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答案速查(标黑的有两种及以上解法)
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12. \(\frac{\sqrt{2}}{2}\)　13.
\(\frac{x^{2}}{3 + 2\sqrt{2}}\)+\(\frac{y^{2}}{2 + 2\sqrt{2}}\)=1　14\emph{.}
4\emph{-}ln 5

1\emph{.}
C\emph{　}因为\emph{A}∩\emph{B=A},所以\emph{A}⊆\emph{B.}又集合\emph{A=}\{1,2,3\},\emph{B=}\{\emph{x\textbar x\textless a}\},可得\emph{a\textgreater{}}3,所以实数\emph{a}的取值范围是(3,\emph{+∞})\emph{.}

2\emph{.}
A\emph{　}因为\emph{a=}2\textsuperscript{0\emph{.}3}\emph{\textgreater{}}2\textsuperscript{0}\emph{=}1,0\emph{\textless b=}0\emph{.}3\textsuperscript{2}\emph{\textless{}}0\emph{.}3\textsuperscript{0}\emph{=}1,\emph{c=}log\textsubscript{0\emph{.}3}2\emph{\textless{}}log\textsubscript{0\emph{.}3}1\emph{=}0,所以\emph{a\textgreater b\textgreater c.}
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若不能直接用函数的单调性比较大小,则可以借助中间媒介来比较大小,中间媒介经常选择0和1,即先看各个值所在的范围\emph{.}

3\emph{.}
C\emph{　}充分性,因为\emph{xy}≠0,\emph{x=}2\emph{y},所以\(\frac{x}{y}\)\emph{+}\(\frac{4y}{x}\)\emph{=}\(\frac{2y}{y}\)\emph{+}\(\frac{4y}{2y}\)\emph{=}4,所以\emph{xy}≠0,\emph{x=}2\emph{y}⇒\(\frac{x}{y}\)\emph{+}\(\frac{4y}{x}\)\emph{=}4\emph{.}必要性,由\(\frac{x}{y}\)\emph{+}\(\frac{4y}{x}\)\emph{=}4,通分整理得,\(\frac{x^{2} + 4y^{2}\text{-}4xy}{xy}\)\emph{=}0,所以\emph{x}\textsuperscript{2}\emph{+}4\emph{y}\textsuperscript{2}\emph{-}4\emph{xy=}0,即(\emph{x-}2\emph{y})\textsuperscript{2}\emph{=}0,亦即\emph{x=}2\emph{y},所以\emph{xy}≠0,\(\frac{x}{y}\)\emph{+}\(\frac{4y}{x}\)\emph{=}4⇒\emph{x=}2\emph{y.}所以\emph{xy}≠0时,\emph{x=}2\emph{y}⇔\(\frac{x}{y}\)\emph{+}\(\frac{4y}{x}\)\emph{=}4,即``\emph{x=}2\emph{y}''是``\(\frac{x}{y}\)\emph{+}\(\frac{4y}{x}\)\emph{=}4''的充要条件\emph{.}

4\emph{.}
D\emph{　}记已知圆为\emph{C},由圆\emph{C}的方程\emph{x}\textsuperscript{2}\emph{+y}\textsuperscript{2}\emph{-}2\emph{x+m=}0,配方得(\emph{x-}1)\textsuperscript{2}\emph{+y}\textsuperscript{2}\emph{=}1\emph{-m},所以圆心为\emph{C}(1,0),半径\emph{r=}\(\sqrt{1\text{-}m}\),则1\emph{-m\textgreater{}}0,即\emph{m\textless{}}1\emph{.}

解法1(几何法)\emph{　}圆心\emph{C}(1,0)到直线\emph{y=kx+}1的距离\emph{d=}\(\frac{\text{|}k + 1\text{|}}{\sqrt{k^{2} + 1}}\),依题意\emph{d\textless r},对任意\emph{k}∈R恒成立\emph{.}由\(\frac{\text{|}k + 1\text{|}}{\sqrt{k^{2} + 1}}\)\emph{\textless{}}\(\sqrt{1\text{-}m}\),得\emph{mk}\textsuperscript{2}\emph{+}2\emph{k+m\textless{}}0,对任意\emph{k}∈R恒成立,所以\emph{m\textless{}}0且\emph{Δ=}4\emph{-}4\emph{m}\textsuperscript{2}\emph{\textless{}}0,解得\emph{m\textless-}1,它满足\emph{m\textless{}}1\emph{.}

解法2(定点法)\emph{　}记直线\emph{l}:\emph{y=kx+}1,则直线\emph{l}恒过定点\emph{A}(0,1)\emph{.}当点\emph{A}(0,1)在已知圆外时,总存在\emph{k}∈R,使得直线\emph{l}与圆\emph{C}没有公共点,不合题意;当点\emph{A}(0,1)在已知圆上时,代入圆的方程得\emph{m=-}1,此时圆的半径为\(\sqrt{2}\),圆心\emph{C}与\emph{y}轴的距离为1,所以圆与\emph{y}轴不相切,所以一定存在\emph{k}∈R,使得直线\emph{l}与圆\emph{C}相切,即只有一个公共点,不合题意;当点\emph{A}(0,1)在圆\emph{C}内部时,对于任意\emph{k}∈R,直线\emph{l}与圆\emph{C}都相交,即有2个公共点,符合题意,\emph{A}(0,1)在圆\emph{C}内部时,0\textsuperscript{2}\emph{+}1\textsuperscript{2}\emph{-}2\emph{×}0\emph{+m\textless{}}0,解得\emph{m\textless-}1,它满足\emph{m\textless{}}1\emph{.}综上,实数\emph{m}的取值范围是(\emph{-∞},\emph{-}1)\emph{.}
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解法1将``直线与圆总有2个公共点''转化为``圆心到直线的距离\emph{\textless{}}圆的半径''恒成立\emph{.}这是直线与圆位置关系的通法,适用于直线方程明确、圆心坐标易求的情形,优点是思路直接,但需要处理含参不等式恒成立问题\emph{.}解法2发现直线恒过定点(0,1),将问题转化为``定点在圆内''恒成立,这是一种巧解,利用了直线系的特点,计算量小,但对观察能力要求较高\emph{.}

5\emph{.}
B\emph{　}因为函数\emph{f}(\emph{x})为偶函数,且\emph{f}(\emph{x})在{[}0,\emph{+∞})上单调递增,由对称性可知\emph{f}(\emph{x})在(\emph{-∞},0{]}上单调递减,所以不等式\emph{f}(\emph{x-}2)\emph{\textless f}(2\emph{x})可转化为\emph{\textbar x-}2\emph{\textbar\textless\textbar{}}2\emph{x\textbar{}},平方整理得3\emph{x}\textsuperscript{2}\emph{+}4\emph{x-}4\emph{\textgreater{}}0,解得\emph{x\textgreater{}}\(\frac{2}{3}\)或\emph{x\textless-}2,所以满足\emph{f}(\emph{x-}2)\emph{\textless f}(2\emph{x})的\emph{x}的取值范围是(\emph{-∞},\emph{-}2)∪\(\left( \frac{2}{3}\text{,} + \text{∞} \right)\)\emph{.}
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本题在得到\emph{f}(\emph{x-}2)\emph{\textless f}(2\emph{x})或\emph{\textbar x-}2\emph{\textbar\textless\textbar{}}2\emph{x\textbar{}}后,若想不到平方转化,则会陷入烦琐的讨论中甚至计算错误\emph{.}

6\emph{.}
A\emph{　}由题知\emph{f}(\emph{x})\emph{=}2sin\(\left\lbrack 2\left( x + \frac{\pi}{4} \right)\text{-}\frac{\pi}{6} \right\rbrack\)\emph{=}2sin\includegraphics[width=0.1in,height=0.29331in]{media/image5.jpeg}2\emph{x+}\(\frac{\pi}{3}\)\includegraphics[width=0.1in,height=0.29331in]{media/image6.jpeg}\emph{.}

解法1(复合函数法)\emph{　}令2\emph{k}π\emph{-}\(\frac{\pi}{2}\)≤2\emph{x+}\(\frac{\pi}{3}\)≤2\emph{k}π\emph{+}\(\frac{\pi}{2}\),\emph{k}∈Z,即\emph{k}π\emph{-}\(\frac{5\pi}{12}\)≤\emph{x}≤\emph{k}π\emph{+}\(\frac{\pi}{12}\),\emph{k}∈Z,即函数\emph{f}(\emph{x})的单调递增区间为\(\left\lbrack k\pi\text{-}\frac{5\pi}{12}\text{,}k\pi + \frac{\pi}{12} \right\rbrack\),\emph{k}∈Z\emph{.}当\emph{k=}0时,\emph{f}(\emph{x})的单调递增区间为\(\left\lbrack \text{-}\frac{5\pi}{12}\text{,}\frac{\pi}{12} \right\rbrack\),故A正确;对于B,当\emph{x}∈\(\left\lbrack \text{-}\frac{5\pi}{6}\text{,}\frac{\pi}{6} \right\rbrack\)时,2\emph{x+}\(\frac{\pi}{3}\)∈\includegraphics[width=0.1in,height=0.29331in]{media/image7.jpeg}\emph{-}\(\frac{4\pi}{3}\),\(\frac{2\pi}{3}\)\includegraphics[width=0.1in,height=0.29331in]{media/image8.jpeg},由于\emph{y=}sin
\emph{x}在\(\left\lbrack \text{-}\frac{4\pi}{3}\text{,}\frac{2\pi}{3} \right\rbrack\)上不单调,故\(\left\lbrack \text{-}\frac{5\pi}{6}\text{,}\frac{\pi}{6} \right\rbrack\)不是\emph{f}(\emph{x})的单调递增区间,故B错误;对于C,当\emph{x}∈\(\left\lbrack \text{-}\frac{7\pi}{24}\text{,}\frac{5\pi}{24} \right\rbrack\)时,2\emph{x+}\(\frac{\pi}{3}\)∈\(\left\lbrack \text{-}\frac{\pi}{4}\text{,}\frac{3\pi}{4} \right\rbrack\),由于\emph{y=}sin
\emph{x}在\includegraphics[width=0.1in,height=0.29331in]{media/image7.jpeg}\emph{-}\(\frac{\pi}{4}\),\(\frac{3\pi}{4}\)\includegraphics[width=0.1in,height=0.29331in]{media/image8.jpeg}上不单调,故\(\left\lbrack \text{-}\frac{7\pi}{24}\text{,}\frac{5\pi}{24} \right\rbrack\)不是\emph{f}(\emph{x})的单调递增区间,故C错误;对于D,当\emph{x}∈\(\left\lbrack \frac{\pi}{12}\text{,}\frac{7\pi}{12} \right\rbrack\)时,2\emph{x+}\(\frac{\pi}{3}\)∈\(\left\lbrack \frac{\pi}{2}\text{,}\frac{3\pi}{2} \right\rbrack\),由于\emph{y=}sin
\emph{x}在\(\left\lbrack \frac{\pi}{2}\text{,}\frac{3\pi}{2} \right\rbrack\)上单调递减,故\(\left\lbrack \frac{\pi}{12}\text{,}\frac{7\pi}{12} \right\rbrack\)是\emph{f}(\emph{x})的一个单调递减区间,故D错误\emph{.}

