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答案速查(标黑的有两种及以上解法)

1-5 CBACD\emph{　}6-8 DCA\emph{　}9\emph{.} AC\emph{　}10\emph{.}
ACD\emph{　}11\emph{.} ACD

12\emph{.} \(\frac{ab}{1 + ab}\)\emph{　}13\emph{.}
\(\frac{1 + \sqrt{5}}{2}\)\emph{　}14\emph{.}
\(\left\lbrack \text{-}\frac{2}{9}\text{,}\frac{2}{3} \right\rbrack\)

1\emph{.}
C\emph{　}由\(\frac{3\text{-}i}{z}\)\emph{=-}i,得\emph{z=}\(\frac{3\text{-}i}{\text{-}i}\)\emph{=}\(\frac{3i\text{-}i^{2}}{\text{-}i\text{·}i}\)\emph{=}1\emph{+}3i\emph{.}

2\emph{.}
B\emph{　}抛物线\emph{C}:\emph{y}\textsuperscript{2}\emph{=}4\emph{x}的焦点为\emph{F}(1,0),准线为\emph{x=-}1,由抛物线的定义可知,抛物线上的点\emph{P}(\emph{s},\emph{t})到焦点\emph{F}的距离等于它到准线\emph{x=-}1的距离,所以\emph{\textbar PF\textbar=s+}1\emph{=}3,即\emph{s=}2\emph{.}又点\emph{P}(\emph{s},\emph{t})在抛物线\emph{C}:\emph{y}\textsuperscript{2}\emph{=}4\emph{x}上,所以\emph{t}\textsuperscript{2}\emph{=}4\emph{s=}8,所以\emph{\textbar OP\textbar=}\(\sqrt{s^{2} + t^{2}}\)\emph{=}\(\sqrt{4 + 8}\)\emph{=}2\(\sqrt{3}\)\emph{.}

3\emph{.}
A\emph{　}5个数据由小到大排列为3\emph{.}84,3\emph{.}88,4\emph{.}16,4\emph{.}46,4\emph{.}71\emph{.}由5\emph{×}40\%\emph{=}2,得这5个数据的40\%分位数是\(\frac{3\text{.}88 + 4\text{.}16}{2}\)\emph{=}4\emph{.}02\emph{.}

4\emph{.}
C\emph{　}由题设得\emph{b=b-a+a=}(3,0)\emph{+}(\emph{-}1,2)\emph{=}(2,2),所以cos
\emph{θ=}cos\emph{\textless a},\emph{b\textgreater=}\(\frac{a\text{·}b}{|a||b|}\)\emph{=}\(\frac{\text{-}2 + 4}{\sqrt{5} \times \sqrt{4 + 4}}\)\emph{=}\(\frac{\sqrt{10}}{10}\),所以cos
2\emph{θ=}2cos\textsuperscript{2}\emph{θ-}1\emph{=}2\emph{×}\(\left( \frac{\sqrt{10}}{10} \right)^{2}\)\emph{-}1\emph{=-}\(\frac{4}{5}\)\emph{.}

5\emph{.}
D\emph{　}解法1(``1''的代换)\emph{　}因为正数\emph{x},\emph{y}满足\emph{x+y=xy},即\(\frac{1}{x}\)\emph{+}\(\frac{1}{y}\)\emph{=}1,所以\emph{x+}4\emph{y=}\(\left( \frac{1}{x} + \frac{1}{y} \right)\)(\emph{x+}4\emph{y})\emph{=}5\emph{+}\(\frac{4y}{x}\)\emph{+}\(\frac{x}{y}\)≥5\emph{+}2\(\sqrt{\frac{4y}{x}\text{·}\frac{x}{y}}\)\emph{=}9,当且仅当\(\frac{4y}{x}\)\emph{=}\(\frac{x}{y}\),即\emph{x=}2\emph{y=}3时,等号成立,所以\emph{x+}4\emph{y}的最小值为9\emph{.}

解法2(消元法)\emph{　}因为正数\emph{x},\emph{y}满足\emph{x+y=xy},所以\emph{x=}\(\frac{y}{y\text{-}1}\),且\emph{y\textgreater{}}1,所以\emph{x+}4\emph{y=}\(\frac{y}{y\text{-}1}\)\emph{+}4\emph{y=}\(\frac{\text{(}y\text{-}1\text{)} + 1}{y\text{-}1}\)\emph{+}4\emph{y=}\(\frac{1}{y\text{-}1}\)\emph{+}4(\emph{y-}1)\emph{+}5≥2\(\sqrt{\frac{1}{y\text{-}1}\text{·}4\text{(}y\text{-}1\text{)}}\)\emph{+}5\emph{=}9,当且仅当\(\frac{1}{y\text{-}1}\)\emph{=}4(\emph{y-}1),即\emph{y=}\(\frac{3}{2}\),\emph{x=}3时,等号成立,所以\emph{x+}4\emph{y}的最小值为9\emph{.}

