{\sqrt{6}}{3} \right)\)\emph{.}设平面\emph{ABB}\textsubscript{1}\emph{A}\textsubscript{1}的法向量为\emph{m=}(\emph{x},\emph{y},\emph{z}),则\(\left\{ \begin{matrix}
m\text{·}\overrightarrow{MA} = y = 0\text{,} \\
m\text{·}\overrightarrow{MA_{1}} = \frac{\sqrt{3}}{6}x + \frac{1}{2}y + \frac{\sqrt{6}}{3}z = 0\text{,}
\end{matrix} \right.\ \)可得\emph{y=}0,取\emph{z=}1,则\emph{x=-}2\(\sqrt{2}\),所以平面\emph{ABB}\textsubscript{1}\emph{A}\textsubscript{1}的一个法向量为\emph{m=}(\emph{-}2\(\sqrt{2}\),0,1)\emph{.}设\emph{A}\textsubscript{1}\emph{C}与平面\emph{ABB}\textsubscript{1}\emph{A}\textsubscript{1}所成的角为\emph{θ},则sin
\emph{θ=\textbar{}}cos\emph{\textless m},\(\overrightarrow{A_{1}C}\)\emph{\textgreater\textbar=}\(\frac{\text{|}m\text{·}\overrightarrow{A_{1}C}\text{|}}{\text{|}m\text{||}\overrightarrow{A_{1}C}\text{|}}\)\emph{=}\(\frac{\left| \text{-}2\sqrt{2} \times \frac{5\sqrt{3}}{6}\text{-}\frac{\sqrt{6}}{3} \right|}{3 \times \sqrt{3}}\)\emph{=}\(\frac{2\sqrt{2}}{3}\),所以cos
\emph{θ=}\(\frac{1}{3}\)\emph{.}

\includegraphics[width=1.72992in,height=1.29016in,alt={id:2147512677;FounderCES}]{media/image9.jpeg}图2

\includegraphics[width=0.77323in,height=0.18661in,alt={id:2147512684;FounderCES}]{media/image6.jpeg}
本题求直线\emph{A}\textsubscript{1}\emph{C}与平面\emph{ABB}\textsubscript{1}\emph{A}\textsubscript{1}所成角\emph{θ}的余弦值,需要弄清楚向量夹角与线面角的关系,即sin
\emph{θ=\textbar{}}cos\emph{\textless m},\(\overrightarrow{A_{1}C}\)\emph{\textgreater\textbar{}},最后通过同角平方关系求得余弦值,注意看清题意,避免出错\emph{.}

9\emph{.}
ABD\emph{　}由题意知,总样本数为12(编号1\emph{\textasciitilde{}}12)\emph{.}事件\emph{A}为``选中奇数编号目标'',即\{1,3,5,7,9,11\},共6个,则\emph{P}(\emph{A})\emph{=}\(\frac{1}{2}\);事件\emph{B}为``选中编号小于7的目标'',即\{1,2,3,4,5,6\},共6个,则\emph{P}(\emph{B})\emph{=}\(\frac{1}{2}\);事件\emph{C}为``选中1,2,4,8号目标'',即\{1,2,4,8\},共4个,则\emph{P}(\emph{C})\emph{=}\(\frac{1}{3}\)\emph{.}事件\emph{AB}为``选中奇数编号目标且编号小于7'',即\{1,3,5\},共3个,则\emph{P}(\emph{AB})\emph{=}\(\frac{1}{4}\),而\emph{P}(\emph{A})\emph{P}(\emph{B})\emph{=}\(\frac{1}{2}\)\emph{×}\(\frac{1}{2}\)\emph{=}\(\frac{1}{4}\),所以\emph{P}(\emph{AB})\emph{=P}(\emph{A})\emph{P}(\emph{B}),故A正确;事件\emph{AC}为``选中1号目标'',共1个,所以\emph{P}(\emph{AC})\emph{=}\(\frac{1}{12}\),则\emph{P}(\emph{A\textbar C})\emph{=}\(\frac{P\text{(}AC\text{)}}{P\text{(}C\text{)}}\)\emph{=}\(\frac{1}{4}\),故B正确;事件\emph{A}\(\overline{C}\)为``选中3,5,7,9,11号目标'',共5个,所以\emph{P}(\emph{A}\(\overline{C}\))\emph{=}\(\frac{5}{12}\),所以\emph{P}(\emph{A\textbar{}}\(\overline{C}\))\emph{=}\(\frac{P\text{(}A\overline{C}\text{)}}{P\text{(}\overline{C}\text{)}}\)\emph{=}\(\frac{5}{8}\),所以\emph{P}(\emph{A\textbar C})\emph{+P}\(\left( A\text{|}\overline{C} \right)\)\emph{=}\(\frac{1}{4}\)\emph{+}\(\frac{5}{8}\)\emph{=}\(\frac{7}{8}\),故C错误;事件\emph{ABC}为``选中1号目标'',共1个,所以\emph{P}(\emph{ABC})\emph{=}\(\frac{1}{12}\),而\emph{P}(\emph{A})\emph{P}(\emph{B})\emph{P}(\emph{C})\emph{=}\(\frac{1}{2}\)\emph{×}\(\frac{1}{2}\)\emph{×}\(\frac{1}{3}\)\emph{=}\(\frac{1}{12}\),所以\emph{P}(\emph{ABC})\emph{=P}(\emph{A})\emph{P}(\emph{B})\emph{P}(\emph{C}),故D正确\emph{.}

\includegraphics[width=0.77323in,height=0.18661in,alt={id:2147512691;FounderCES}]{media/image6.jpeg}
注意不要将\emph{P}(\emph{A\textbar C})\emph{+P}(\(\overline{A}\)\emph{\textbar C})与\emph{P}(\emph{A\textbar C})\emph{+P}(\emph{A\textbar{}}\(\overline{C}\))混淆\emph{.}

10\emph{.}
AC\emph{　}如图1,因为\emph{l}\textsubscript{1}∥\emph{l}\textsubscript{2},\emph{l}\textsubscript{1}⊄\emph{γ},\emph{l}\textsubscript{2}⊂\emph{γ},所以\emph{l}\textsubscript{1}∥\emph{γ},又\emph{l}\textsubscript{1}⊂\emph{α},\emph{α}∩\emph{γ=l}\textsubscript{3},所以\emph{l}\textsubscript{1}∥\emph{l}\textsubscript{3},所以\emph{l}\textsubscript{2}∥\emph{l}\textsubscript{3},故A正确;因为\emph{l}\textsubscript{1}∥\emph{γ},又\emph{l}\textsubscript{1}⊂\emph{α},\emph{α}∩\emph{γ=l}\textsubscript{3},所以\emph{l}\textsubscript{1}∥\emph{l}\textsubscript{3},同理\emph{l}\textsubscript{2}∥\emph{l}\textsubscript{3},所以\emph{l}\textsubscript{1}∥\emph{l}\textsubscript{3},故C正确;如图2,若\emph{l}\textsubscript{1}⊥\emph{γ},则\emph{l}\textsubscript{2},\emph{l}\textsubscript{3}不一定垂直,故B错误;若\emph{l}\textsubscript{1}⊥\emph{l}\textsubscript{2},则\emph{l}\textsubscript{2},\emph{l}\textsubscript{3}不一定垂直,故D错误\emph{.}

\includegraphics[width=0.64016in,height=0.87992in,alt={id:2147512698;FounderCES}]{media/image10.jpeg}

图1

\includegraphics[width=0.65315in,height=0.83346in,alt={id:2147512705;FounderCES}]{media/image11.jpeg}

图2

\emph{　　}11\emph{.}
ACD\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147512712;FounderCES}]{media/image5.jpeg}
根据对称性,可以设三点横坐标分别为\emph{x-d},\emph{x},\emph{x+d},再验证\(y_{2}^{2}\)\emph{=y}\textsubscript{1}\emph{y}\textsubscript{3}是否成立\emph{.}