解法2(逐项检验法)\emph{　}由函数\emph{f}(\emph{x})\emph{=A}sin(\emph{ωx+φ})的图象与性质知,其单调递增区间必是左端点取得最小值,右端点取得最大值,而\emph{f}\(\left( \text{-}\frac{5\pi}{12} \right)\)\emph{=}2sin\(\left( \text{-}\frac{\pi}{2} \right)\)\emph{=-}2,\emph{f}\(\left( \frac{\pi}{12} \right)\)\emph{=}2sin\(\frac{\pi}{2}\)\emph{=}2,所以A正确,其余逐项检验均错误\emph{.}

解法3(图象法)\emph{　}作出\emph{f}(\emph{x})\emph{=}2sin\(\left( 2x + \frac{\pi}{3} \right)\)的图象如下,易知A正确\emph{.}
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在得到\emph{f}(\emph{x})\emph{=}2sin\(\left( 2x + \frac{\pi}{3} \right)\)后,对此函数图象和性质掌握较好的同学画出其图象判断不失为一种好方法\emph{.}另外作为选择题,判断A正确,解题即可结束\emph{.}

7\emph{.}
B\emph{　}解法1(直接法)\emph{　}因为密码是6位数,由1,2,4,6这4个数字组成,且每个数字至少出现1次,所以其中必有数字被重复使用\emph{.}一种可能是1,2,4,6这4个数字中有1个数字被重复使用了3次,确定4个数字中有1个数字被重复使用有\(C_{4}^{1}\)种,6个不同数字的排列有\(A_{6}^{6}\)种,3个不同数字的排列有\(A_{3}^{3}\)种,若3个数字相同,则它们排列的结果只有1种,因此,此情形构成的密码有\(C_{4}^{1}\)\emph{×}\(\frac{A_{6}^{6}}{A_{3}^{3}}\)\emph{=}480(种)(这里用到``除序法'')\emph{.}

另一种可能是1,2,4,6这4个数字中有2个数字分别都被重复用了2次,此情形构成的密码有\(C_{4}^{2}\)\emph{×}\(\frac{A_{6}^{6}}{A_{2}^{2}\text{·}A_{2}^{2}}\)\emph{=}1080(种),所以符合条件的6位密码共有480\emph{+}1080\emph{=}1560(种),所以能成功破解该密码的概率为\emph{P=}\(\frac{5}{1560}\)\emph{=}\(\frac{1}{312}\)\emph{.}

解法2(间接法)\emph{　}根据题意,6位数由4个数字组成,那么总可能数为4\textsuperscript{6}\emph{=}4096种\emph{.}排除``缺少1个数字''的情况:选1个数字不出现有\(C_{4}^{1}\)种,剩余3个数字组成6位数,共\(C_{4}^{1}\)\emph{×}3\textsuperscript{6}\emph{=}4\emph{×}729\emph{=}2916(种)\emph{.}补回``缺少2个数字''的情况(容斥原理),选2个数字不出现有\(C_{4}^{2}\)种,剩余2个数字组成6位数,共\(C_{4}^{2}\)\emph{×}2\textsuperscript{6}\emph{=}6\emph{×}64\emph{=}384(种)\emph{.}排除``缺少3个数字''的情况,选3个数字不出现有\(C_{4}^{3}\)种,剩余1个数字组成6位数,共\(C_{4}^{3}\)\emph{×}1\textsuperscript{6}\emph{=}4(种)\emph{.}根据容斥原理,符合条件的密码数为4\textsuperscript{6}\emph{-}\(C_{4}^{1}\)\emph{×}3\textsuperscript{6}\emph{+}\(C_{4}^{2}\)\emph{×}2\textsuperscript{6}\emph{-}\(C_{4}^{3}\)\emph{×}1\textsuperscript{6}\emph{=}4096\emph{-}2916\emph{+}384\emph{-}4\emph{=}1560\emph{.}所以能成功破解该密码的概率为\emph{P=}\(\frac{5}{1560}\)\emph{=}\(\frac{1}{312}\)\emph{.}
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本题是典型的``元素重复使用''的排列组合问题\emph{.}解决此类问题有两种常用策略:一是直接法,按重复数字的个数分类讨论\emph{.}本题分两类:一个数字重复3次,或两个数字各重复2次\emph{.}直接计算,思路清晰但分类稍繁\emph{.}二是间接法,先不考虑``每个数字至少出现1次''的限制,求出总排列数,再减去``缺少某个数字''的情况\emph{.}这里用到了容斥原理,体现了``正难则反''的数学思想\emph{.}当``至少''类问题正面分类较多时,逆向思考往往更简洁\emph{.}

\emph{　　}8\emph{.}
D\emph{　}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147513332;FounderCES}]{media/image10.jpeg}
求\emph{\textbar MN\textbar{}}的最小值,\emph{M}和\emph{N}都是动点\emph{.}两个动点的距离最值问题,通常有两种处理思路:

思路1,先固定一个点,研究另一个点,再处理固定点的运动,即``双动点→单动点'';思路2,分别求出两个点的轨迹,将问题转化为``一个轨迹上的点到另一个轨迹上的点的距离最值''\emph{.}我们需要关注点\emph{M},\emph{N}是什么样的点,从所给的坐标不难看出每个点的横、纵坐标是有联系的\emph{.}

解法1(函数法)\emph{　}点\emph{M}\(\left( \frac{4m}{3}\text{-}2\text{,}m \right)\)在直线\emph{l}:3\emph{x-}4\emph{y+}6\emph{=}0上,\emph{\textbar MN\textbar{}}的最小值,可看成点\emph{N}(ln
\emph{n-}2,\emph{n})到直线\emph{l}:3\emph{x-}4\emph{y+}6\emph{=}0距离\emph{d}的最小值,\emph{d=}\(\frac{\text{|}3lnn\text{-}6\text{-}4n + 6\text{|}}{\sqrt{3^{2} + \text{(-}4\text{)}^{2}}}\)\emph{=}\(\frac{\text{|}3lnn\text{-}4n\text{|}}{5}\)\emph{=}\(\left| \frac{4n\text{-}3lnn}{5} \right|\)\emph{.}设\emph{f}(\emph{n})\emph{=}\(\frac{4n\text{-}3lnn}{5}\),则\emph{f\textquotesingle{}}(\emph{n})\emph{=}\(\frac{4n\text{-}3}{5n}\),当\emph{n}∈\(\left( 0\text{,}\frac{3}{4} \right)\),\emph{f\textquotesingle{}}(\emph{n})\emph{\textless{}}0,\emph{f}(\emph{n})在\(\left( 0\text{,}\frac{3}{4} \right)\)上单调递减;当\emph{n}∈\(\left( \frac{3}{4}\text{,} + \text{∞} \right)\),\emph{f\textquotesingle{}}(\emph{n})\emph{\textgreater{}}0,\emph{f}(\emph{n})在\(\left( \frac{3}{4}\text{,} + \text{∞} \right)\)上单调递增,所以\emph{f}(\emph{n})\textsubscript{min}\emph{=f}\(\left( \frac{3}{4} \right)\)\emph{=}\(\frac{3\text{-}3ln\frac{3}{4}}{5}\),又\emph{f}(\emph{n})\textsubscript{min}\emph{\textgreater{}}0,所以\emph{d}\textsubscript{min}\emph{=f}(\emph{n})\textsubscript{min}\emph{=}\(\frac{3\text{-}3ln\frac{3}{4}}{5}\)\emph{.}

解法2(切线平移法)\emph{　}如图,因为点\emph{M}\(\left( \frac{4m}{3}\text{-}2\text{,}m \right)\)在直线\emph{l}:3\emph{x-}4\emph{y+}6\emph{=}0上,点\emph{N}(ln
\emph{n-}2,\emph{n})在曲线\emph{f}(\emph{x})\emph{=}e\textsuperscript{\emph{x+}2}上\emph{.}
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又因为\emph{f}(\emph{x})\emph{=}e\textsuperscript{\emph{x+}2},\emph{f\textquotesingle{}}(\emph{x})\emph{=}e\textsuperscript{\emph{x+}2}\emph{.}令\emph{f\textquotesingle{}}(\emph{x})\emph{=}e\textsuperscript{\emph{x+}2}\emph{=}\(\frac{3}{4}\),解得\emph{x=-}2\emph{+}ln\(\frac{3}{4}\),可得\emph{f}\(\left( \text{-}2 + ln\frac{3}{4} \right)\)\emph{=}\(\frac{3}{4}\),\emph{\textbar MN\textbar{}}的最小值即为切点\(\left( \text{-}2 + ln\frac{3}{4}\text{,}\frac{3}{4} \right)\)到直线3\emph{x-}4\emph{y+}6\emph{=}0的距离\emph{d=}\(\frac{\left| 3\left( \text{-}2 + ln\frac{3}{4} \right)\text{-}4 \times \frac{3}{4} + 6 \right|}{\sqrt{3^{2} + \left( \text{-}4 \right)^{2}}}\)\emph{=}\(\frac{3\text{-}3ln\frac{3}{4}}{5}\)\emph{.}
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本题是``多动点距离最值''的典型题\emph{.}处理此类问题的核心步骤是:先消参,求轨迹\emph{.}当动点坐标以参数形式给出时,优先消去参数,看是否能得到熟悉的曲线(直线、圆、圆锥曲线等)\emph{.}若能,则将问题转化为几何直观问题,往往能简化计算\emph{.}若消参后得不到简单曲线,或得到的曲线较复杂,再考虑将距离表示为某个参数的函数,用导数或不等式求最值\emph{.}解法2(切线平移法)正是利用了``点到直线距离''的几何意义,将代数问题转化为几何问题,体现了数形结合的思想\emph{.}本题若直接应用两点间距离公式求解,则对数学运算有非常高的要求且耗时较多\emph{.}

9\emph{.}
BC\emph{　}对于A,不妨设\emph{a}≤\emph{b}≤\emph{c}≤\emph{d}≤\emph{e}≤\emph{f}≤\emph{g},则\(\overline{x}\)\emph{=}\(\frac{a + b + c + d + e + f + g}{7}\),\(\overline{x_{1}}\)\emph{=}\(\frac{b + c + d + e + f}{5}\),则\({\overline{x}}_{1}\),\(\overline{x}\)的大小不具有确定性,故A错误;对于B,\emph{s=}\(\sqrt{\frac{1}{7}\overset{7}{\underset{i = 1}{\text{∑}}}{\text{(}x_{i}\text{-}\overline{x}\text{)}}^{2}}\),\emph{s}\textsubscript{1}\emph{=}\(\sqrt{\frac{1}{5}\overset{5}{\underset{i = 1}{\text{∑}}}{\text{(}x_{i}\text{-}\overline{x_{1}}\text{)}}^{2}}\),去掉一个最高分和一个最低分后,数据的波动性减小,故\emph{s}\textsubscript{1}≤\emph{s},故B正确;对于C,原数据的中位数\emph{m=d},去掉一个最高分和一个最低分后的新数据的中位数为\emph{m}\textsubscript{1}\emph{=d},故\emph{m=m}\textsubscript{1},故C正确;对于D,众数是数据中出现次数最多的数,去掉一个最高分和一个最低分后,众数可能变化,也可能不变化,故不一定有\emph{z}\textsubscript{1}\emph{=z},故D错误\emph{.}

10\emph{.}
ABD\emph{　}对于A,因为\emph{CC}\textsubscript{1}⊥平面\emph{ABC},\emph{BC}⊂平面\emph{ABC},所以\emph{CC}\textsubscript{1}⊥\emph{BC},又\emph{AC}⊥\emph{BC},且\emph{AC}∩\emph{CC}\textsubscript{1}\emph{=C},\emph{AC},\emph{CC}\textsubscript{1}⊂平面\emph{AA}\textsubscript{1}\emph{C}\textsubscript{1}\emph{C},所以\emph{BC}⊥平面\emph{AA}\textsubscript{1}\emph{C}\textsubscript{1}\emph{C},因为\emph{AC}\textsubscript{1}⊂平面\emph{AA}\textsubscript{1}\emph{C}\textsubscript{1}\emph{C},所以\emph{BC}⊥\emph{AC}\textsubscript{1},又\emph{AC=CC}\textsubscript{1}\emph{=}3,所以矩形\emph{AA}\textsubscript{1}\emph{C}\textsubscript{1}\emph{C}为正方形,所以\emph{AC}\textsubscript{1}⊥\emph{A}\textsubscript{1}\emph{C},因为\emph{A}\textsubscript{1}\emph{C}∩\emph{BC=C},\emph{A}\textsubscript{1}\emph{C},\emph{BC}⊂平面\emph{A}\textsubscript{1}\emph{BC},所以\emph{AC}\textsubscript{1}⊥平面\emph{A}\textsubscript{1}\emph{BC},故A正确\emph{.}对于B,

解法1\emph{　}如图,以点\emph{C}为坐标原点,以\emph{CA},\emph{CB},\emph{CC}\textsubscript{1}所在直线分别为\emph{x}轴、\emph{y}轴、\emph{z}轴建立空间直角坐标系,则\emph{C}(0,0,0),\emph{A}(3,0,0),\emph{B}(0,4,0),\emph{A}\textsubscript{1}(3,0,3),\emph{C}\textsubscript{1}(0,0,3),\emph{B}\textsubscript{1}(0,4,3),设\(\overrightarrow{AD}\)\emph{=λ}\(\overrightarrow{AB}\),\emph{λ}∈{[}0,1{]},得\emph{D}(3\emph{-}3\emph{λ},4\emph{λ},0),所以\(\overrightarrow{A_{1}D}\)\emph{=}(\emph{-}3\emph{λ},4\emph{λ},\emph{-}3),\(\overrightarrow{BC_{1}}\)\emph{=}(0,\emph{-}4,3),假设\emph{A}\textsubscript{1}\emph{D}与\emph{BC}\textsubscript{1}平行,则\(\overrightarrow{A_{1}D}\)∥\(\overrightarrow{BC_{1}}\),即\(\overrightarrow{A_{1}D}\)\emph{=μ}\(\overrightarrow{BC_{1}}\),则\(\left\{ \begin{matrix}
\text{-}3\lambda = 0 \times \mu\text{,} \\
4\lambda = \text{-}4\mu\text{,} \\
\text{-}3 = 3\mu\text{,}
\end{matrix} \right.\ \)无解,所以假设不成立,故\emph{A}\textsubscript{1}\emph{D}与\emph{BC}\textsubscript{1}不可能平行,故B正确\emph{.}

\includegraphics[width=0.91654in,height=0.19331in,alt={id:2147513353;FounderCES}]{media/image12.jpeg}
\emph{BC}\textsubscript{1}⊂平面\emph{ABC}\textsubscript{1},\emph{A}\textsubscript{1}\emph{D}过平面\emph{ABC}\textsubscript{1}外一点\emph{A}\textsubscript{1}和平面\emph{ABC}\textsubscript{1}内一点\emph{D},当\emph{D}与\emph{B}重合时,\emph{A}\textsubscript{1}\emph{D}与\emph{BC}\textsubscript{1}是相交关系;当\emph{D}与\emph{B}不重合时,\emph{A}\textsubscript{1}\emph{D}与\emph{BC}\textsubscript{1}是异面关系,所以\emph{A}\textsubscript{1}\emph{D}与\emph{BC}\textsubscript{1}不可能平行,故B正确\emph{.}对于C,

解法1\emph{　}\(\overrightarrow{CA_{1}}\)\emph{=}(3,0,3),\(\overrightarrow{DB_{1}}\)\emph{=}(3\emph{λ-}3,4\emph{-}4\emph{λ},3),若\emph{A}\textsubscript{1}\emph{C}与\emph{B}\textsubscript{1}\emph{D}垂直,则\(\overrightarrow{CA_{1}}\)⊥\(\overrightarrow{DB_{1}}\),则\(\overrightarrow{CA_{1}}\)·\(\overrightarrow{DB_{1}}\)\emph{=}9\emph{λ-}9\emph{+}9\emph{=}0,即\emph{λ=}0,又因为\emph{λ}∈{[}0,1{]},所以假设成立,故C错误\emph{.}

\includegraphics[width=0.91654in,height=0.19331in,alt={id:2147513360;FounderCES}]{media/image12.jpeg}
同选项A,可证\emph{A}\textsubscript{1}\emph{C}⊥平面\emph{AB}\textsubscript{1}\emph{C}\textsubscript{1},故\emph{A}\textsubscript{1}\emph{C}⊥\emph{AB}\textsubscript{1},当\emph{D}与\emph{A}重合,则\emph{A}\textsubscript{1}\emph{C}⊥\emph{B}\textsubscript{1}\emph{D},故C错误\emph{.}对于D,

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147513367;FounderCES}]{media/image13.jpeg}
利用补形法将直三棱柱\emph{ABC}-\emph{A}\textsubscript{1}\emph{B}\textsubscript{1}\emph{C}\textsubscript{1}补成长方体,即可求出长方体外接球的半径,从而判断求解\emph{.}

解法1(补形法)\emph{　}四棱锥\emph{A}\textsubscript{1}-\emph{CBB}\textsubscript{1}\emph{C}\textsubscript{1}的外接球就是直三棱柱\emph{ABC}-\emph{A}\textsubscript{1}\emph{B}\textsubscript{1}\emph{C}\textsubscript{1}的外接球\emph{.}因为\emph{AC}⊥\emph{BC},所以可将直三棱柱\emph{ABC}-\emph{A}\textsubscript{1}\emph{B}\textsubscript{1}\emph{C}\textsubscript{1}补成长方体,则长方体的外接球即为直三棱柱\emph{ABC}-\emph{A}\textsubscript{1}\emph{B}\textsubscript{1}\emph{C}\textsubscript{1}的外接球\emph{.}长方体的体对角线长为\(\sqrt{3^{2} + 4^{2} + 3^{2}}\)\emph{=}\(\sqrt{34}\)\emph{=}2\emph{R}(\emph{R}为外接球半径),解得\emph{R=}\(\frac{\sqrt{34}}{2}\),所以外接球面积为4π\emph{R}\textsuperscript{2}\emph{=}34π,故D正确\emph{.}

解法2(直接法)\emph{　}如图,取\emph{A}\textsubscript{1}\emph{B}的中点为\emph{O},在Rt△\emph{A}\textsubscript{1}\emph{B}\textsubscript{1}\emph{B},Rt△\emph{A}\textsubscript{1}\emph{BC},Rt△\emph{A}\textsubscript{1}\emph{BC}\textsubscript{1}中,可证得\emph{OA}\textsubscript{1}\emph{=OB=OC=OC}\textsubscript{1}\emph{=OB}\textsubscript{1}\emph{=}\(\frac{1}{2}\)\emph{A}\textsubscript{1}\emph{B=}\(\frac{\sqrt{34}}{2}\),即四棱锥\emph{A}\textsubscript{1}-\emph{CBB}\textsubscript{1}\emph{C}\textsubscript{1}的外接球的球心为\emph{O},半径为\emph{R=}\(\frac{\sqrt{34}}{2}\),所以外接球面积为4π\emph{R}\textsuperscript{2}\emph{=}34π,故D正确\emph{.}

\includegraphics[width=1.40669in,height=1.25315in,alt={id:2147513374;FounderCES}]{media/image14.jpeg}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147513381;FounderCES}]{media/image4.jpeg}
立体几何的小题尽量用综合法,可回避向量的复杂计算,但对综合推理论证的能力要求比较高\emph{.}对于有直棱的几何体,补形法是求外接球半径的通用方法:将几何体补成长方体或正方体,外接球半径即为体对角线的一半\emph{.}此法计算简单,不易出错\emph{.}

\emph{　　}11\emph{.}
BCD\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147513388;FounderCES}]{media/image13.jpeg}
四个选项,都依赖函数的图象,作出函数\emph{f}(\emph{x})图象的关键是如何理解\emph{f}(\emph{x})在区间(1,5{]}上的特征,由\emph{f}(\emph{x})\emph{=}2\emph{f}(\emph{x-}2),1\emph{\textless x}≤5知它可由\emph{f}(\emph{x})在(\emph{-}1,1{]}上的图象依次向右平移两个单位长度再纵向伸长2倍得到\emph{.}对于选项D,可通过换元法转化为一元二次方程根的分布求解\emph{.}

当\emph{-}1≤\emph{x}≤1时,\emph{f}(\emph{x})\emph{=}1\emph{-x}\textsuperscript{2};当1\emph{\textless x}≤3时,\emph{-}1\emph{\textless x-}2≤1,则\emph{f}(\emph{x})\emph{=}2\emph{f}(\emph{x-}2)\emph{=}2{[}1\emph{-}(\emph{x-}2)\textsuperscript{2}{]}\emph{=-}2(\emph{x-}2)\textsuperscript{2}\emph{+}2;当3\emph{\textless x}≤5时,1\emph{\textless x-}2≤3,则\emph{f}(\emph{x})\emph{=}2\emph{f}(\emph{x-}2)\emph{=}2{[}\emph{-}2(\emph{x-}4)\textsuperscript{2}\emph{+}2{]}\emph{=-}4(\emph{x-}4)\textsuperscript{2}\emph{+}4;当\emph{x\textless-}1或\emph{x\textgreater{}}5时,\emph{f}(\emph{x})\emph{=-x}\textsuperscript{2}\emph{+}4\emph{x+}5\emph{.}

作出函数\emph{f}(\emph{x})的图象,如图\emph{.}

\includegraphics[width=1.41654in,height=1.16339in,alt={id:2147513395;FounderCES}]{media/image15.jpeg}

由图可知,函数\emph{f}(\emph{x})的值域为(\emph{-∞},4{]},故A错误;函数\emph{f}(\emph{x})在(4,\emph{+∞})上单调递减,故B正确;由于函数\emph{y=f}(\emph{x})的图象与直线\emph{y=}1有5个交点,则方程\emph{f}(\emph{x})\emph{=}1有5个不同的解,故C正确;对于D,令\emph{f}(\emph{x})\emph{=n},\emph{n}∈(\emph{-∞},4{]},因为方程{[}\emph{f}(\emph{x}){]}\textsuperscript{2}\emph{-tf}(\emph{x})\emph{+}1\emph{=}0有10个不同的解,所以方程\emph{n}\textsuperscript{2}\emph{-tn+}1\emph{=}0有两个不相等的实数根,且这两个根分别在(0,1),(1,2)内,设\emph{g}(\emph{n})\emph{=n}\textsuperscript{2}\emph{-tn+}1,显然\emph{g}(0)\emph{=}1\emph{\textgreater{}}0,则\(\left\{ \begin{matrix}
g\text{(}1\text{)} = 2\text{-}t < 0\text{,} \\
g\text{(}2\text{)} = 5\text{-}2t > 0\text{,}
\end{matrix} \right.\ \)解得2\emph{\textless t\textless{}}\(\frac{5}{2}\),故D正确\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147513402;FounderCES}]{media/image4.jpeg}
有关方程解的个数、函数零点的个数,通常采用数形结合的思想处理,即通过构造动直线与定曲线的交点个数,确定参数的取值范围\emph{.}