设函数\emph{f}(\emph{x})图象上的三个不同点为\emph{A}(\emph{x-d},\emph{y}\textsubscript{1}),\emph{B}(\emph{x},\emph{y}\textsubscript{2}),\emph{C}(\emph{x+d},\emph{y}\textsubscript{3})(\emph{d}≠0)\emph{.}因为纵坐标依次成等比数列,所以\(y_{2}^{2}\)\emph{=y}\textsubscript{1}\emph{y}\textsubscript{3}\emph{.}对于A,\emph{y}\textsubscript{1}\emph{=}tan(\emph{x-d}),\emph{y}\textsubscript{2}\emph{=}tan
\emph{x},\emph{y}\textsubscript{3}\emph{=}tan(\emph{x+d})\emph{.}tan(\emph{x-d})tan(\emph{x+d})\emph{=}\(\frac{\tan x\text{-}\tan d}{1 + tanx\tan d}\)·\(\frac{\tan x + tand}{1\text{-}\tan x\tan d}\)\emph{=}\(\frac{tan^{2}x\text{-}tan^{2}d}{1\text{-}tan^{2}xtan^{2}d}\)\emph{.}当tan
\emph{d=}0,即\emph{d=k}π(\emph{k}∈Z且\emph{k}≠0)时,tan(\emph{x-d})tan(\emph{x+d})\emph{=}tan\textsuperscript{2}\emph{x},满足\(y_{2}^{2}\)\emph{=y}\textsubscript{1}\emph{y}\textsubscript{3},故A正确\emph{.}对于B,\emph{y}\textsubscript{1}\emph{=}e\emph{\textsuperscript{x-d}+}1,\emph{y}\textsubscript{2}\emph{=}e\emph{\textsuperscript{x}+}1,\emph{y}\textsubscript{3}\emph{=}e\emph{\textsuperscript{x+d}+}1\emph{.}因为\(y_{2}^{2}\)\emph{=}\({\text{(}e^{x} + 1\text{)}}^{2}\)\emph{=}e\textsuperscript{2\emph{x}}\emph{+}2e\emph{\textsuperscript{x}+}1,\emph{y}\textsubscript{1}\emph{y}\textsubscript{3}\emph{=}(e\emph{\textsuperscript{x-d}+}1)(e\emph{\textsuperscript{x+d}+}1)\emph{=}e\emph{\textsuperscript{x-d}}e\emph{\textsuperscript{x+d}+}e\emph{\textsuperscript{x-d}+}e\emph{\textsuperscript{x+d}+}1\emph{=}e\textsuperscript{2\emph{x}}\emph{+}e\emph{\textsuperscript{x-d}+}e\emph{\textsuperscript{x+d}+}1,又e\emph{\textsuperscript{x-d}+}e\emph{\textsuperscript{x+d}}≥2\(\sqrt{e^{x\text{-}d}\text{·}e^{x + d}}\)\emph{=}2\(\sqrt{e^{2x}}\)\emph{=}2e\emph{\textsuperscript{x}},当且仅当e\emph{\textsuperscript{x-d}=}e\emph{\textsuperscript{x+d}},即\emph{d=}0时,等号成立,而\emph{d}≠0,所以e\textsuperscript{2\emph{x}}\emph{+}2e\emph{\textsuperscript{x}+}1≠e\textsuperscript{2\emph{x}}\emph{+}e\emph{\textsuperscript{x-d}+}e\emph{\textsuperscript{x+d}+}1,所以\(y_{2}^{2}\)≠\emph{y}\textsubscript{1}\emph{y}\textsubscript{3},故B错误\emph{.}对于C,\emph{y}\textsubscript{1}\emph{=}(\emph{x-d})\textsuperscript{2}\emph{+x-d},\emph{y}\textsubscript{2}\emph{=x}\textsuperscript{2}\emph{+x},\emph{y}\textsubscript{3}\emph{=}(\emph{x+d})\textsuperscript{2}\emph{+x+d.y}\textsubscript{1}\emph{y}\textsubscript{3}\emph{=}{[}(\emph{x-d})\textsuperscript{2}\emph{+x-d}{]}{[}(\emph{x+d})\textsuperscript{2}\emph{+x+d}{]},\emph{=}{[}(\emph{x}\textsuperscript{2}\emph{+x+d}\textsuperscript{2})\emph{-}(2\emph{dx+d}){]}{[}(\emph{x}\textsuperscript{2}\emph{+x+d}\textsuperscript{2})\emph{+}(2\emph{dx+d}){]}\emph{=}\({\text{(}x^{2} + x + d^{2}\text{)}}^{2}\)\emph{-}(2\emph{dx+d})\textsuperscript{2},\(y_{2}^{2}\)\emph{=}\({\text{(}x^{2} + x\text{)}}^{2}\)\emph{.}令\(y_{2}^{2}\)\emph{=y}\textsubscript{1}\emph{y}\textsubscript{3},则\({\text{(}x^{2} + x + d^{2}\text{)}}^{2}\)\emph{-}(2\emph{dx+d})\textsuperscript{2}\emph{=}\({\text{(}x^{2} + x\text{)}}^{2}\),即\({\text{(}x^{2} + x + d^{2}\text{)}}^{2}\)\emph{-}\({\text{(}x^{2} + x\text{)}}^{2}\)\emph{=}(2\emph{dx+d})\textsuperscript{2},整理得\emph{d}\textsuperscript{2}(2\emph{x}\textsuperscript{2}\emph{+}2\emph{x+d}\textsuperscript{2})\emph{=d}\textsuperscript{2}\(\left( 4x^{2} + 4x + 1 \right)\),又\emph{d}≠0,所以2\emph{x}\textsuperscript{2}\emph{+}2\emph{x+d}\textsuperscript{2}\emph{=}4\emph{x}\textsuperscript{2}\emph{+}4\emph{x+}1,即\emph{d}\textsuperscript{2}\emph{=}2\emph{x}\textsuperscript{2}\emph{+}2\emph{x+}1\emph{=}2\(\left( x + \frac{1}{2} \right)^{2}\)\emph{+}\(\frac{1}{2}\)≥\(\frac{1}{2}\)\emph{.}所以对任意实数\emph{x},均能取到\emph{d=}\(\sqrt{2x^{2} + 2x + 1}\)≠0,满足\(y_{2}^{2}\)\emph{=y}\textsubscript{1}\emph{y}\textsubscript{3},故C正确\emph{.}对于D,\emph{y}\textsubscript{1}\emph{=}ln(\emph{x-d}),\emph{y}\textsubscript{2}\emph{=}ln
\emph{x},\emph{y}\textsubscript{3}\emph{=}ln(\emph{x+d}),此时\(y_{3}^{2}\)\emph{=y}\textsubscript{1}\emph{y}\textsubscript{2},即ln(\emph{x-d})ln(\emph{x+d})\emph{=}ln\textsuperscript{2}
\emph{x}·(\emph{x\textgreater\textbar d\textbar{}}),不妨设\emph{x=td},\emph{\textbar t\textbar\textgreater{}}1,则ln\textsuperscript{2}(\emph{td})\emph{=}ln(\emph{+d-d})ln(\emph{td+d}),即(ln
\emph{t+}ln \emph{d})\textsuperscript{2}\emph{=}{[}ln
\emph{d+}ln(\emph{t-}1){]}{[}ln \emph{d+}ln(\emph{t+}1){]},即ln
\emph{d}{[}2ln
\emph{t-}ln(\emph{t}\textsuperscript{2}\emph{-}1){]}\emph{=}ln(\emph{t-}1)ln(\emph{t+}1)\emph{-}ln\textsuperscript{2}\emph{t},即ln
\emph{d=}\(\frac{\ln\text{(}t\text{-}1\text{)}\ln\text{(}t + 1\text{)-}ln^{2}t}{\ln\frac{t^{2}}{t^{2}\text{-}1}}\)有解\emph{.}取\emph{t=}2,则ln
\emph{d=}\(\frac{\text{-}ln^{2}2}{\ln\frac{4}{3}}\),即\emph{d=}\(e^{\text{-}\frac{ln^{2}2}{\ln\frac{4}{3}}}\)\emph{.}故存在\emph{d=}\(e^{\text{-}\frac{ln^{2}2}{\ln\frac{4}{3}}}\)满足\(y_{3}^{2}\)\emph{=y}\textsubscript{1}\emph{y}\textsubscript{2},故D正确\emph{.}

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147512719;FounderCES}]{media/image5.jpeg}
要判定零点存在性,需要借助零点存在定理,由函数\emph{g}(\emph{t})的定义域为(\emph{d},\emph{+∞}),易得\emph{g}(1)\emph{\textless{}}0,因此只需说明当\emph{t}→\emph{d\textsuperscript{+}}时,\emph{g}(\emph{t})\emph{\textgreater{}}0即可\emph{.}

当\emph{t=}1时,\emph{g}(1)\emph{=}ln(1\emph{+d})ln(1\emph{-d})\emph{-}(ln
1)\textsuperscript{2}\emph{=}ln(1\emph{+d})·ln(1\emph{-d})\emph{\textless{}}0,当\emph{t}→\emph{d\textsuperscript{+}}时,ln(\emph{t+d})→ln(2\emph{d})\emph{\textless{}}0,ln(\emph{t-d})→\emph{-∞},

(ln \emph{t})\textsuperscript{2}→(ln
\emph{d})\textsuperscript{2},故ln(\emph{t+d})ln(\emph{t-d})→\emph{+∞},所以当\emph{t}→\emph{d\textsuperscript{+}}时,\emph{g}(\emph{t})\emph{=}ln(\emph{t+d})ln(\emph{t-d})\emph{-}(ln
\emph{t})\textsuperscript{2}\emph{\textgreater{}}0,

由零点存在定理可知,函数\emph{g}(\emph{t})在区间(\emph{d},1)上存在零点,即存在不同的三点满足条件,故D正确\emph{.}

12\emph{.}
i\emph{　}解法1\emph{　}由题意得\emph{z}\textsubscript{1}\emph{=}\(\frac{\sqrt{3}}{2}\)\emph{+}\(\frac{1}{2}\)i,\emph{z}\textsubscript{2}\emph{=}\(\frac{1}{2}\)\emph{+}\(\frac{\sqrt{3}}{2}\)i,则\emph{z}\textsubscript{1}·\emph{z}\textsubscript{2}\emph{=}\(\frac{\sqrt{3}}{4}\)\emph{+}\(\frac{\sqrt{3}}{4}\)i\textsuperscript{2}\emph{+}\(\frac{3}{4}\)i\emph{+}\(\frac{1}{4}\)i\emph{=}i\emph{.}

解法2\emph{　}由复数乘法运算的三角表示,得\emph{z}\textsubscript{1}·\emph{z}\textsubscript{2}\emph{=}\(\left( \cos\frac{\pi}{6} + i\text{·}\sin\frac{\pi}{6} \right)\)·\(\left( \cos\frac{\pi}{3} + i\text{·}\sin\frac{\pi}{3} \right)\)\emph{=}cos\(\frac{\pi}{2}\)\emph{+}isin\(\frac{\pi}{2}\)\emph{=}i\emph{.}