12\emph{.}
\(\frac{\sqrt{2}}{2}\)\emph{　}因为(\emph{a+b}i)(1\emph{-}i)\emph{=}i,整理得(\emph{a+b})\emph{+}(\emph{b-a})i\emph{=}i,所以\(\left\{ \begin{matrix}
a + b = 0\text{,} \\
b\text{-}a = 1\text{,}
\end{matrix} \right.\ \)解得\emph{a=-}\(\frac{1}{2}\),\emph{b=}\(\frac{1}{2}\),所以\emph{f}(\emph{x})\emph{=a}sin
\emph{x+b}cos \emph{x=-}\(\frac{1}{2}\)sin \emph{x+}\(\frac{1}{2}\)cos
\emph{x.}利用辅助角公式化简得\emph{f}(\emph{x})\emph{=}\(\frac{\sqrt{2}}{2}\)cos\(\left( x + \frac{\pi}{4} \right)\)\emph{.}又因为余弦函数cos\(\left( x + \frac{\pi}{4} \right)\)的值域是{[}\emph{-}1,1{]},所以当cos\(\left( x + \frac{\pi}{4} \right)\)\emph{=}1时,\emph{f}(\emph{x})取得最大值,即\emph{f}(\emph{x})\textsubscript{max}\emph{=}\(\frac{\sqrt{2}}{2}\)\emph{×}1\emph{=}\(\frac{\sqrt{2}}{2}\)\emph{.}

13\emph{.}
\(\frac{x^{2}}{3 + 2\sqrt{2}}\)\emph{+}\(\frac{y^{2}}{2 + 2\sqrt{2}}\)\emph{=}1\emph{　}由抛物线方程\emph{C}\textsubscript{1}:\emph{y}\textsuperscript{2}\emph{=}4\emph{x}可得\emph{F}(1,0)\emph{.}因为点\emph{P}是\emph{C}\textsubscript{1}与\emph{C}\textsubscript{2}在第一象限的一个交点,且∠\emph{PFO=}90\emph{°},所以\emph{PF}⊥\emph{x}轴\emph{.}设\emph{P}(1,\emph{y}\textsubscript{0})(\emph{y}\textsubscript{0}\emph{\textgreater{}}0),代入\emph{C}\textsubscript{1}:\emph{y}\textsuperscript{2}\emph{=}4\emph{x}解得\emph{P}(1,2)\emph{.}由题意可得椭圆\emph{C}\textsubscript{2}的左焦点为\emph{F}\textsubscript{1}(\emph{-}1,0),右焦点为\emph{F}(1,0),则2\emph{a=\textbar PF}\textsubscript{1}\emph{\textbar+\textbar PF\textbar=}\(\sqrt{{\text{[}1\text{-(-}1\text{)]}}^{2} + {\text{(}2\text{-}0\text{)}}^{2}}\)\emph{+}\(\sqrt{{\text{(}1\text{-}1\text{)}}^{2} + {\text{(}2\text{-}0\text{)}}^{2}}\)\emph{=}2\emph{+}2\(\sqrt{2}\),所以\emph{a=}1\emph{+}\(\sqrt{2}\),\emph{a}\textsuperscript{2}\emph{=}3\emph{+}2\(\sqrt{2}\),\emph{b}\textsuperscript{2}\emph{=a}\textsuperscript{2}\emph{-c}\textsuperscript{2}\emph{=}2\emph{+}2\(\sqrt{2}\),所以椭圆\emph{C}\textsubscript{2}的方程是\(\frac{x^{2}}{3 + 2\sqrt{2}}\)\emph{+}\(\frac{y^{2}}{2 + 2\sqrt{2}}\)\emph{=}1\emph{.}

\includegraphics[width=1.20984in,height=1.05984in,alt={id:2147513409;FounderCES}]{media/image16.jpeg}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147513416;FounderCES}]{media/image4.jpeg}
若是能熟记椭圆通径端点(第一象限)的坐标为\(\left( c\text{,}\frac{b^{2}}{a} \right)\),则可速解本题\emph{.}

\emph{　　}14\emph{.} 4\emph{-}ln
5\emph{　}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147513423;FounderCES}]{media/image10.jpeg}
先求出\emph{S\textsubscript{n}},进而求出\emph{b\textsubscript{n}},根据其结构特点再考虑使用何种方法求和\emph{.}

因为数列\{\emph{a\textsubscript{n}}\}是首项为2,公差为2的等差数列,所以\emph{a\textsubscript{n}=}2\emph{+}(\emph{n-}1)\emph{×}2\emph{=}2\emph{n},\emph{S\textsubscript{n}=}\(\frac{(2 + 2n) \times n}{2}\)\emph{=n}(\emph{n+}1),所以\emph{b\textsubscript{n}=}\(\frac{5}{n\text{(}n + 1\text{)}}\)\emph{+}ln\(\frac{n}{n + 1}\)\emph{=}5\(\left( \frac{1}{n}\text{-}\frac{1}{n + 1} \right)\)\emph{+}ln
\emph{n-}ln\((n + 1)\),所以\emph{T\textsubscript{n}=b}\textsubscript{1}\emph{+b}\textsubscript{2}\emph{+}\ldots{}\emph{+b\textsubscript{n}=}5\(\left( 1\text{-}\frac{1}{2} \right)\)\emph{+}(ln
1\emph{-}ln
2)\emph{+}5\(\left( \frac{1}{2}\text{-}\frac{1}{3} \right)\)\emph{+}(ln
2\emph{-}ln
3)\emph{+}\ldots{}\emph{+}5\(\left( \frac{1}{n}\text{-}\frac{1}{n + 1} \right)\)\emph{+}{[}ln
\emph{n-}ln(\emph{n+}1){]}\emph{=}5\(\left( 1\text{-}\frac{1}{2} + \frac{1}{2}\text{-}\frac{1}{3} + \text{…} + \frac{1}{n}\text{-}\frac{1}{n + 1} \right)\)\emph{+}{[}ln
1\emph{-}ln 2\emph{+}ln 2\emph{-}ln 3\emph{+}\ldots{}\emph{+}ln
\emph{n-}ln(\emph{n+}1){]}\emph{=}\(\frac{5n}{n + 1}\)\emph{-}ln(\emph{n+}1)\emph{.}对于任意\emph{n}∈N\emph{\textsuperscript{*}},\emph{T\textsubscript{n}}≤\emph{m}成立,只需\({\text{(}T_{n}\text{)}}_{\max}\)≤\emph{m}即可\emph{.}令\emph{f}(\emph{x})\emph{=}\(\frac{5x}{x + 1}\)\emph{-}ln(\emph{x+}1),\emph{x}≥1,则\emph{f\textquotesingle{}}(\emph{x})\emph{=}\(\frac{5}{{\text{(}x + 1\text{)}}^{2}}\)\emph{-}\(\frac{1}{x + 1}\)\emph{=}\(\frac{4\text{-}x}{{\text{(}x + 1\text{)}}^{2}}\),所以当1≤\emph{x\textless{}}4时,\emph{f\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,\emph{f}(\emph{x})单调递增;当\emph{x\textgreater{}}4时,\emph{f\textquotesingle{}}(\emph{x})\emph{\textless{}}0,\emph{f}(\emph{x})单调递减,所以当\emph{x=}4时,\emph{f}(\emph{x})取最大值,所以\({\text{(}T_{n}\text{)}}_{\max}\)\emph{=T}\textsubscript{4}\emph{=}4\emph{-}ln
5,即\emph{m}≥4\emph{-}ln 5,所以\emph{m}的最小值为4\emph{-}ln 5\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147513430;FounderCES}]{media/image4.jpeg}
1\emph{.}数列求和的方法很多,但重要的且经常考查的有裂项相消法和错位相减法,小题中裂项相消法常考,且形式多样\emph{.}2\emph{.}数列的单调性,常通过相邻两项作差判定,但数列也是一个特殊的函数,有时也可以借助函数中的导数这一工具来判定,但要注意这个特殊函数的特殊之处:\emph{n}∈N\emph{\textsuperscript{*}.}

\emph{　　}15\emph{.} 解:(1)
\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147513437;FounderCES}]{media/image10.jpeg}如何找出满足\emph{EF}∥平面\emph{PAD}的点\emph{F}呢?从传统的综合几何方法出发难度较大,若从空间向量角度考虑,只需满足\(\overrightarrow{EF}\)垂直平面\emph{PAD}的一个法向量即可,利用坐标法易求,并且也方便求二面角\emph{E}-\emph{DF}-\emph{P.}

因为\emph{PA}⊥底面\emph{ABCD},底面\emph{ABCD}是边长为2的正方形,所以\emph{AB}⊥\emph{AD},则可以\emph{A}为坐标原点,\emph{AB},\emph{AD},\emph{AP}分别为\emph{x}轴、\emph{y}轴、\emph{z}轴建立如图所示的空间直角坐标系,\textsuperscript{【1】}
(2分)

\includegraphics[width=1.27677in,height=1.30984in,alt={id:2147513444;FounderCES}]{media/image17.jpeg}

则\emph{A}(0,0,0),\emph{B}(2,0,0),\emph{C}(2,2,0),\emph{D}(0,2,0),\emph{P}(0,0,2),\emph{E}(1,1,1)\emph{.}设\emph{F}(\emph{a},0,0),0≤\emph{a}≤2,可得\(\overrightarrow{EF}\)\emph{=}(\emph{a-}1,\emph{-}1,\emph{-}1),且平面\emph{PAD}的一个法向量为\emph{n=}(1,0,0)\emph{.}
(4分)

若\emph{EF}∥平面\emph{PAD},则\(\overrightarrow{EF}\)⊥\emph{n},可得\(\overrightarrow{EF}\)·\emph{n=a-}1\emph{=}0,解得\emph{a=}1,所以线段\emph{AF}的长为1\emph{.}
(6分)

(2)
由(1)可知\emph{F}(1,0,0)\emph{.}可得\(\overrightarrow{FE}\)\emph{=}(0,1,1),\(\overrightarrow{FD}\)\emph{=}(\emph{-}1,2,0),\(\overrightarrow{FP}\)\emph{=}(\emph{-}1,0,2)\emph{.}设平面\emph{DEF}的法向量为\emph{n=}(\emph{x}\textsubscript{1},\emph{y}\textsubscript{1},\emph{z}\textsubscript{1}),则\(\left\{ \begin{matrix}
n\text{·}\overrightarrow{FE} = y_{1} + z_{1} = 0\text{,} \\
n\text{·}\overrightarrow{FD} = \text{-}x_{1} + 2y_{1} = 0\text{.}
\end{matrix} \right.\ \)令\emph{x}\textsubscript{1}\emph{=}2,则\emph{y}\textsubscript{1}\emph{=}1,\emph{z}\textsubscript{1}\emph{=-}1,可得\emph{n=}(2,1,\emph{-}1)\emph{.}
(8分)

设平面\emph{DFP}的法向量为\emph{m=}(\emph{x}\textsubscript{2},\emph{y}\textsubscript{2},\emph{z}\textsubscript{2}),则\(\left\{ \begin{matrix}
m\text{·}\overrightarrow{FP} = \text{-}x_{2} + 2z_{2} = 0\text{,} \\
m\text{·}\overrightarrow{FD} = \text{-}x_{2} + 2y_{2} = 0\text{,}
\end{matrix} \right.\ \)令\emph{x}\textsubscript{2}\emph{=}2,则\emph{y}\textsubscript{2}\emph{=z}\textsubscript{2}\emph{=}1,可得\emph{m=}(2,1,1)\emph{.}
(10分)

则cos\emph{\textless n},\emph{m\textgreater=}\(\frac{n\text{·}m}{|n|\text{·}|m|}\)\emph{=}\(\frac{4}{\sqrt{6} \times \sqrt{6}}\)\emph{=}\(\frac{2}{3}\)\emph{.}
(12分)

由图可知,二面角\emph{E}-\emph{DF}-\emph{P}为锐二面角,\textsuperscript{【2】}所以二面角\emph{E}-\emph{DF}-\emph{P}的余弦值为\(\frac{2}{3}\)\emph{.}
(13分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147513451;FounderCES}]{media/image18.jpeg}
【1】 需交代建系的过程,没有交代,扣1分\emph{.}

【2】 没有说明二面角\emph{E}-\emph{DF}-\emph{P}为锐二面角,扣1分\emph{.}

\emph{　　}16\emph{.} 解法1(向量法)\emph{　}(1)
\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147513458;FounderCES}]{media/image13.jpeg}题中有\emph{AB}与\emph{AC}的长度,且\emph{AD}⊥\emph{BE},如果将\(\overrightarrow{AB}\),\(\overrightarrow{AC}\)选作基底,利用垂直关系可求基底夹角,则其他问题同时可以解决\emph{.}

因为\emph{D},\emph{E}分别是边\emph{BC},\emph{AC}的中点,所以\(\overrightarrow{AD}\)\emph{=}\(\frac{1}{2}\overrightarrow{AB}\)\emph{+}\(\frac{1}{2}\overrightarrow{AC}\),\(\overrightarrow{BE}\)\emph{=}\(\overrightarrow{AE}\)\emph{-}\(\overrightarrow{AB}\)\emph{=}\(\frac{1}{2}\overrightarrow{AC}\)\emph{-}\(\overrightarrow{AB}\)\emph{.}
(2分)

因为\emph{AB=}2,\emph{AC=}3,\emph{AD}⊥\emph{BE},所以\(\overrightarrow{AD}\)·\(\overrightarrow{BE}\)\emph{=}\(\left( \frac{1}{2}\overrightarrow{AB} + \frac{1}{2}\overrightarrow{AC} \right)\)·\(\left( \frac{1}{2}\overrightarrow{AC}\text{-}\overrightarrow{AB} \right)\)\emph{=-}\(\frac{1}{2}{\overrightarrow{AB}}^{2}\)\emph{+}\(\frac{1}{4}{\overrightarrow{AC}}^{2}\)\emph{-}\(\frac{1}{4}\overrightarrow{AB}\)·\(\overrightarrow{AC}\)\emph{=-}\(\frac{1}{2}\)\emph{×}4\emph{+}\(\frac{1}{4}\)\emph{×}9\emph{-}\(\frac{1}{4}\)\emph{×}2\emph{×}3\emph{×}cos∠\emph{BAC=}0,
(6分)

解得cos∠\emph{BAC=}\(\frac{1}{6}\)\emph{.} (7分)

因为∠\emph{BAC}∈(0,π),所以sin∠\emph{BAC=}\(\sqrt{1\text{-}cos^{2}\angle BAC}\)\emph{=}\(\frac{\sqrt{35}}{6}\),
(8分)

所以△\emph{ABC}的面积\emph{S=}\(\frac{1}{2}\)\emph{AB}·\emph{AC}·sin∠\emph{BAC=}\(\frac{1}{2}\)\emph{×}2\emph{×}3\emph{×}\(\frac{\sqrt{35}}{6}\)\emph{=}\(\frac{\sqrt{35}}{2}\)\emph{.}
(10分)

(2)
在△\emph{ABC}中,由余弦定理得\emph{BC}\textsuperscript{2}\emph{=AB}\textsuperscript{2}\emph{+AC}\textsuperscript{2}\emph{-}2·\emph{AB}·\emph{AC}·cos∠\emph{BAC=}4\emph{+}9\emph{-}2\emph{×}2\emph{×}3\emph{×}\(\frac{1}{6}\)\emph{=}11,所以\emph{BC=}\(\sqrt{11}\)\emph{.}
(12分)

再由正弦定理得\(\frac{BC}{\sin A}\)\emph{=}\(\frac{AB}{\sin C}\),解得sin
\emph{C=}\(\frac{AB\text{·}\sin A}{BC}\)\emph{=}\(\frac{2 \times \frac{\sqrt{35}}{6}}{\sqrt{11}}\)\emph{=}\(\frac{\sqrt{385}}{33}\)\emph{.}
(15分)

\emph{　　}解法2(解析法)\emph{　}(1)
\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147513465;FounderCES}]{media/image13.jpeg}在△\emph{ABC}中,\emph{AB=}2,\emph{AC=}3,要求∠\emph{BAC}的大小,两条中线\emph{AD},\emph{BE}互相垂直,在解三角形中,条件\emph{AD}⊥\emph{BE}的使用,一般转化为直角三角形,这样就涉及多个直角三角形,问题貌视变得复杂了,但如果从探求点\emph{C}的轨迹,运用解析法,就变得简单了\emph{.}

如图1,以点\emph{A}为坐标原点,\emph{AB}所在直线为\emph{x}轴,过点\emph{A}作\emph{AB}的垂线为\emph{y}轴,建立平面直角坐标系\emph{xAy.}
(2分)

\includegraphics[width=1.09331in,height=1.26654in,alt={id:2147513472;FounderCES}]{media/image19.jpeg}图1

则\emph{B}(2,0),设\emph{C}(\emph{x},\emph{y}),由于\emph{AC=}3,则\emph{x}\textsuperscript{2}\emph{+y}\textsuperscript{2}\emph{=}9\emph{.}
(4分)

则\emph{D}\(\left( \frac{x + 2}{2}\text{,}\frac{y}{2} \right)\),\emph{E}\(\left( \frac{x}{2}\text{,}\frac{y}{2} \right)\),故\(\overrightarrow{AD}\)\emph{=}\(\left( \frac{x + 2}{2}\text{,}\frac{y}{2} \right)\),\(\overrightarrow{BE}\)\emph{=}\(\left( \frac{x}{2}\text{-}2\text{,}\frac{y}{2} \right)\),而\emph{AD}⊥\emph{BE},故\(\overrightarrow{AD}\)·\(\overrightarrow{BE}\)\emph{=}0,即\(\left( \frac{x + 2}{2}\text{,}\frac{y}{2} \right)\)·\includegraphics[width=0.1in,height=0.29331in]{media/image5.jpeg}\(\frac{x}{2}\)\emph{-}2,\(\frac{y}{2}\)\includegraphics[width=0.1in,height=0.29331in]{media/image6.jpeg}\emph{=}0,即\(\frac{\text{(}x + 2\text{)(}x\text{-}4\text{)}}{4}\)\emph{+}\(\frac{y^{2}}{4}\)\emph{=}0,即\emph{x}\textsuperscript{2}\emph{+y}\textsuperscript{2}\emph{-}2\emph{x-}8\emph{=}0\emph{.}
(6分)

结合\emph{x}\textsuperscript{2}\emph{+y}\textsuperscript{2}\emph{=}9,解得\emph{x=}\(\frac{1}{2}\),则\emph{y}\textsuperscript{2}\emph{=}\(\frac{35}{4}\),\emph{\textbar y\textbar=}\(\frac{\sqrt{35}}{2}\),
(8分)

所以\emph{S}\textsubscript{△\emph{ABC}}\emph{=}\(\frac{1}{2}\)\emph{×\textbar AB\textbar×\textbar y\textbar=}\(\frac{1}{2}\)\emph{×}2\emph{×}\(\frac{\sqrt{35}}{2}\)\emph{=}\(\frac{\sqrt{35}}{2}\)\emph{.}
(10分)

(2)
结合(1)可知\emph{\textbar BC\textbar=}\(\sqrt{{\text{(}x\text{-}2\text{)}}^{2} + \left( y\text{-}0 \right)^{2}}\)\emph{=}\(\sqrt{\left( \frac{1}{2}\text{-}2 \right)^{2} + \left( \frac{\sqrt{35}}{2} \right)^{2}}\)\emph{=}\(\sqrt{11}\),
(12分)

又△\emph{ABC}的面积为\(\frac{\sqrt{35}}{2}\),所以\(\frac{1}{2}\)\emph{×\textbar AC\textbar×\textbar BC\textbar×}sin
\emph{C=}\(\frac{\sqrt{35}}{2}\),即\(\frac{1}{2}\)\emph{×}3\emph{×}\(\sqrt{11}\)\emph{×}sin
\emph{C=}\(\frac{\sqrt{35}}{2}\),故sin
\emph{C=}\(\frac{\sqrt{35}}{3 \times \sqrt{11}}\)\emph{=}\(\frac{\sqrt{385}}{33}\)\emph{.}
(15分)

\emph{　　}解法3\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147513479;FounderCES}]{media/image13.jpeg}
在解三角形中,条件\emph{AD}⊥\emph{BE}的使用,一般转化为直角三角形,这样就涉及多个直角三角形,即可将问题转化为求直角三角形的边与角,结合三角形重心知识(\emph{AD}与\emph{BE}交点为三角形重心),利用线段的比例关系,从三角形面积比可得答案\emph{.}

\includegraphics[width=1.24685in,height=0.81339in,alt={id:2147513486;FounderCES}]{media/image20.jpeg}图2

如图2,设中线\emph{AD},\emph{BE}的交点为\emph{O},则\emph{O}为△\emph{ABC}的重心,因此\emph{BO∶OE=AO∶OD=}2\emph{∶}1\emph{.}设\emph{OE=m},\emph{OD=n},则\emph{BO=}2\emph{m},\emph{AO=}2\emph{n.}
(2分)

因为\emph{AD}⊥\emph{BE},所以在Rt△\emph{AOB},Rt△\emph{AOE}中,由勾股定理得\(\left\{ \begin{matrix}
AO^{2} + BO^{2} = AB^{2}\text{,} \\
AO^{2} + OE^{2} = AE^{2}\text{,}
\end{matrix} \right.\ \)即\(\left\{ \begin{matrix}
4n^{2} + 4m^{2} = 4\text{,} \\
4n^{2} + m^{2} = \frac{9}{4}\text{,}
\end{matrix} \right.\ \)解得\(\left\{ \begin{matrix}
m = \sqrt{\frac{7}{12}}\text{,} \\
n = \sqrt{\frac{5}{12}}\text{,}
\end{matrix} \right.\ \)(6分)