\emph{　　}13\emph{.}
1\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147512726;FounderCES}]{media/image5.jpeg}
遇到绝对值函数,首先想到的是去绝对值,需对2\(\sqrt{x}\)\emph{-}1的正、负分类讨论,求出每一段的最小值,再取较小者,即可得到\emph{f}(\emph{x})的最小值\emph{.}

易知函数\emph{f}(\emph{x})\emph{=}\(\left| 2\sqrt{x}\text{-}1 \right|\)\emph{-}ln
\emph{x}的定义域为(0,\emph{+∞})\emph{.}令2\(\sqrt{x}\)\emph{-}1\emph{=}0,解得\emph{x=}\(\frac{1}{4}\)\emph{.}当\emph{x}∈\(\left( 0\text{,}\frac{1}{4} \right\rbrack\)时,\emph{f}(\emph{x})\emph{=}1\emph{-}2\(\sqrt{x}\)\emph{-}ln
\emph{x},则\emph{f\textquotesingle{}}(\emph{x})\emph{=-}\(\frac{1}{\sqrt{x}}\)\emph{-}\(\frac{1}{x}\)\emph{\textless{}}0,所以函数\emph{f}(\emph{x})在\(\left( 0\text{,}\frac{1}{4} \right\rbrack\)上单调递减,\emph{f}\(\left( \frac{1}{4} \right)\)\emph{=}1\emph{-}2\(\sqrt{\frac{1}{4}}\)\emph{-}ln\(\frac{1}{4}\)\emph{=}ln
4\emph{.}当\emph{x}∈\(\left( \frac{1}{4}\text{,} + \text{∞} \right)\)时,\emph{f}(\emph{x})\emph{=}2\(\sqrt{x}\)\emph{-}1\emph{-}ln
\emph{x},则\emph{f\textquotesingle{}}(\emph{x})\emph{=}\(\frac{1}{\sqrt{x}}\)\emph{-}\(\frac{1}{x}\)\emph{=}\(\frac{\sqrt{x}\text{-}1}{x}\),令\emph{f\textquotesingle{}}(\emph{x})\emph{=}0,解得\emph{x=}1\emph{.}当\emph{x}∈\(\left( \frac{1}{4}\text{,}1 \right)\)时,\emph{f\textquotesingle{}}(\emph{x})\emph{\textless{}}0,函数单调递减;当\emph{x}∈(1,\emph{+∞})时,\emph{f\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,函数单调递增\emph{.}因为\emph{f}(1)\emph{=}2\(\sqrt{1}\)\emph{-}1\emph{-}ln
1\emph{=}1,又1\emph{\textless{}}ln
4,所以函数\emph{f}(\emph{x})\emph{=\textbar{}}2\(\sqrt{x}\)\emph{-}1\emph{\textbar-}ln
\emph{x}的最小值为1\emph{.}

\emph{　　}14\emph{.}
\(\left( 0\text{,}\frac{\pi}{3} \right)\)\emph{　-}\(\frac{1}{8}\)\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147512733;FounderCES}]{media/image5.jpeg}
给出△\emph{ABC}外接圆\emph{O}的半径为1,以及\emph{AD}长,自然想到运用正弦定理,从而求出∠\emph{ABD}的大小,而∠\emph{CAD=}∠\emph{BAD},因此在△\emph{ABD}中根据三角形内角和定理,即可得到∠\emph{BAD}的取值范围\emph{.}

如图,不妨取点\emph{C}在优弧上,点\emph{B}在劣弧上,△\emph{ABC}外接圆\emph{O}的半径\emph{R=}1\emph{.}

\includegraphics[width=1.04016in,height=1.07992in,alt={id:2147512740;FounderCES}]{media/image12.jpeg}

由正弦定理得\(\frac{AD}{sin\angle ACD}\)\emph{=}\(\frac{AD}{sin\angle ABD}\)\emph{=}2\emph{R},即\(\frac{\sqrt{3}}{sin\angle ACD}\)\emph{=}\(\frac{\sqrt{3}}{sin\angle ABD}\)\emph{=}2,解得sin∠\emph{ACD=}sin∠\emph{ABD=}\(\frac{\sqrt{3}}{2}\),所以∠\emph{ACD=}\(\frac{\pi}{3}\),∠\emph{ABD=}\(\frac{2\pi}{3}\)\emph{.}因为\emph{AD}为∠\emph{A}的角平分线,所以∠\emph{CAD=}∠\emph{BAD.}因为∠\emph{BAD=}π\emph{-}∠\emph{ABD-}∠\emph{ADB=}\(\frac{\pi}{3}\)\emph{-}∠\emph{ADB},所以∠\emph{BAD}∈\(\left( 0\text{,}\frac{\pi}{3} \right)\),即∠\emph{CAD}∈\(\left( 0\text{,}\frac{\pi}{3} \right)\)\emph{.}

\emph{　　}解法1(定义法)\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147512747;FounderCES}]{media/image5.jpeg}
已知∠\emph{CAD}的取值范围,可以设∠\emph{CAD=}∠\emph{BAD=α},以\emph{α}为自变量,结合平面向量数量积的定义,表示出\(\overrightarrow{AB}\)·\(\overrightarrow{AC}\),进而求出其最小值\emph{.}

设∠\emph{CAD=}∠\emph{BAD=α},\emph{α}∈\(\left( 0\text{,}\frac{\pi}{3} \right)\),则∠\emph{ADC=}\(\frac{2\pi}{3}\)\emph{-α},∠\emph{ADB=}\(\frac{\pi}{3}\)\emph{-α},∠\emph{BAC=}2\emph{α.}由正弦定理得\(\frac{AB}{sin\angle ADB}\)\emph{=}\(\frac{AC}{sin\angle ADC}\)\emph{=}2\emph{R=}2,所以\emph{AB=}2sin∠\emph{ADB=}2sin\(\left( \frac{\pi}{3}\text{-}\alpha \right)\)\emph{=}\(\sqrt{3}\)cos
\emph{α-}sin
\emph{α},\emph{AC=}2sin∠\emph{ADC=}2sin\(\left( \frac{2\pi}{3}\text{-}\alpha \right)\)\emph{=}\(\sqrt{3}\)cos
\emph{α+}sin
\emph{α},\(\overrightarrow{AB}\overrightarrow{AC}\)\emph{=\textbar{}}\(\overrightarrow{AB}\)\emph{\textbar{}}·\emph{\textbar{}}\(\overrightarrow{AC}\)\emph{\textbar{}}cos∠\emph{BAC=}(\(\sqrt{3}\)cos
\emph{α-}sin \emph{α})(\(\sqrt{3}\)cos \emph{α+}sin \emph{α})cos
2\emph{α=}(3cos\textsuperscript{2}\emph{α-}sin\textsuperscript{2}\emph{α})cos
2\emph{α=}(4cos\textsuperscript{2}\emph{α-}1)(2cos\textsuperscript{2}\emph{α-}1)\emph{=}8cos\textsuperscript{4}\emph{α-}6cos\textsuperscript{2}\emph{α+}1\emph{=}8\(\left( cos^{2}\alpha\text{-}\frac{3}{8} \right)^{2}\)\emph{-}\(\frac{1}{8}\)\emph{.}因为\emph{α}∈\(\left( 0\text{,}\frac{\pi}{3} \right)\),所以cos
\emph{α}∈\(\left( \frac{1}{2}\text{,}1 \right)\),故当cos\textsuperscript{2}\emph{α=}\(\frac{3}{8}\),即cos
\emph{α=}\(\frac{\sqrt{6}}{4}\)时,\(\overrightarrow{AB}\)·\(\overrightarrow{AC}\)取得最小值\emph{-}\(\frac{1}{8}\)\emph{.}

\includegraphics[width=0.91654in,height=0.19331in,alt={id:2147512754;FounderCES}]{media/image13.jpeg}
\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147512761;FounderCES}]{media/image5.jpeg}由\(\overrightarrow{AB}\)·\(\overrightarrow{AC}\)想到取\emph{BC}的中点\emph{E},借助于极化恒等式,将\(\overrightarrow{AB}\)·\(\overrightarrow{AC}\)转化为\emph{AE}\textsuperscript{2}\emph{-CE}\textsuperscript{2}\emph{.}

要使得\(\overrightarrow{AB}\)·\(\overrightarrow{AC}\)的最小值,则∠\emph{BAC}为钝角,如图,连接\emph{DO}并延长,交\emph{BC}于点\emph{E.}由于\emph{AD}为∠\emph{BAC}的平分线,故\emph{E}为\emph{BC}的中点,\emph{DE}是\emph{BC}的垂直平分线,则\(\overrightarrow{AB}\)·\(\overrightarrow{AC}\)\emph{=}(\(\overrightarrow{AE}\)\emph{+}\(\overrightarrow{EB}\))·(\(\overrightarrow{AE}\)\emph{+}\(\overrightarrow{EC}\))\emph{=AE}\textsuperscript{2}\emph{-CE}\textsuperscript{2}\emph{.}\textsuperscript{【1】}在△\emph{AOE}中,∠\emph{AOE=}π\emph{-}∠\emph{AOD=}π\emph{-}2\emph{×}\(\frac{\pi}{3}\)\emph{=}\(\frac{\pi}{3}\),所以由余弦定理,得\emph{AE}\textsuperscript{2}\emph{=AO}\textsuperscript{2}\emph{+OE}\textsuperscript{2}\emph{-}2\emph{AO}·\emph{OE}·cos\(\frac{\pi}{3}\)\emph{=}1\emph{+OE}\textsuperscript{2}\emph{-OE},则\(\overrightarrow{AB}\)·\(\overrightarrow{AC}\)\emph{=AE}\textsuperscript{2}\emph{-CE}\textsuperscript{2}\emph{=}1\emph{+OE}\textsuperscript{2}\emph{+OE-}(\emph{OC}\textsuperscript{2}\emph{-OE}\textsuperscript{2})\emph{=}2\emph{OE}\textsuperscript{2}\emph{-OE=}2\(\left( OE\text{-}\frac{1}{4} \right)^{2}\)\emph{-}\(\frac{1}{8}\),当\emph{OE=}\(\frac{1}{4}\)时,\(\overrightarrow{AB}\)·\(\overrightarrow{AC}\)取得最小值\emph{-}\(\frac{1}{8}\)\emph{.}