\emph{S}\textsubscript{△\emph{DOE}}\emph{=}\(\frac{1}{2}\)\emph{mn=}\(\frac{\sqrt{35}}{24}\),所以\emph{S}\textsubscript{△\emph{ABC}}\emph{=}2\emph{S}\textsubscript{△\emph{ABE}}\emph{=}2\emph{×}3\emph{S}\textsubscript{△\emph{AOE}}\emph{=}6\emph{×}2\emph{S}\textsubscript{△\emph{DOE}}\emph{=}\(\frac{\sqrt{35}}{2}\)\emph{.}
(8分)

(2)
作边\emph{AC}上的高\emph{BH},则由\emph{S}\textsubscript{△\emph{ABC}}\emph{=}\(\frac{1}{2}\)\emph{AC}·\emph{BH=}\(\frac{1}{2}\)\emph{×}3\emph{×BH=}\(\frac{\sqrt{35}}{2}\),解得\emph{BH=}\(\frac{\sqrt{35}}{3}\)\emph{.}
(10分)

在Rt△\emph{ABH}中,\emph{AH=}\(\sqrt{AB^{2}\text{-}BH^{2}}\)\emph{=}\(\frac{1}{3}\),
(12分)

所以\emph{CH=AC-AH=}\(\frac{8}{3}\)\emph{.} (13分)

在Rt△\emph{CBH}中,\emph{BC=}\(\sqrt{CH^{2} + BH^{2}}\)\emph{=}\(\sqrt{11}\),
(14分)

所以sin
\emph{C=}\(\frac{BH}{BC}\)\emph{=}\(\frac{\frac{\sqrt{35}}{3}}{\sqrt{11}}\)\emph{=}\(\frac{\sqrt{385}}{33}\)\emph{.}
(15分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147513493;FounderCES}]{media/image4.jpeg}
本题条件``\emph{AD}⊥\emph{BE}''(两条中线垂直)比较特殊\emph{.}处理此类条件,通常有以下策略\emph{.}向量法:将已知长度的向量设为基底,利用垂直关系求其夹角,这是通法,容易想到,已知边角关系可以继续利用正、余弦定理解题\emph{.}解析法(坐标法):建立坐标系,将几何条件转化为代数方程\emph{.}此法通用性强,尤其适用于有垂直、长度等条件的几何问题\emph{.}三角法(解三角形):将中线垂直转化为直角三角形,利用勾股定理和重心性质求解,此法更贴近几何本质\emph{.}方法选择:如果题目中图形的对称性较好(如直角三角形、等腰三角形),优先考虑解三角形法;如果图形不规则,或涉及多个点的坐标,解析法往往更直接\emph{.}向量可以贯穿于这两个方法中\emph{.}

17\emph{.} 解:(1)
由题意,小黄第一题抽到选择题的概率为\(\frac{3}{5}\),第一题抽到填空题的概率为\(\frac{2}{5}\),则小黄第二题抽到的题目是填空题的概率为\(\frac{3}{5}\)\emph{×}\(\frac{2}{4}\)\emph{+}\(\frac{2}{5}\)\emph{×}\(\frac{1}{4}\)\emph{=}\(\frac{2}{5}\)\emph{.}
(4分)

\emph{　　}(2)
\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147513500;FounderCES}]{media/image13.jpeg}选择参加甲、乙中的哪个活动的评判标准通常是看小黄参加甲、乙活动花费金额的数学期望,因此需要先求概率分布,再求数学期望,选择数学期望小的,而求概率分布既要关注选择题型的概率,又要注意答对题目的概率\emph{.}

由题意,小黄答对每道选择题的概率均为\(\frac{4}{5}\),答对每道填空题的概率均为\(\frac{2}{5}\)\emph{.}若小黄选择参加甲活动,设答对题目数为\emph{X},则\emph{X}的可能取值为0,1,2,小黄参加甲活动花费金额\emph{ξ}的可能取值为0\emph{.}8\emph{a},0\emph{.}5\emph{a},0\emph{.}2\emph{a.}

所以\emph{P}(\emph{ξ=}0\emph{.}8\emph{a})\emph{=P}(\emph{X=}0)\emph{=}\(\frac{C_{4}^{2}}{C_{7}^{2}}\)·\(\left( \frac{1}{5} \right)^{2}\)\emph{+}\(\frac{C_{4}^{1}C_{3}^{1}}{C_{7}^{2}}\)·\(\frac{1}{5}\)·\(\frac{3}{5}\)\emph{+}\(\frac{C_{3}^{2}}{C_{7}^{2}}\)·\(\left( \frac{3}{5} \right)^{2}\)\emph{=}\(\frac{23}{175}\),
(5分)

\emph{P}(\emph{ξ=}0\emph{.}5\emph{a})\emph{=P}(\emph{X=}1)\emph{=}\(\frac{C_{4}^{2}}{C_{7}^{2}}\)·\(C_{2}^{1}\)·\(\frac{1}{5}\)·\(\frac{4}{5}\)\emph{+}\(\frac{C_{4}^{1}C_{3}^{1}}{C_{7}^{2}}\)·\(\left( \frac{1}{5}\text{·}\frac{2}{5} + \frac{4}{5}\text{·}\frac{3}{5} \right)\)\emph{+}\(\frac{C_{3}^{2}}{C_{7}^{2}}\)·\(C_{2}^{1}\)·\(\frac{2}{5}\)·\(\frac{3}{5}\)\emph{=}\(\frac{84}{175}\),
(6分)

\emph{P}(\emph{ξ=}0\emph{.}2\emph{a})\emph{=P}(\emph{X=}2)\emph{=}\(\frac{C_{4}^{2}}{C_{7}^{2}}\)·\(\left( \frac{4}{5} \right)^{2}\)\emph{+}\(\frac{C_{4}^{1}C_{3}^{1}}{C_{7}^{2}}\)·\(\frac{4}{5}\)·\(\frac{2}{5}\)\emph{+}\(\frac{C_{3}^{2}}{C_{7}^{2}}\)·\(\left( \frac{2}{5} \right)^{2}\)\emph{=}\(\frac{68}{175}\),
(7分)

则小黄参加甲活动花费金额\emph{ξ}的数学期望为\emph{E}(\emph{ξ})\emph{=}0\emph{.}8\emph{a×}\(\frac{23}{175}\)\emph{+}0\emph{.}5\emph{a×}\(\frac{84}{175}\)\emph{+}0\emph{.}2\emph{a×}\(\frac{68}{175}\)\emph{=}\(\frac{74a}{175}\)\emph{.}
(9分)

若小黄选择参加乙活动,设答对题目数为\emph{Y},则\emph{Y}的可能取值为0,1,2,小黄参加乙活动花费金额\emph{η}的可能取值为0\emph{.}8\emph{a},0\emph{.}5\emph{a},0\emph{.}2\emph{a.}

所以\emph{P}(\emph{η=}0\emph{.}8\emph{a})\emph{=P}(\emph{Y=}0)\emph{=}\(\frac{C_{3}^{2}}{C_{5}^{2}}\)·\(\left( \frac{1}{5} \right)^{2}\)\emph{+}\(\frac{C_{3}^{1}C_{2}^{1}}{C_{5}^{2}}\)·\(\frac{1}{5}\)·\(\frac{3}{5}\)\emph{+}\(\frac{C_{2}^{2}}{C_{5}^{2}}\)·\(\left( \frac{3}{5} \right)^{2}\)\emph{=}\(\frac{3}{25}\),
(10分)

\emph{P}(\emph{η=}0\emph{.}5\emph{a})\emph{=P}(\emph{Y=}1)\emph{=}\(\frac{C_{3}^{2}}{C_{5}^{2}}\)·\(C_{2}^{1}\)·\(\frac{1}{5}\)·\(\frac{4}{5}\)\emph{+}\(\frac{C_{3}^{1}C_{2}^{1}}{C_{5}^{2}}\)·\(\left( \frac{1}{5}\text{·}\frac{2}{5} + \frac{4}{5}\text{·}\frac{3}{5} \right)\)\emph{+}\(\frac{C_{2}^{2}}{C_{5}^{2}}\)·\(C_{2}^{1}\)·\(\frac{2}{5}\)·\(\frac{3}{5}\)\emph{=}\(\frac{12}{25}\),
(11分)

\emph{P}(\emph{η=}0\emph{.}2\emph{a})\emph{=P}(\emph{Y=}2)\emph{=}\(\frac{C_{3}^{2}}{C_{5}^{2}}\)·\(\left( \frac{4}{5} \right)^{2}\)\emph{+}\(\frac{C_{3}^{1}C_{2}^{1}}{C_{5}^{2}}\)·\(\frac{4}{5}\)·\(\frac{2}{5}\)\emph{+}\(\frac{C_{2}^{2}}{C_{5}^{2}}\)·\(\left( \frac{2}{5} \right)^{2}\)\emph{=}\(\frac{2}{5}\),
(12分)

则小黄参加乙活动花费金额\emph{η}的数学期望为\emph{E}(\emph{η})\emph{=}0\emph{.}8\emph{a×}\(\frac{3}{25}\)\emph{+}0\emph{.}5\emph{a×}\(\frac{12}{25}\)\emph{+}0\emph{.}2\emph{a×}\(\frac{2}{5}\)\emph{=}\(\frac{52a}{125}\)\emph{.}
(14分)

由于\emph{E}(\emph{ξ})\emph{=}\(\frac{74a}{175}\)\emph{\textgreater E}(\emph{η})\emph{=}\(\frac{52a}{125}\),所以小黄应该选择参加乙活动\emph{.}
(15分)

\emph{　　}18\emph{.} (1)
\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147513507;FounderCES}]{media/image13.jpeg}先由平行关系得到线段比例与纵坐标的关系,设出两直线方程(斜率一样),并分别与双曲线方程联立,求出纵坐标,再通过纵坐标的关系求出直线斜率,理论上是可行的\emph{.}

解法1(双线法)\emph{　}双曲线两个焦点坐标为\emph{F}\textsubscript{1}(\emph{-}2,0),\emph{F}\textsubscript{2}(2,0)\emph{.}由\emph{MF}\textsubscript{1}∥\emph{NF}\textsubscript{2}可知,\emph{\textbar MF}\textsubscript{1}\emph{\textbar∶\textbar NF}\textsubscript{2}\emph{\textbar=\textbar PF}\textsubscript{1}\emph{\textbar∶\textbar NP\textbar=}1\emph{∶}3,故\emph{y\textsubscript{N}=}3\emph{y\textsubscript{M}\textgreater{}}0\emph{.}
(2分)

两条平行线设为\emph{MF}\textsubscript{1}:\emph{x=my-}2,\emph{NF}\textsubscript{2}:\emph{x=my+}2,分别与\emph{x}\textsuperscript{2}\emph{-y}\textsuperscript{2}\emph{=}2联立,得\(\left\{ \begin{matrix}
\text{(}m^{2}\text{-}1\text{)}y_{M}^{2}\text{-}4my_{M} + 2 = 0\text{,} \\
\text{(}m^{2}\text{-}1\text{)}y_{N}^{2} + 4my_{N} + 2 = 0\text{,} \\
y_{N} = 3y_{M}\text{,}
\end{matrix} \right.\ \) (4分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147513514;FounderCES}]{media/image21.jpeg}
我们最终目的是求\emph{m},所以不必求出纵坐标,而是通过纵坐标的关系求出直线斜率,所以通过消去点的坐标,直接求得\emph{m},类似于设而不求的思想方法,但又有所不同\emph{.}