\includegraphics[width=1.14331in,height=1.08346in,alt={id:2147512768;FounderCES}]{media/image14.jpeg}

\includegraphics[width=0.6685in,height=0.1563in,alt={id:2147512775;FounderCES}]{media/image7.jpeg}\\
二级结论【1】 详见另册二级结论P10向量极化恒等式\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147512782;FounderCES}]{media/image4.jpeg}
本题第二空,求解数量积的最小值,解法1利用数量积的定义,属于常规解法,比较容易想到,缺点是计算量较大,对计算要求较高;解法2则运用了极化恒等式,要能充分挖掘图形的几何性质,解题关键在于要能发现\emph{DO}的延长线与\emph{BC}的交点\emph{E}为\emph{BC}的中点,并且能根据圆的性质得出∠\emph{AOE=}\(\frac{\pi}{3}\),由此将\emph{AE}和\emph{CE}转化,解法简洁,但对思维要求较高\emph{.}

15\emph{.} 解:(1)
设张某猜对两道谜语的概率为\emph{P},则\emph{P=}\(C_{2}^{1}\)\emph{×}0\emph{.}5\emph{×}0\emph{.}8\emph{×}0\emph{.}5\emph{=}0\emph{.}4\emph{.}

所以张某猜对两道谜语的概率为0\emph{.}4\emph{.} (4分)

\emph{　　}(2)
\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147512789;FounderCES}]{media/image5.jpeg}概率中抉择性问题需要分别求解先猜对A与先猜对B的分布列,再求解其数学期望,比较期望大小\emph{.}

设张某选择先猜A所得奖金为\emph{X}元,则\emph{X}的可能取值为0,10,30,所以\emph{P}(\emph{X=}0)\emph{=}0\emph{.}2,\emph{P}(\emph{X=}10)\emph{=}0\emph{.}8\emph{×}0\emph{.}5\emph{=}0\emph{.}4,\emph{P}(\emph{X=}30)\emph{=}0\emph{.}8\emph{×}0\emph{.}5\emph{=}0\emph{.}4,

则\emph{X}的分布列为

{\def\LTcaptype{none} % do not increment counter
\begin{longtable}[]{@{}
  >{\centering\arraybackslash}p{(\linewidth - 6\tabcolsep) * \real{0.0697}}
  >{\centering\arraybackslash}p{(\linewidth - 6\tabcolsep) * \real{0.0697}}
  >{\centering\arraybackslash}p{(\linewidth - 6\tabcolsep) * \real{0.0697}}
  >{\centering\arraybackslash}p{(\linewidth - 6\tabcolsep) * \real{0.0697}}@{}}
\toprule\noalign{}
\endhead
\bottomrule\noalign{}
\endlastfoot
X & 0 & 10 & 30 \\
P & 0.2 & 0.4 & 0.4 \\
\end{longtable}
}

(7分)

所以\emph{E}(\emph{X})\emph{=}0\emph{×}0\emph{.}2\emph{+}10\emph{×}0\emph{.}4\emph{+}30\emph{×}0\emph{.}4\emph{=}16\emph{.}

设张某先猜B所得奖金为\emph{Y}元,则\emph{Y}的可能取值为0,20,30,

所以\emph{P}(\emph{Y=}0)\emph{=}0\emph{.}5,\emph{P}(\emph{Y=}20)\emph{=}0\emph{.}5\emph{×}0\emph{.}2\emph{=}0\emph{.}1,\emph{P}(\emph{Y=}30)\emph{=}0\emph{.}5\emph{×}0\emph{.}8\emph{=}0\emph{.}4,则\emph{Y}的分布列为

{\def\LTcaptype{none} % do not increment counter
\begin{longtable}[]{@{}
  >{\centering\arraybackslash}p{(\linewidth - 6\tabcolsep) * \real{0.0697}}
  >{\centering\arraybackslash}p{(\linewidth - 6\tabcolsep) * \real{0.0697}}
  >{\centering\arraybackslash}p{(\linewidth - 6\tabcolsep) * \real{0.0697}}
  >{\centering\arraybackslash}p{(\linewidth - 6\tabcolsep) * \real{0.0697}}@{}}
\toprule\noalign{}
\endhead
\bottomrule\noalign{}
\endlastfoot
Y & 0 & 20 & 30 \\
P & 0.5 & 0.1 & 0.4 \\
\end{longtable}
}

(10分)

所以\emph{E}(\emph{Y})\emph{=}0\emph{×}0\emph{.}5\emph{+}20\emph{×}0\emph{.}1\emph{+}30\emph{×}0\emph{.}4\emph{=}14\emph{.}

因为\emph{E}(\emph{X})\emph{\textgreater E}(\emph{Y}), (12分)

所以张某应选择先猜A谜语\emph{.　} (13分)

\emph{　　}16\emph{.} (1)
\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147512812;FounderCES}]{media/image15.jpeg}要求\emph{f}(\emph{x})\emph{=A}sin(\emph{ωx+φ})\emph{+B}(\emph{A\textgreater{}}0,\emph{B\textgreater{}}0,\emph{\textbar φ\textbar\textless{}}π)的解析式,可先求周期得\emph{ω},再根据最值求\emph{A},\emph{B},最后代入最高点\emph{M},求出\emph{φ.}

由最低点(0,\emph{-}1)和最高点\emph{M}(1,3)可知\(\frac{T}{2}\)\emph{=}1,即\emph{T=}2,所以\emph{ω=}π\emph{.}
(2分)

因为\emph{A=}\(\frac{3\text{-(-}1\text{)}}{2}\)\emph{=}2,\emph{B=}\(\frac{3 + \text{(-}1\text{)}}{2}\)\emph{=}1,
(4分)

所以\emph{f}(\emph{x})\emph{=}2sin(π\emph{x+φ})\emph{+}1,将\emph{M}(1,3)代入上式,得2sin(π\emph{+φ})\emph{+}1\emph{=}3,即π\emph{+φ=}2\emph{k}π\emph{+}\(\frac{\pi}{2}\),\emph{k}∈Z,则\emph{φ=}2\emph{k}π\emph{-}\(\frac{\pi}{2}\),\emph{k}∈Z\emph{.}又\emph{\textbar φ\textbar\textless{}}π,所以\emph{φ=-}\(\frac{\pi}{2}\),
(6分)

所以\emph{f}(\emph{x})\emph{=}2sin\(\left( \pi x\text{-}\frac{\pi}{2} \right)\)\emph{+}1或\emph{f}(\emph{x})\emph{=-}2cos(π\emph{x})\emph{+}1\emph{.}
(7分)

\emph{　　}(2)
\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147512819;FounderCES}]{media/image5.jpeg}要求cos∠\emph{MPN},可以转化为\(\overrightarrow{PM}\)与\(\overrightarrow{PN}\)的夹角余弦值,需要求出\emph{P},\emph{M},\emph{N}三点坐标,再通过向量夹角公式求解\emph{.}

令\emph{f}(\emph{x})\emph{=-}2cos(π\emph{x})\emph{+}1\emph{=}0,可得\emph{x\textsubscript{P}=}\(\frac{1}{3}\),所以\emph{P}\(\left( \frac{1}{3}\text{,}0 \right)\)\emph{.}
(9分)

由最低点(0,\emph{-}1)和\emph{T=}2,得\emph{N}(2,\emph{-}1), (11分)

所以\(\overrightarrow{PM}\)\emph{=}\(\left( \frac{2}{3}\text{,}3 \right)\),\(\overrightarrow{PN}\)\emph{=}\(\left( \frac{5}{3}\text{,-}1 \right)\),

故cos∠\emph{MPN=}\(\frac{\overrightarrow{PM}\text{·}\overrightarrow{PN}}{\left| \overrightarrow{PM} \right|\left| \overrightarrow{PN} \right|}\)\emph{=}\(\frac{\frac{2}{3} \times \frac{5}{3}\text{-}3}{\frac{\sqrt{85}}{3} \times \frac{\sqrt{34}}{3}}\)\emph{=-}\(\frac{\sqrt{10}}{10}\)\emph{.}

故cos∠\emph{MPN}的值为\(\frac{\sqrt{10}}{10}\)\emph{.} (15分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147512826;FounderCES}]{media/image16.jpeg}
角的求解转化为向量夹角的计算\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147512833;FounderCES}]{media/image4.jpeg}
确定\emph{y=A}sin(\emph{ωx+φ})\emph{+b}(\emph{A\textgreater{}}0,\emph{ω\textgreater{}}0)的步骤和方法

(1)
求\emph{A},\emph{b.}若确定函数的最大值\emph{M}和最小值\emph{m},则\emph{A=}\(\frac{M\text{-}m}{2}\),\emph{b=}\(\frac{M + m}{2}\)\emph{.}

(2)
求\emph{ω.}若确定函数的最小正周期\emph{T},则\emph{ω=}\(\frac{2\pi}{T}\)\emph{.}

(3)
求\emph{φ.}常用方法:\emph{①}代入法,把图象上的一个已知点代入(此时要注意该点在上升区间上还是在下降区间上)或把图象的最高点或最低点代入\emph{.}