进而有\(\left\{ \begin{matrix}
\text{(}m^{2}\text{-}1\text{)}y_{M}^{2}\text{-}4my_{M} + 2 = 0\text{,　①} \\
9\text{(}m^{2}\text{-}1\text{)}y_{M}^{2} + 12my_{M} + 2 = 0\text{,②}
\end{matrix} \right.\ \)将\emph{②-①×}9得,3\emph{my\textsubscript{M}=}1,代入\emph{①}式得\emph{m}\textsuperscript{2}\emph{=}\(\frac{1}{7}\),因为\emph{y\textsubscript{M}\textgreater{}}0,\emph{my\textsubscript{M}=}\(\frac{1}{3}\)\emph{\textgreater{}}0,所以\emph{m\textgreater{}}0,故\emph{m=}\(\frac{1}{\sqrt{7}}\),所求斜率为\(\frac{1}{m}\)\emph{=}\(\sqrt{7}\)\emph{.}
(6分)

\emph{　　}解法2(单线法)\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147513521;FounderCES}]{media/image13.jpeg}
利用双曲线的对称性得到线段等量关系,进而得到焦点弦的两个端点的纵坐标的关系,由此只要设直线\emph{MF}\textsubscript{1}的方程并联立双曲线,结合根与系数的关系,即可求得直线\emph{MF}\textsubscript{1}的斜率(转化为一道常见题目)\emph{.}

分别延长线段\emph{MF}\textsubscript{1},\emph{NF}\textsubscript{2}与双曲线交于\emph{G},\emph{H.}由于\emph{MF}\textsubscript{1}∥\emph{NF}\textsubscript{2},由双曲线的对称性可知,\emph{\textbar MG\textbar=\textbar NH\textbar{}},四边形\emph{MNHG}是平行四边形,其中心为原点,\emph{G},\emph{N}关于原点对称,故\emph{\textbar NF}\textsubscript{2}\emph{\textbar=\textbar GF}\textsubscript{1}\emph{\textbar{}},
(2分)

设\emph{MF}\textsubscript{1}:\emph{x=my-}2,\emph{M}(\emph{x}\textsubscript{1},\emph{y}\textsubscript{1}),\emph{G}(\emph{x}\textsubscript{2},\emph{y}\textsubscript{2}),\emph{N}(\emph{-x}\textsubscript{2},\emph{-y}\textsubscript{2}),且\emph{y}\textsubscript{1}\emph{\textgreater{}}0\emph{\textgreater y}\textsubscript{2},联立\(\left\{ \begin{matrix}
x = my\text{-}2\text{,} \\
x^{2}\text{-}y^{2} = 2\text{,}
\end{matrix} \right.\ \)(\emph{m}\textsuperscript{2}\emph{-}1)\emph{y}\textsuperscript{2}\emph{-}4\emph{my+}2\emph{=}0,\emph{y}\textsubscript{1}\emph{+y}\textsubscript{2}\emph{=}\(\frac{4m}{m^{2}\text{-}1}\),\emph{y}\textsubscript{1}\emph{y}\textsubscript{2}\emph{=}\(\frac{2}{m^{2}\text{-}1}\)\emph{\textless{}}0,
(4分)

所以\emph{m}\textsuperscript{2}\emph{-}1\emph{\textless{}}0,\emph{m}∈(\emph{-}1,1)\emph{.\textbar MF}\textsubscript{1}\emph{\textbar∶\textbar GF}\textsubscript{1}\emph{\textbar=\textbar MF}\textsubscript{1}\emph{\textbar∶\textbar NF}\textsubscript{2}\emph{\textbar=\textbar PF}\textsubscript{1}\emph{\textbar∶\textbar NP\textbar=}1\emph{∶}3,故\emph{y}\textsubscript{2}\emph{=-}3\emph{y}\textsubscript{1}\emph{\textless{}}0,结合\emph{y}\textsubscript{1}\emph{+y}\textsubscript{2}\emph{=}\(\frac{4m}{m^{2}\text{-}1}\),解得\emph{y}\textsubscript{1}\emph{=}\(\frac{\text{-}2m}{m^{2}\text{-}1}\)\emph{\textgreater{}}0,\emph{y}\textsubscript{2}\emph{=}\(\frac{6m}{m^{2}\text{-}1}\)\emph{\textless{}}0,代入\emph{y}\textsubscript{1}\emph{y}\textsubscript{2}\emph{=}\(\frac{2}{m^{2}\text{-}1}\)\emph{\textless{}}0,得\(\frac{\text{-}12m^{2}}{{\text{(}m^{2}\text{-}1\text{)}}^{2}}\)\emph{=}\(\frac{2}{m^{2}\text{-}1}\),解得\emph{m}\textsuperscript{2}\emph{=}\(\frac{1}{7}\)\emph{.}又\emph{m}\textsuperscript{2}\emph{-}1\emph{\textless{}}0,\emph{y}\textsubscript{1}\emph{=}\(\frac{\text{-}2m}{m^{2}\text{-}1}\)\emph{\textgreater{}}0,所以0\emph{\textless m\textless{}}1,故\emph{m=}\(\frac{1}{\sqrt{7}}\),所求斜率为\(\frac{1}{m}\)\emph{=}\(\sqrt{7}\)\emph{.}
(6分)

\emph{　　}(2)
\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147513528;FounderCES}]{media/image13.jpeg}用两点间距离公式表示\emph{\textbar MF}\textsubscript{1}\emph{\textbar{}},\emph{\textbar NF}\textsubscript{2}\emph{\textbar{}},计算\(\frac{1}{\text{|}MF_{1}\text{|}}\)\emph{+}\(\frac{1}{\text{|}NF_{2}\text{|}}\)是与直线斜率无关的定值即可\emph{.}

\emph{①}证明:由(1)的解法2以及两点间的距离公式,得\emph{\textbar MF}\textsubscript{1}\emph{\textbar=}\(\sqrt{\left( x_{1} + 2 \right)^{2} + y_{1}^{2}}\)\emph{=y}\textsubscript{1}\(\sqrt{m^{2} + 1}\),\emph{\textbar NF}\textsubscript{2}\emph{\textbar=\textbar GF}\textsubscript{1}\emph{\textbar=}\(\sqrt{{\text{(}x_{2} + 2\text{)}}^{2} + y_{2}^{2}}\)\emph{=-y}\textsubscript{2}\(\sqrt{m^{2} + 1}\),
(10分)

所以\(\frac{1}{\text{|}MF_{1}\text{|}}\)\emph{+}\(\frac{1}{\text{|}NF_{2}\text{|}}\)\emph{=}\(\frac{1}{y_{1}\sqrt{m^{2} + 1}}\)\emph{-}\(\frac{1}{y_{2}\sqrt{m^{2} + 1}}\)\emph{=}\(\frac{y_{1}\text{-}y_{2}}{\text{-}y_{1}y_{2}\sqrt{m^{2} + 1}}\)\emph{=}\(\frac{\sqrt{\left( y_{1} + y_{2} \right)^{2}\text{-}4y_{1}y_{2}}}{\text{-}y_{1}y_{2}\sqrt{m^{2} + 1}}\),由根与系数的关系得,\(\frac{1}{\text{|}MF_{1}\text{|}}\)\emph{+}\(\frac{1}{\text{|}NF_{2}\text{|}}\)\emph{=}\(\frac{\frac{2\sqrt{2}\sqrt{m^{2} + 1}}{1\text{-}m^{2}}}{\text{-}\frac{2}{m^{2}\text{-}1}\sqrt{m^{2} + 1}}\)\emph{=}\(\sqrt{2}\)\emph{.}\textsuperscript{【1】}
(12分)

\emph{　　②}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147513535;FounderCES}]{media/image10.jpeg}
由双曲线的对称性,以及条件\emph{MF}\textsubscript{1}∥\emph{NF}\textsubscript{2},可以猜测点\emph{P}的轨迹也是一个关于坐标轴对称的标准椭圆\emph{.}要证明它是椭圆,自然容易想到用椭圆的定义:到两个定点的距离之和为常数\emph{.}思路:两个定点很可能就是\emph{F}\textsubscript{1},\emph{F}\textsubscript{2}\emph{.}那么我们需要证明\emph{\textbar PF}\textsubscript{1}\emph{\textbar+\textbar PF}\textsubscript{2}\emph{\textbar{}}为定值\emph{.}如何将\emph{PF}\textsubscript{1},\emph{PF}\textsubscript{2}与已知的\emph{MF}\textsubscript{1},\emph{NF}\textsubscript{2}联系起来?结合\emph{MF}\textsubscript{1}∥\emph{NF}\textsubscript{2}和双曲线的对称性,可以通过作辅助线构造平行四边形或利用相似三角线,将\emph{PF}\textsubscript{1},\emph{PF}\textsubscript{2}转化到已知线段上\emph{.}

证明:设\emph{\textbar MF}\textsubscript{1}\emph{\textbar=r},\emph{\textbar NF}\textsubscript{2}\emph{\textbar=s},由\emph{①}知\(\frac{1}{r}\)\emph{+}\(\frac{1}{s}\)\emph{=}\(\sqrt{2}\),即\emph{r+s=}\(\sqrt{2}\)\emph{rs},由双曲线的定义知,\emph{\textbar MF}\textsubscript{2}\emph{\textbar=\textbar MF}\textsubscript{1}\emph{\textbar+}2\emph{a=r+}2\(\sqrt{2}\),\emph{\textbar NF}\textsubscript{1}\emph{\textbar=\textbar NF}\textsubscript{2}\emph{\textbar+}2\emph{a=s+}2\(\sqrt{2}\),
(14分)

由于\emph{MF}\textsubscript{1}∥\emph{NF}\textsubscript{2},根据平面几何知识,\emph{\textbar PF}\textsubscript{1}\emph{\textbar∶\textbar PN\textbar=\textbar PM\textbar∶\textbar PF}\textsubscript{2}\emph{\textbar=\textbar MF}\textsubscript{1}\emph{\textbar∶\textbar NF}\textsubscript{2}\emph{\textbar=r∶s},所以\emph{\textbar PF}\textsubscript{1}\emph{\textbar=}\(\frac{r}{r + s}\)\emph{\textbar NF}\textsubscript{1}\emph{\textbar=}\(\frac{r}{r + s}\left( s + 2\sqrt{2} \right)\),\(\left| PF_{2} \right|\)\emph{=}\(\frac{s}{r + s}\left| MF_{2} \right|\)\emph{=}\(\frac{s}{r + s}\left( r + 2\sqrt{2} \right)\),所以\emph{\textbar PF}\textsubscript{1}\emph{\textbar+}\(\left| PF_{2} \right|\)\emph{=}\(\frac{r}{r + s}\left( s + 2\sqrt{2} \right)\)\emph{+}\(\frac{s}{r + s}\left( r + 2\sqrt{2} \right)\)\emph{=}\(\frac{2rs + 2\sqrt{2}(r + s)}{r + s}\)\emph{=}\(\frac{2rs}{r + s}\)\emph{+}2\(\sqrt{2}\)\emph{=}3\(\sqrt{2}\)\emph{.}
(16分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147513542;FounderCES}]{media/image21.jpeg}
此处充分利用平几知识和已经证得\emph{①}的结论,简化了计算\emph{.}