\emph{②}五点法,确定\emph{φ}值时,往往以寻找``五点法''中的特殊点作为突破口\emph{.}

17\emph{.} 解:(1)
设等差数列\{\emph{a\textsubscript{n}}\}的公差为\emph{d},由\(\left\{ \begin{matrix}
a_{7} = 4a_{2}\text{,} \\
S_{5} = 40\text{,}
\end{matrix} \right.\ \)得\(\left\{ \begin{matrix}
a_{1} + 6d = 4\text{(}a_{1} + d\text{),} \\
5a_{1} + 10d = 40\text{,}
\end{matrix} \right.\ \)(2分)

解得\(\left\{ \begin{matrix}
a_{1} = 2\text{,} \\
d = 3\text{,}
\end{matrix} \right.\ \)所以\emph{a\textsubscript{n}=a}\textsubscript{1}\emph{+}(\emph{n-}1)\emph{d=}2\emph{+}3(\emph{n-}1)\emph{=}3\emph{n-}1\emph{.}
(4分)

\emph{　　}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147512840;FounderCES}]{media/image15.jpeg}
形如\(\frac{b_{1}}{2}\)\emph{+}\(\frac{b_{2}}{2^{2}}\)\emph{+}\ldots{}\emph{+}\(\frac{b_{n}}{2^{n}}\)\emph{=}2\textsuperscript{\emph{n+}1}\emph{+n-}2(\emph{n}∈N\emph{\textsuperscript{*}}),求\{\emph{b\textsubscript{n}}\}的通项公式,往往运用错位相减法\emph{.}

当\emph{n}≥2时,由\(\frac{b_{1}}{2}\)\emph{+}\(\frac{b_{2}}{2^{2}}\)\emph{+}\ldots{}\emph{+}\(\frac{b_{n\text{-}1}}{2^{n\text{-}1}}\)\emph{+}\(\frac{b_{n}}{2^{n}}\)\emph{=}2\textsuperscript{\emph{n+}1}\emph{+n-}2\emph{　①},

得\(\frac{b_{1}}{2}\)\emph{+}\(\frac{b_{2}}{2^{2}}\)\emph{+}\ldots{}\emph{+}\(\frac{b_{n\text{-}1}}{2^{n\text{-}1}}\)\emph{=}2\emph{\textsuperscript{n}+n-}3\emph{　②},
(7分)

\emph{①-②},得\(\frac{b_{n}}{2^{n}}\)\emph{=}2\emph{\textsuperscript{n}+}1,所以\emph{b\textsubscript{n}=}4\emph{\textsuperscript{n}+}2\emph{\textsuperscript{n}}(\emph{n}≥2),

当\emph{n=}1时,\(\frac{b_{1}}{2}\)\emph{=}2\textsuperscript{2}\emph{+}1\emph{-}2\emph{=}3,可得\emph{b}\textsubscript{1}\emph{=}6,

也满足\emph{b\textsubscript{n}=}4\emph{\textsuperscript{n}+}2\emph{\textsuperscript{n}},\textsuperscript{【1】}

所以\emph{b\textsubscript{n}=}4\emph{\textsuperscript{n}+}2\emph{\textsuperscript{n}}(\emph{n}∈N\emph{\textsuperscript{*}})\emph{.}
(9分)

\emph{　　}(2)
\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147512847;FounderCES}]{media/image5.jpeg}为寻找数列\{\emph{a\textsubscript{n}}\},\{\emph{b\textsubscript{n}}\}的公共项,不妨设3\emph{n}\textsubscript{1}\emph{-}1\emph{=}\(4^{n_{2}}\)\emph{+}\(2^{n_{2}}\),可得\emph{n}\textsubscript{1}\emph{=}\(\frac{4^{n_{2}} + 2^{n_{2}} + 1}{3}\)∈N\emph{\textsuperscript{*}},故只需研究4\emph{\textsuperscript{n}}和2\emph{\textsuperscript{n}}被3除的余数问题,故可想到4\emph{\textsuperscript{n}=}(3\emph{+}1)\emph{\textsuperscript{n}}与2\emph{\textsuperscript{n}=}(3\emph{-}1)\emph{\textsuperscript{n}},再用二项式定理化简\{\emph{b\textsubscript{n}}\}的表达式\emph{.}

因为4\emph{\textsuperscript{n}=}(3\emph{+}1)\emph{\textsuperscript{n}=}\(C_{n}^{0}\)·3\emph{\textsuperscript{n}+}\(C_{n}^{1}\)·3\textsuperscript{\emph{n-}1}\emph{+}\ldots{}\emph{+}\(C_{n}^{n\text{-}1}\)·3\emph{+}\(C_{n}^{n}\),

2\emph{\textsuperscript{n}=}(3\emph{-}1)\emph{\textsuperscript{n}=}\(C_{n}^{0}\)·3\emph{\textsuperscript{n}+}\(C_{n}^{1}\)·3\textsuperscript{\emph{n-}1}·(\emph{-}1)\emph{+}\ldots{}\emph{+}\(C_{n}^{n\text{-}1}\)·3·(\emph{-}1)\textsuperscript{\emph{n-}1}\emph{+}\(C_{n}^{n}\)·(\emph{-}1)\emph{\textsuperscript{n}.}
(11分)

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147512854;FounderCES}]{media/image5.jpeg}
出现(\emph{-}1)\emph{\textsuperscript{n}}的形式,往往要分\emph{n}为奇数、偶数两种情况讨论,从而得到数列\{\emph{c\textsubscript{n}}\}的通项公式,再利用分组求和法即可求得\emph{T\textsubscript{n}.}

当\emph{n}为偶数时,\emph{b\textsubscript{n}=}4\emph{\textsuperscript{n}+}2\emph{\textsuperscript{n}=}2\(C_{n}^{0}\)·3\emph{\textsuperscript{n}+}2\(C_{n}^{2}\)·3\textsuperscript{\emph{n-}2}\emph{+}\ldots{}\emph{+}2\(C_{n}^{n\text{-}2}\)·3\textsuperscript{2}\emph{+}2\(C_{n}^{n}\),

此时\emph{b\textsubscript{n}}被3除余2,\emph{b\textsubscript{n}}为数列\{\emph{a\textsubscript{n}}\}中的项;

当\emph{n}为奇数时,\emph{b\textsubscript{n}=}4\emph{\textsuperscript{n}+}2\emph{\textsuperscript{n}=}2\(C_{n}^{0}\)·3\emph{\textsuperscript{n}+}2\(C_{n}^{2}\)·3\textsuperscript{\emph{n-}2}\emph{+}\ldots{}\emph{+}2\(C_{n}^{n\text{-}1}\)·3,

此时\emph{b\textsubscript{n}}被3整除,\emph{b\textsubscript{n}}不为数列\{\emph{a\textsubscript{n}}\}中的项,

所以\emph{c\textsubscript{n}=b}\textsubscript{2\emph{n}}\emph{=}16\emph{\textsuperscript{n}+}4\emph{\textsuperscript{n}},
(13分)

\emph{T\textsubscript{n}=}(16\emph{+}16\textsuperscript{2}\emph{+}\ldots{}\emph{+}16\emph{\textsuperscript{n}})\emph{+}(4\emph{+}4\textsuperscript{2}\emph{+}\ldots{}\emph{+}4\emph{\textsuperscript{n}})

\emph{=}\(\frac{16\text{(}1\text{-}16^{n}\text{)}}{1\text{-}16}\)\emph{+}\(\frac{4\text{(}1\text{-}4^{n}\text{)}}{1\text{-}4}\)\emph{=}\(\frac{16^{n + 1}}{15}\)\emph{+}\(\frac{4^{n + 1}}{3}\)\emph{-}\(\frac{12}{5}\)\emph{.}
(15分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147512861;FounderCES}]{media/image17.jpeg}
【1】 没有验证首项\emph{b}\textsubscript{1}扣1分\emph{.}

\emph{　　}18\emph{.} 解:(1)
\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147512868;FounderCES}]{media/image15.jpeg}由\emph{\textbar QE\textbar-\textbar QF\textbar=}2\(\sqrt{2}\),联想到双曲线的定义,即可得到轨迹方程\emph{.}

由题意知,\emph{\textbar QE\textbar-\textbar QF\textbar=}2\(\sqrt{2}\)\emph{\textless\textbar EF\textbar=}2\(\sqrt{3}\),\textsuperscript{【1】}

所以动点\emph{Q}的轨迹为双曲线的右支, (2分)

2\emph{a=}2\(\sqrt{2}\),2\emph{c=}2\(\sqrt{3}\),

即\emph{a=}\(\sqrt{2}\),\emph{c=}\(\sqrt{3}\),所以\emph{b=}\(\sqrt{c^{2}\text{-}a^{2}}\)\emph{=}1,

所以点\emph{Q}的轨迹曲线\emph{C}的方程为\(\frac{x^{2}}{2}\)\emph{-y}\textsuperscript{2}\emph{=}1(\emph{x\textgreater{}}0)\emph{.}\textsuperscript{【2】}
(4分)

\emph{　　}(2)
\emph{①}设直线\emph{AB}的方程为\emph{y=-x+m},\emph{A}(\emph{x}\textsubscript{1},\emph{y}\textsubscript{1}),\emph{B}(\emph{x}\textsubscript{2},\emph{y}\textsubscript{2}),直线\emph{AP}和\emph{BP}的斜率分别为\emph{k}\textsubscript{1},\emph{k}\textsubscript{2},

\includegraphics[width=0.88661in,height=1.15669in,alt={id:2147512875;FounderCES}]{media/image18.jpeg}

联立\(\left\{ \begin{matrix}
\frac{x^{2}}{2}\text{-}y^{2} = 1\text{,} \\
y = \text{-}x + m\text{,}
\end{matrix} \right.\ \)整理得\emph{x}\textsuperscript{2}\emph{-}4\emph{mx+}2\emph{m}\textsuperscript{2}\emph{+}2\emph{=}0,

由题意得\(\left\{ \begin{matrix}
16m^{2}\text{-}4\text{(}2m^{2} + 2\text{)} > 0\text{,} \\
2m > \sqrt{2}\text{,} \\
2\text{-}4\sqrt{2}m + 2m^{2} + 2 \geq 0\text{,}
\end{matrix} \right.\ \)解得\emph{m\textgreater{}}1,\textsuperscript{【3】}

所以\emph{x}\textsubscript{1}\emph{+x}\textsubscript{2}\emph{=}4\emph{m},\emph{x}\textsubscript{1}\emph{x}\textsubscript{2}\emph{=}2\emph{m}\textsuperscript{2}\emph{+}2,\textsuperscript{【4】}
(6分)

所以\emph{k}\textsubscript{1}\emph{+k}\textsubscript{2}\emph{=}\(\frac{y_{1}\text{-}1}{x_{1}\text{-}2}\)\emph{+}\(\frac{y_{2}\text{-}1}{x_{2}\text{-}2}\)

\emph{=}\(\frac{\text{(}x_{2}\text{-}2\text{)(}y_{1}\text{-}1\text{)} + \text{(}x_{1}\text{-}2\text{)(}y_{2}\text{-}1\text{)}}{\text{(}x_{1}\text{-}2\text{)(}x_{2}\text{-}2\text{)}}\)

\emph{=}\(\frac{\text{(}x_{2}\text{-}2\text{)(}m\text{-}1\text{-}x_{1}\text{)} + \text{(}x_{1}\text{-}2\text{)(}m\text{-}1\text{-}x_{2}\text{)}}{\text{(}x_{1}\text{-}2\text{)(}x_{2}\text{-}2\text{)}}\)

\emph{=}\(\frac{\text{(}m + 1\text{)(}x_{1} + x_{2}\text{)-}2x_{1}x_{2}\text{-}4\text{(}m\text{-}1\text{)}}{\text{(}x_{1}\text{-}2\text{)(}x_{2}\text{-}2\text{)}}\)

\emph{=}\(\frac{\text{(}m + 1\text{)·}4m\text{-}2\text{(}2m^{2} + 2\text{)-}4\text{(}m\text{-}1\text{)}}{\text{(}x_{1}\text{-}2\text{)(}x_{2}\text{-}2\text{)}}\)\emph{=}0,所以\emph{k}\textsubscript{1}\emph{+k}\textsubscript{2}\emph{=}0\emph{.}故直线\emph{AP},\emph{BP}的斜率3和为0\emph{.}
(9分)

\emph{　　②}解法1(几何法)\emph{　}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147512882;FounderCES}]{media/image15.jpeg}圆中弦的中垂线必经过圆心,联立法\emph{AP}和\emph{BP}的中垂线方程,即可得圆心的坐标\emph{.}

线段\emph{AP}的中垂线方程为\emph{y-}\(\frac{y_{1} + 1}{2}\)\emph{=-}\(\frac{x_{1}\text{-}2}{y_{1}\text{-}1}\left( x\text{-}\frac{x_{1} + 2}{2} \right)\),

线段\emph{BP}的中垂线方程为\emph{y-}\(\frac{y_{2} + 1}{2}\)\emph{=-}\(\frac{x_{2}\text{-}2}{y_{2}\text{-}1}\left( x\text{-}\frac{x_{2} + 2}{2} \right)\),
(11分)

联立两中垂线方程消去\emph{y},得\(\left( \frac{x_{1}\text{-}2}{y_{1}\text{-}1}\text{-}\frac{x_{2}\text{-}2}{y_{2}\text{-}1} \right)\)·\emph{x=}\(\frac{3}{2}\)(\emph{y}\textsubscript{1}\emph{-y}\textsubscript{2}),

即\(\frac{\text{(}x_{1}\text{-}2\text{)(}m\text{-}1\text{-}x_{2}\text{)-(}x_{2}\text{-}2\text{)(}m\text{-}1\text{-}x_{1}\text{)}}{\text{(}m\text{-}1\text{-}x_{1}\text{)(}m\text{-}1\text{-}x_{2}\text{)}}\)·\emph{x=-}\(\frac{3}{2}\)(\emph{x}\textsubscript{1}\emph{-x}\textsubscript{2}),所以(3\emph{-m})\emph{x=}\(\frac{3}{2}\){[}\emph{x}\textsubscript{1}\emph{x}\textsubscript{2}\emph{+}(\emph{m-}1)\textsuperscript{2}\emph{-}(\emph{m-}1)(\emph{x}\textsubscript{1}\emph{+x}\textsubscript{2}){]},则(3\emph{-m})\emph{x=}\(\frac{3}{2}\)(3\emph{-m})(\emph{m+}1),

当\emph{m=}3时,点\emph{P}在直线\emph{AB}上,不符合题意,故\emph{x=}\(\frac{3}{2}\)(\emph{m+}1)\emph{.}\textsuperscript{【5】}
(14分)

联立\(\left\{ \begin{matrix}
\text{(}y_{1}\text{-}1\text{)}y\text{-}\frac{3}{2}\text{(}y_{1}^{2}\text{-}1\text{)} = \text{(}2\text{-}x_{1}\text{)}x\text{,} \\
\text{(}y_{2}\text{-}1\text{)}y\text{-}\frac{3}{2}\text{(}y_{2}^{2}\text{-}1\text{)} = \text{(}2\text{-}x_{2}\text{)}x\text{,}
\end{matrix} \right.\ \)即

\[\left\{ \begin{matrix}
\frac{y_{1}\text{-}1}{2\text{-}x_{1}}y + \frac{3}{4}\text{(}x_{1} + 2\text{)} = x\text{,} \\
\frac{y_{2}\text{-}1}{2\text{-}x_{2}}y + \frac{3}{4}\text{(}x_{2} + 2\text{)} = x\text{,}
\end{matrix} \right.\ \]

消去\emph{x},得\(\left( \frac{y_{1}\text{-}1}{2\text{-}x_{1}}\text{-}\frac{y_{2}\text{-}1}{2\text{-}x_{2}} \right)\)\emph{y=}\(\frac{3}{4}\)(\emph{x}\textsubscript{2}\emph{-x}\textsubscript{1}),即

\(\frac{3}{4}\)(\emph{x}\textsubscript{2}\emph{-x}\textsubscript{1}){[}\emph{x}\textsubscript{1}\emph{x}\textsubscript{2}\emph{+}4\emph{-}2(\emph{x}\textsubscript{1}\emph{+x}\textsubscript{2}){]}\emph{=}{[}(\emph{m-}1\emph{-x}\textsubscript{1})(2\emph{-x}\textsubscript{2})\emph{-}(\emph{m-}1\emph{-x}\textsubscript{2})(2\emph{-x}\textsubscript{1}){]}\emph{y},得\(\frac{3}{4}\)(\emph{x}\textsubscript{2}\emph{-x}\textsubscript{1}){[}4\emph{+}2\emph{m}\textsuperscript{2}\emph{+}2\emph{-}8\emph{m}{]}\emph{=}(3\emph{-m})(\emph{x}\textsubscript{2}\emph{-x}\textsubscript{1})\emph{y.}又\emph{x}\textsubscript{1}≠\emph{x}\textsubscript{2},所以\(\frac{3}{2}\)(\emph{m-}3)(\emph{m-}1)\emph{=}(3\emph{-m})\emph{y.}

又\emph{m}≠3,所以\emph{y=}\(\frac{3}{2}\)(1\emph{-m}),故△\emph{PAB}外接圆圆心\emph{M}的坐标为\(\left( \frac{3}{2}\text{(}m + 1\text{),}\frac{3}{2}\text{(}1\text{-}m\text{)} \right)\)\emph{.}
(16分)

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147512889;FounderCES}]{media/image5.jpeg}
运用消参法,可得圆心\emph{M}在定直线上\emph{.}

令\(\left\{ \begin{matrix}
x = \frac{3}{2}\text{(}m + 1\text{),} \\
y = \frac{3}{2}\text{(}1\text{-}m\text{),}
\end{matrix} \right.\ \)消去\emph{m},得\emph{x+y-}3\emph{=}0,

故点\emph{M}必在直线\emph{x+y-}3\emph{=}0上\emph{.} (17分)

\emph{　　}解法2(待定系数法)\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147512896;FounderCES}]{media/image5.jpeg}
要求△\emph{PAB}的外接圆的方程,考虑设出一般方程\emph{x}\textsuperscript{2}\emph{+y}\textsuperscript{2}\emph{+Dx+Ey+F=}0,根据圆方程经过点\emph{P},以及依次联立直线\emph{AB}与圆和椭圆方程,根据方程的同解性,求得\emph{D},\emph{E},即可得圆心\emph{M}的坐标\emph{.}

设△\emph{PAB}外接圆的方程为\emph{x}\textsuperscript{2}\emph{+y}\textsuperscript{2}\emph{+Dx+Ey+F=}0,

将\emph{P}(2,1)代入,得5\emph{+}2\emph{D+E+F=}0,则\emph{F=-}2\emph{D-E-}5\emph{.}
(11分)