由椭圆定义知,点\emph{P}在以\emph{F}\textsubscript{1},\emph{F}\textsubscript{2}为焦点,长轴长为3\(\sqrt{2}\)的椭圆上,由\emph{a=}\(\frac{3\sqrt{2}}{2}\),\emph{c=}2得\emph{b}\textsuperscript{2}\emph{=a}\textsuperscript{2}\emph{-c}\textsuperscript{2}\emph{=}\(\frac{1}{2}\),其方程为\(\frac{x^{2}}{\frac{9}{2}}\)\emph{+}\(\frac{y^{2}}{\frac{1}{2}}\)\emph{=}1,所以当点\emph{M},\emph{N}在双曲线上运动时,点\emph{P}在椭圆\(\frac{x^{2}}{\frac{9}{2}}\)\emph{+}\(\frac{y^{2}}{\frac{1}{2}}\)\emph{=}1上运动\emph{.}
(17分)

\includegraphics[width=1.44331in,height=1.32008in,alt={id:2147513549;FounderCES}]{media/image22.jpeg}

\includegraphics[width=0.6685in,height=0.1563in,alt={id:2147513556;FounderCES}]{media/image23.jpeg}\\
二级结论过椭圆或双曲线焦点的弦\emph{MN}(\emph{M},\emph{N}在双曲线的同一支上)满足\(\frac{1}{\text{|}MF\text{|}}\)\emph{+}\(\frac{1}{\text{|}NF\text{|}}\)\emph{=}\(\frac{2a}{b^{2}}\);过抛物线焦点\emph{F}的弦\emph{MN},满足\(\frac{1}{\text{|}MF\text{|}}\)\emph{+}\(\frac{1}{\text{|}NF\text{|}}\)\emph{=}\(\frac{2}{p}\)\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147513563;FounderCES}]{media/image24.jpeg}
【1】 此处可以利用上面的二级结论直接得到结果,减少复杂的化简运算\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147513570;FounderCES}]{media/image4.jpeg}
解完这道题,回头再看来时路,不难发现核心仍然是设线,与曲线方程联立,消元,设而不求,韦达定理,弦长公式等,这些都是解几的常规思路,但关键是如何将分散的条件,和要解决的问题转化到常规问题上来,这里平几知识帮了大忙\emph{.}因此解几中遇到难题时,应该多联系一些细微的知识点,如圆锥曲线的定义、对称性、平几知识等\emph{.}

\emph{　　}19\emph{.} (1)
\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147513577;FounderCES}]{media/image13.jpeg}因为\emph{f}(\emph{x})的定义域为R,且\emph{f}(0)\emph{=}0,若对∀\emph{x}≥0,\emph{f}(\emph{x})≤0成立,则在\emph{x=}0附近\emph{f}(\emph{x})不单调递增,即\emph{f\textquotesingle{}}(0)≤0成立,解得\emph{a}≥\(\frac{1}{6}\),再检验其充分性即可,这就是常说的``端点效应''\emph{.}

解:因为\emph{f}(\emph{x})\emph{=}\(\frac{\sin x}{4 + 2cosx}\)\emph{-ax=}\(\frac{1}{2}\left( \frac{\sin x}{2 + cosx}\text{-}2ax \right)\),则\emph{f\textquotesingle{}}(\emph{x})\emph{=}\(\frac{1}{2}\left\lbrack \frac{1 + 2cosx}{{\text{(}2 + cosx\text{)}}^{2}}\text{-}2a \right\rbrack\)\emph{.}若对∀\emph{x}≥0,\emph{f}(\emph{x})≤0成立,注意到\emph{f}(0)\emph{=}0,

则\emph{f\textquotesingle{}}(0)\emph{=}\(\frac{1}{2}\left( \frac{1}{3}\text{-}2a \right)\)≤0,解得\emph{a}≥\(\frac{1}{6}\)\emph{.}\textsuperscript{【1】}
(3分)

下面证明充分性:若\emph{a}≥\(\frac{1}{6}\),则\emph{f\textquotesingle{}}(\emph{x})\emph{=}\(\frac{1}{2}\left\lbrack \frac{1 + 2cosx}{{\text{(}2 + cosx\text{)}}^{2}}\text{-}2a \right\rbrack\)≤\(\frac{1}{2}\)\includegraphics[width=0.1in,height=0.29331in]{media/image7.jpeg}\(\frac{1 + 2cosx}{{\text{(}2 + cosx\text{)}}^{2}}\)\emph{-}\(\frac{1}{3}\)\includegraphics[width=0.1in,height=0.29331in]{media/image8.jpeg}\emph{=}\(\frac{\text{-}{\text{(}\cos x\text{-}1\text{)}}^{2}}{6{\text{(}2 + cosx\text{)}}^{2}}\)≤0,可知\emph{f}(\emph{x})在{[}0,\emph{+∞})上单调递减,则\emph{f}(\emph{x})≤\emph{f}(0)\emph{=}0,即\emph{a}≥\(\frac{1}{6}\)符合题意\emph{.}

综上所述,实数\emph{a}的取值范围是\(\left\lbrack \frac{1}{6}\text{,} + \text{∞} \right)\)\emph{.}
(5分)

\emph{　　}(2)
\emph{①}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147513584;FounderCES}]{media/image13.jpeg}
比较大小,常规方法是作差,构造函数,利用导数研究单调性,确定最值,进而得到结果\emph{.}

解:设\emph{g}(\emph{x})\emph{=}cos
\emph{x-}1\emph{+}\(\frac{1}{4}\)\emph{x}\textsuperscript{2},0\emph{\textless x}≤1,则\emph{g\textquotesingle{}}(\emph{x})\emph{=-}sin
\emph{x+}\(\frac{1}{2}\)\emph{x.}令\emph{h}(\emph{x})\emph{=g\textquotesingle{}}(\emph{x}),0\emph{\textless x}≤1,则\emph{h\textquotesingle{}}(\emph{x})\emph{=-}cos
\emph{x+}\(\frac{1}{2}\)\emph{\textless-}cos\(\frac{\pi}{3}\)\emph{+}\(\frac{1}{2}\)\emph{=}0,可知\emph{h}(\emph{x})在区间(0,1{]}上单调递减,则\emph{h}(\emph{x})\emph{\textless h}(0)\emph{=}0,
(8分)

即\emph{g\textquotesingle{}}(\emph{x})\emph{\textless{}}0,可知\emph{g}(\emph{x})在区间(0,1{]}上单调递减,则\emph{g}(\emph{x})\emph{\textless g}(0)\emph{=}0,所以当0\emph{\textless x}≤1时,cos
\emph{x\textless{}}1\emph{-}\(\frac{1}{4}\)\emph{x}\textsuperscript{2}\emph{.}
(10分)

\emph{　　②}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147513591;FounderCES}]{media/image10.jpeg}
首先对照要证的不等式,左边是三角式,右边是代数分式,可以预判肯定不能直接求和,必须对左边的求和通项进行放缩处理\emph{.}如何放缩,第(1)问,第(2)\emph{①}与第(2)\emph{②}毫不相干,但它们能放在一起,说明在证明第(2)\emph{②}时可能会用到前面的结论,而求和大题主要考查错位相减法和裂项相消法,这样分析,就有了大致思路:先通过第(1)问的结论,将正弦放大到余弦,再通过第(2)\emph{①}的结论,将余弦放大到分式,然后再对分式适当放大,最后裂项相消求和,达到目的\emph{.}

证明:由(1)可知,当\emph{a=}\(\frac{1}{6}\)时,∀\emph{x}≥0,有\emph{f}(\emph{x})\emph{=}\(\frac{\sin x}{4 + 2cosx}\)\emph{-}\(\frac{1}{6}\)\emph{x}≤0成立,当\emph{x\textgreater{}}0时,等价于\(\frac{\sin x}{x}\)≤\(\frac{2 + cosx}{3}\),当\emph{k}≥2,\emph{k}∈N\emph{\textsuperscript{*}},则0\emph{\textless{}}\(\frac{2}{k}\)≤1时,可得\(\frac{k}{2}\)·sin\(\frac{2}{k}\)\emph{=}\(\frac{\sin\frac{2}{k}}{\frac{2}{k}}\)≤\(\frac{2 + cos\frac{2}{k}}{3}\)\emph{.}
(12分)

又因为当0\emph{\textless x}≤1时,cos
\emph{x\textless{}}1\emph{-}\(\frac{1}{4}\)\emph{x}\textsuperscript{2},可得cos\(\frac{2}{k}\)\emph{\textless{}}1\emph{-}\(\frac{1}{4}\left( \frac{2}{k} \right)^{2}\)\emph{=}1\emph{-}\(\frac{1}{k^{2}}\),
(14分)

则\(\frac{k}{2}\)·sin\(\frac{2}{k}\)≤\(\frac{2 + cos\frac{2}{k}}{3}\)\emph{\textless{}}\(\frac{2 + 1\text{-}\frac{1}{k^{2}}}{3}\)\emph{=}1\emph{-}\(\frac{1}{3}\)·\(\frac{1}{k^{2}}\)\emph{\textless{}}1\emph{-}\(\frac{1}{3}\)·\(\frac{1}{k\text{(}k + 1\text{)}}\)\emph{=}1\emph{-}\(\frac{1}{3}\)·\(\left( \frac{1}{k}\text{-}\frac{1}{k + 1} \right)\),即\emph{k}sin\(\frac{2}{k}\)\emph{\textless{}}2\emph{-}\(\frac{2}{3}\left( \frac{1}{k}\text{-}\frac{1}{k + 1} \right)\),
(16分)

所以\(\overset{n}{\underset{k = 2}{\text{∑}}}\left( k\sin\frac{2}{k} \right)\)\emph{\textless{}}2(\emph{n-}1)\emph{-}\(\frac{2}{3}\)\includegraphics[width=0.1in,height=0.29331in]{media/image5.jpeg}\(\frac{1}{2}\)\emph{-}\(\frac{1}{3}\)\emph{+}\(\frac{1}{3}\)\emph{-}\(\frac{1}{4}\)\emph{+}\ldots{}\emph{+}\(\frac{1}{n}\)\emph{-}\(\frac{1}{n + 1}\)\includegraphics[width=0.1in,height=0.29331in]{media/image6.jpeg}\emph{=}2(\emph{n-}1)\emph{-}\(\frac{2}{3}\left( \frac{1}{2}\text{-}\frac{1}{n + 1} \right)\)\emph{=}\(\frac{(6n + 5)\text{(}n\text{-}1\text{)}}{3\text{(}n + 1\text{)}}\),

所以当\emph{n}≥2,\emph{n}∈N\emph{\textsuperscript{*}}时,\(\overset{n}{\underset{k = 2}{\text{∑}}}\left( k\sin\frac{2}{k} \right)\)\emph{\textless{}}\(\frac{(6n + 5)\text{(}n\text{-}1\text{)}}{3(n + 1)}\)\emph{.}
(17分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147513598;FounderCES}]{media/image24.jpeg}
【1】 写到此处初步算出\emph{a}的取值范围即可得3分\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147513605;FounderCES}]{media/image4.jpeg}
函数与导数的最后压轴一问,许多试题给人的感觉表面上与前面没有关联,有种生硬拼凑的感觉,其实它们是有内在联系的,越是没有思路的压轴一问,越要从前面已经解决的问题中去寻找解题思虑,前面的问题是命题人为解决最后一问做的精心铺垫,本题就是很好的举证\emph{.}
[bookmark: _GoBack]