联立\(\left\{ \begin{matrix}
x^{2} + y^{2} + Dx + Ey + F = 0\text{,} \\
y = \text{-}x + m\text{,}
\end{matrix} \right.\ \)消去\emph{y},得\emph{x}\textsuperscript{2}\emph{+x}\textsuperscript{2}\emph{-}2\emph{mx+m}\textsuperscript{2}\emph{+Dx+E}(\emph{-x+m})\emph{-}2\emph{D-E-}5\emph{=}0,即2\emph{x}\textsuperscript{2}\emph{+}(\emph{D-E-}2\emph{m})\emph{x+m}\textsuperscript{2}\emph{+Em-}2\emph{D-E-}5\emph{=}0\emph{　}(\emph{*})\emph{.}

联立\(\left\{ \begin{matrix}
\frac{x^{2}}{2}\text{-}y^{2} = 1\text{,} \\
y = \text{-}x + m\text{,}
\end{matrix} \right.\ \)整理得\emph{x}\textsuperscript{2}\emph{-}4\emph{mx+}2\emph{m}\textsuperscript{2}\emph{+}2\emph{=}0,

则该方程与(\emph{*})式为同一方程, (13分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147512903;FounderCES}]{media/image16.jpeg}
直接通过方程同解,系数相等,得到\emph{D},\emph{E}的值\emph{.}

所以\(\left\{ \begin{matrix}
D\text{-}E\text{-}2m = \text{-}8m\text{,} \\
m^{2} + Em\text{-}2D\text{-}E\text{-}5 = 4m^{2} + 4\text{,}
\end{matrix} \right.\ \)则\(\left\{ \begin{matrix}
D = \text{-}3m\text{-}3\text{,} \\
E = 3m\text{-}3\text{,}
\end{matrix} \right.\ \)

故△\emph{PAB}外接圆的圆心\emph{M}\(\left( \frac{3}{2}\text{(}m + 1\text{),}\frac{3}{2}\left( 1\text{-}m \right) \right)\)\emph{.}
(16分)

令\(\left\{ \begin{matrix}
x = \frac{3}{2}\text{(}m + 1\text{),} \\
y = \frac{3}{2}\text{(}1\text{-}m\text{),}
\end{matrix} \right.\ \)消去\emph{m},得\emph{x+y-}3\emph{=}0,故点\emph{M}必在直线\emph{x+y-}3\emph{=}0上\emph{.}
(17分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147512910;FounderCES}]{media/image17.jpeg}
【1】
需要写出2\(\sqrt{2}\)\emph{\textless\textbar EF\textbar=}2\(\sqrt{3}\),不写扣1分\emph{.}

【2】 要标出\emph{x\textgreater{}}0,缺少扣1分\emph{.}

【3】 需要求出\emph{m}的取值范围,缺少扣1分\emph{.}

【5】 需验证\emph{m=}3的情形,缺少扣1分\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147512917;FounderCES}]{media/image19.jpeg}
【4】
这里设出直线方程与双曲线联立,运用根与系数的关系,得到\emph{x}\textsubscript{1}\emph{+x}\textsubscript{2},\emph{x}\textsubscript{1}\emph{x}\textsubscript{2},即可得到第(2)题第\emph{①}问的两分\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147512924;FounderCES}]{media/image4.jpeg}
第(2)\emph{②}问,求△\emph{PAB}外接圆圆心\emph{M}的坐标,属于考查难点,对学生计算能力要求较高,特别是解法1,思路很清晰,但计算量较大,变量较多,需要合理消元化简;解法2采用了待定系数法,运用了方程的思想,解法新颖、简洁,但又不偏不怪,属于圆方程常见求解方法\emph{.}相比较而言,解法2无疑更为省时省力,技高一筹\emph{.}

\emph{　　}19\emph{.} 解:(1)
\emph{①}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147512931;FounderCES}]{media/image5.jpeg}
要求\emph{OM}的长,无法坐标化,可以运用基底法,先用\(\overrightarrow{OA}\),\(\overrightarrow{OB}\),\(\overrightarrow{OC}\)表示,再平方取模\emph{.}

因为\(\overrightarrow{OM}\)\emph{=}\(\frac{1}{2}\overrightarrow{ON}\)\emph{+}\(\frac{1}{2}\overrightarrow{OA}\)\emph{=}\(\frac{1}{2}\left( \frac{2}{3}\overrightarrow{OB} + \frac{1}{3}\overrightarrow{OC} \right)\)\emph{+}\(\frac{1}{2}\overrightarrow{OA}\)\emph{=}\(\frac{1}{2}\overrightarrow{OA}\)\emph{+}\(\frac{1}{3}\overrightarrow{OB}\)\emph{+}\(\frac{1}{6}\overrightarrow{OC}\),
(1分)

所以\({\text{|}\overrightarrow{OM}\text{|}}^{2}\)\emph{=}\(\frac{1}{4}{\overrightarrow{OA}}^{2}\)\emph{+}\(\frac{1}{9}{\overrightarrow{OB}}^{2}\)\emph{+}\(\frac{1}{36}{\overrightarrow{OC}}^{2}\)\emph{+}\(\frac{1}{3}\overrightarrow{OA}\)·\(\overrightarrow{OB}\)\emph{+}\(\frac{1}{6}\overrightarrow{OA}\)·\(\overrightarrow{OC}\)\emph{+}\(\frac{1}{9}\overrightarrow{OB}\)·\(\overrightarrow{OC}\)\emph{=}\(\frac{1}{4}\)\emph{×}4\emph{+}\(\frac{1}{9}\)\emph{×}9\emph{+}\(\frac{1}{36}\)\emph{×}16\emph{+}\(\frac{1}{3}\)\emph{×}6cos\(\frac{\pi}{3}\)\emph{+}\(\frac{1}{6}\)\emph{×}8cos\(\frac{\pi}{3}\)\emph{+}\(\frac{1}{9}\)\emph{×}12cos\(\frac{\pi}{3}\)\emph{=}1\emph{+}1\emph{+}\(\frac{4}{9}\)\emph{+}1\emph{+}\(\frac{2}{3}\)\emph{+}\(\frac{2}{3}\)\emph{=}\(\frac{43}{9}\),所以\emph{\textbar{}}\(\overrightarrow{OM}\)\emph{\textbar=}\(\frac{\sqrt{43}}{3}\)\emph{.}
(3分)

\emph{　　②}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147512938;FounderCES}]{media/image5.jpeg}
由于\emph{M},\emph{Q},\emph{R},\emph{P}四点共面,因此设\emph{OP=x},\emph{OQ=y},\emph{OR=z},通过空间向量共面定理得到系数和为1,从而构建\emph{x},\emph{y},\emph{z}之间的关系,而已知∠\emph{AOB=}∠\emph{BOC=}∠\emph{AOC=}\(\frac{\pi}{3}\),则四面体\emph{O}-\emph{PQR}的体积可以用\emph{x},\emph{y},\emph{z}来表示,然后运用三元均值不等式求得体积的最小值\emph{.}

假设存在一点\emph{T},使得\emph{d}(\emph{T})\emph{\textless d}(\emph{M})\emph{.}

设\emph{OP=x},\emph{OQ=y},\emph{OR=z},则\(\overrightarrow{OA}\)\emph{=}\(\frac{2}{x}\overrightarrow{OP}\),\(\overrightarrow{OB}\)\emph{=}\(\frac{3}{y}\overrightarrow{OQ}\),\(\overrightarrow{OC}\)\emph{=}\(\frac{4}{z}\overrightarrow{OR}\)\emph{.}

又由\emph{①}知,\(\overrightarrow{OM}\)\emph{=}\(\frac{1}{2}\overrightarrow{OA}\)\emph{+}\(\frac{1}{3}\overrightarrow{OB}\)\emph{+}\(\frac{1}{6}\overrightarrow{OC}\),

所以\(\overrightarrow{OM}\)\emph{=}\(\frac{1}{x}\overrightarrow{OP}\)\emph{+}\(\frac{1}{y}\overrightarrow{OQ}\)\emph{+}\(\frac{2}{3z}\overrightarrow{OR}\),由共面定理,得\(\frac{1}{x}\)\emph{+}\(\frac{1}{y}\)\emph{+}\(\frac{2}{3z}\)\emph{=}1\emph{.}\textsuperscript{【1】}
(5分)

记棱长为1的正四面体的体积为\emph{V}\textsubscript{0},所以\(V_{OPQR}\)\emph{=xyzV}\textsubscript{0},

由均值不等式得1\emph{=}\(\frac{1}{x}\)\emph{+}\(\frac{1}{y}\)\emph{+}\(\frac{2}{3z}\)≥3\(\sqrt[3]{\frac{2}{3xyz}}\),当且仅当\(\frac{1}{x}\)\emph{=}\(\frac{1}{y}\)\emph{=}\(\frac{2}{3z}\)\emph{=}\(\frac{1}{3}\),即\emph{x=y=}3,\emph{z=}2时,等号成立,即\(V_{OPQR}\)取得最小值,\textsuperscript{【2】}

此时\(\overrightarrow{OM}\)\emph{=}\(\frac{1}{3}\overrightarrow{OP}\)\emph{+}\(\frac{1}{3}\overrightarrow{OQ}\)\emph{+}\(\frac{1}{3}\overrightarrow{OR}\),即\(\overrightarrow{MP}\)\emph{+}\(\overrightarrow{MQ}\)\emph{+}\(\overrightarrow{MR}\)\emph{=}0,故点\emph{M}是△\emph{PQR}的重心\emph{.}
(7分)

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147512945;FounderCES}]{media/image5.jpeg}
由于\emph{d}(\emph{T})\emph{=TP}\textsuperscript{2}\emph{+TQ}\textsuperscript{2}\emph{+TR}\textsuperscript{2},\emph{d}(\emph{M})\emph{=MP}\textsuperscript{2}\emph{+MQ}\textsuperscript{2}\emph{+MR}\textsuperscript{2},可以考虑转化为\(\overrightarrow{TP}\)\emph{=}\(\overrightarrow{TM}\)\emph{+}\(\overrightarrow{MP}\),\(\overrightarrow{TQ}\)\emph{=}\(\overrightarrow{TM}\)\emph{+}\(\overrightarrow{MQ}\),\(\overrightarrow{TR}\)\emph{=}\(\overrightarrow{TM}\)\emph{+}\(\overrightarrow{MR}\),再平方转化为模长\emph{.}

对空间中任意点\emph{T},\(\overrightarrow{TP}\)\emph{=}\(\overrightarrow{TM}\)\emph{+}\(\overrightarrow{MP}\),则\({\overrightarrow{TP}}^{2}\)\emph{=}\({\text{(}\overrightarrow{TM} + \overrightarrow{MP}\text{)}}^{2}\)\emph{=}\({\overrightarrow{TM}}^{2}\)\emph{+}2\(\overrightarrow{TM}\)·\(\overrightarrow{MP}\)\emph{+}\(\overrightarrow{MP^{2}}\),同理,可得\({\overrightarrow{TQ}}^{2}\)\emph{=}\({\overrightarrow{TM}}^{2}\)\emph{+}2\(\overrightarrow{TM}\)·\(\overrightarrow{MQ}\)\emph{+}\({\overrightarrow{MQ}}^{2}\),\({\overrightarrow{TR}}^{2}\)\emph{=}\({\overrightarrow{TM}}^{2}\)\emph{+}2\(\overrightarrow{TM}\)·\(\overrightarrow{MR}\)\emph{+}\({\overrightarrow{MR}}^{2}\),所以\emph{d}(\emph{T})\emph{=}\({\overrightarrow{TP}}^{2}\)\emph{+}\({\overrightarrow{TQ}}^{2}\)\emph{+}\({\overrightarrow{TR}}^{2}\)\emph{=}3\({\overrightarrow{TM}}^{2}\)\emph{+}2\(\overrightarrow{TM}\)·\(\left( \overrightarrow{MP} + \overrightarrow{MQ} + \overrightarrow{MR} \right)\)\emph{+}\({\overrightarrow{MP}}^{2}\)\emph{+}\({\overrightarrow{MQ}}^{2}\)\emph{+}\({\overrightarrow{MR}}^{2}\)\emph{=}3\({\overrightarrow{TM}}^{2}\)\emph{+d}(\emph{M})≥\emph{d}(\emph{M}),

故空间中不存在一点\emph{T},使得\emph{d}(\emph{T})\emph{\textless d}(\emph{M})\emph{.}
(9分)

\emph{　　}(2)
\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147512952;FounderCES}]{media/image5.jpeg}求四面体\emph{OPQR}内切球的半径\emph{r},往往运用等体积法,因此可以用\emph{x},\emph{y},\emph{z}表示出\emph{r},再考虑求其最大值\emph{.}

由题意得\emph{r=}\(\frac{3V}{S_{\text{表}}}\),\emph{V=}\(\frac{1}{6}\)\emph{xyz},\emph{S}\textsubscript{表}\emph{=}\(\frac{1}{2}(xy + yz + zx)\)\emph{+S}\textsubscript{△\emph{PQR}}\emph{.}

在Rt△\emph{POQ}中,由勾股定理,得\emph{PQ=}\(\sqrt{x^{2} + y^{2}}\),

同理,可得\emph{PR=}\(\sqrt{x^{2} + z^{2}}\),\emph{QR=}\(\sqrt{y^{2} + z^{2}}\),

由余弦定理,得cos∠\emph{QPR=}\(\frac{x^{2}}{\sqrt{x^{2} + y^{2}}\text{·}\sqrt{x^{2} + z^{2}}}\),

所以sin∠\emph{QPR=}\(\frac{\sqrt{x^{2}y^{2} + x^{2}z^{2} + y^{2}z^{2}}}{\sqrt{x^{2} + y^{2}}\text{·}\sqrt{x^{2} + z^{2}}}\),

所以\emph{S}\textsubscript{△\emph{PQR}}\emph{=}\(\frac{1}{2}\sqrt{x^{2}y^{2} + x^{2}z^{2} + y^{2}z^{2}}\),

所以\emph{r=}\(\frac{xyz}{xy + yz + zx + \sqrt{x^{2}y^{2} + x^{2}y^{2} + y^{2}z^{2}}}\),

所以\emph{r=}\(\frac{1}{\frac{1}{x} + \frac{1}{y} + \frac{1}{z} + \sqrt{\frac{1}{x^{2}} + \frac{1}{y^{2}} + \frac{1}{z^{2}}}}\),\textsuperscript{【3】}
(11分)

\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147512959;FounderCES}]{media/image15.jpeg}变量较多,考虑减元法,可以运用代入消元、放缩消元等方法,转化为单元\emph{z}的函数\emph{.}

由\emph{②}知\(\frac{1}{x}\)\emph{+}\(\frac{1}{y}\)\emph{=}1\emph{-}\(\frac{2}{3z}\),而\(\frac{1}{x^{2}}\)\emph{+}\(\frac{1}{y^{2}}\)≥\(\frac{1}{2}\left( \frac{1}{x} + \frac{1}{y} \right)^{2}\)\emph{=}\(\frac{1}{2}\left( 1\text{-}\frac{2}{3z} \right)^{2}\),所以\emph{r}≤\(\frac{1}{1 + \frac{1}{3z} + \sqrt{\frac{1}{2}\left( 1\text{-}\frac{2}{3z} \right)^{2} + \frac{1}{z^{2}}}}\),

设\emph{t=}\(\frac{1}{3z}\),则\emph{t}∈\(\left( 0\text{,}\frac{1}{2} \right)\)\emph{.}

所以\emph{r}≤\(\frac{1}{1 + t + \sqrt{11t^{2}\text{-}2t + \frac{1}{2}}}\)\emph{.}

(14分)

设\emph{f}(\emph{t})\emph{=}1\emph{+t+}\(\sqrt{11t^{2}\text{-}2t + \frac{1}{2}}\),则\emph{f\textquotesingle{}}(\emph{t})\emph{=}1\emph{+}\(\frac{11t\text{-}1}{\sqrt{11t^{2}\text{-}2t + \frac{1}{2}}}\),当\(\frac{1}{11}\)≤\emph{t\textless{}}\(\frac{1}{2}\)时,\emph{f\textquotesingle{}}(\emph{t})\emph{=}1\emph{+}\(\frac{11t\text{-}1}{\sqrt{11t^{2}\text{-}2t + \frac{1}{2}}}\)\emph{\textgreater{}}0,\emph{f}(\emph{t})单调递增;当0\emph{\textless t\textless{}}\(\frac{1}{11}\)时,令\emph{f\textquotesingle{}}(\emph{t})\emph{=}1\emph{+}\(\frac{11t\text{-}1}{\sqrt{11t^{2}\text{-}2t + \frac{1}{2}}}\)\emph{=}0,即1\emph{-}11\emph{t=}\(\sqrt{11t^{2}\text{-}2t + \frac{1}{2}}\),解得\emph{t}\textsubscript{0}\emph{=}\(\frac{10\text{-}3\sqrt{5}}{110}\)\emph{.}

当0\emph{\textless t\textless t}\textsubscript{0}时,\emph{f\textquotesingle{}}(\emph{t})\emph{\textless{}}0,\emph{f}(\emph{t})单调递减,当\emph{t}\textsubscript{0}\emph{\textless t\textless{}}\(\frac{1}{11}\)时,\emph{f\textquotesingle{}}(\emph{t})\emph{\textgreater{}}0,\emph{f}(\emph{t})单调递增,\textsuperscript{【4】}

所以\emph{f}(\emph{t})\textsubscript{min}\emph{=f}(\emph{t}\textsubscript{0})\emph{=}1\emph{+t+}1\emph{-}11\emph{t=}2\emph{-}10\emph{t=}\(\frac{12 + 3\sqrt{5}}{11}\),所以\emph{r}≤\(\frac{4\text{-}\sqrt{5}}{3}\)(当\emph{t=t}\textsubscript{0}时取等),所以\emph{r}的最大值为\(\frac{4\text{-}\sqrt{5}}{3}\)\emph{.}
(17分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147512966;FounderCES}]{media/image17.jpeg}
【2】 运用不等式求最值,需要写出取等条件,缺少扣1分\emph{.}

【4】 运用导数法求函数的最值,需要说明函数的单调性,缺少扣2分\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147512973;FounderCES}]{media/image19.jpeg}
【1】 这里根据向量共面,得到系数和为1,可以得到2分\emph{.}

【3】
这里用\emph{x},\emph{y},\emph{z}表示内切球的半径\emph{r},可以得到2分\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147512980;FounderCES}]{media/image4.jpeg}
本题考查空间向量研究立体几何和导数法求最值,但一反常态,无法坐标化,以基底法和函数法作为解题的主线,融合了空间向量、共面定理、均值不等式、内切球公式、函数最值等多个模块,综合能力较强,特别是第二问,将几何量转化为代数表达式再用导数求最值的过程,体现了优化减元思想的应用,需要较强的数学建模能力以及代数变形能力\emph{.}
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