解法3(配凑法)\emph{　}因为正数\emph{x},\emph{y}满足\emph{x+y=xy},所以\emph{x=}\(\frac{y}{y\text{-}1}\)\emph{\textgreater{}}0,则\emph{y\textgreater{}}1,同理有\emph{x\textgreater{}}1\emph{.}由\emph{x+y=xy},得(\emph{x-}1)(\emph{y-}1)\emph{=}1,且\emph{x\textgreater{}}1,\emph{y\textgreater{}}1,因此\emph{x+}4\emph{y=}(\emph{x-}1)\emph{+}4(\emph{y-}1)\emph{+}5≥2\(\sqrt{\text{(}x\text{-}1\text{)·}4\text{(}y\text{-}1\text{)}}\)\emph{+}5\emph{=}9,当且仅当\emph{x-}1\emph{=}4(\emph{y-}1),即\emph{y=}\(\frac{3}{2}\),\emph{x=}3时,等号成立,所以\emph{x+}4\emph{y}的最小值为9\emph{.}

解法4(判别式法)\emph{　}因为\emph{x\textgreater{}}0,\emph{y\textgreater{}}0,设\emph{x+}4\emph{y=t}(\emph{t\textgreater{}}0),则\emph{x=t-}4\emph{y},代入\emph{x+y=xy},得\emph{t-}4\emph{y+y=}(\emph{t-}4\emph{y})\emph{y},整理得4\emph{y}\textsuperscript{2}\emph{-}(\emph{t+}3)\emph{y+t=}0\emph{.}由题知关于\emph{y}的方程有解,则\emph{Δ=}(\emph{t+}3)\textsuperscript{2}\emph{-}16\emph{t}≥0,又\emph{t\textgreater{}}0,解得\emph{t}≥9\emph{.}当\emph{t=}9时,方程4\emph{y}\textsuperscript{2}\emph{-}(\emph{t+}3)\emph{y+t=}0的解为\emph{y=}\(\frac{3}{2}\),代入\emph{x+}4\emph{y=t},得\emph{x=}3,所以当\emph{x=}3,\emph{y=}\(\frac{3}{2}\)时,\emph{x+}4\emph{y}取最小值9\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147513929;FounderCES}]{media/image4.jpeg}
此题的四种方法是求最值的常用方法,其中解法1(``1''的代换)是此题最为简便的方法,此题型也是利用基本不等式求最值最常见的考查题型\emph{.}

6\emph{.}
D\emph{　}因为\emph{a=}4,\emph{A=}\(\frac{\pi}{3}\),所以由正弦定理可知,\(\frac{b}{\sin B}\)\emph{=}\(\frac{c}{\sin C}\)\emph{=}\(\frac{a}{\sin A}\)\emph{=}\(\frac{4}{\sin\frac{\pi}{3}}\)\emph{=}\(\frac{4}{\frac{\sqrt{3}}{2}}\)\emph{=}\(\frac{8}{\sqrt{3}}\),所以sin
\emph{B=}\(\frac{\sqrt{3}}{8}\)\emph{b},sin
\emph{C=}\(\frac{\sqrt{3}}{8}\)\emph{c.}又sin \emph{B+}sin
\emph{C=}\(\frac{3\sqrt{3}}{4}\),所以\(\frac{\sqrt{3}}{8}\)\emph{b+}\(\frac{\sqrt{3}}{8}\)\emph{c=}\(\frac{3\sqrt{3}}{4}\),所以\emph{b+c=}6\emph{.}又由余弦定理知,\emph{a}\textsuperscript{2}\emph{=b}\textsuperscript{2}\emph{+c}\textsuperscript{2}\emph{-}2\emph{bc}cos
\emph{A},所以16\emph{=b}\textsuperscript{2}\emph{+c}\textsuperscript{2}\emph{-}2\emph{bc×}\(\frac{1}{2}\)\emph{=b}\textsuperscript{2}\emph{+c}\textsuperscript{2}\emph{-bc.}又\emph{b}\textsuperscript{2}\emph{+c}\textsuperscript{2}\emph{=}(\emph{b+c})\textsuperscript{2}\emph{-}2\emph{bc=}6\textsuperscript{2}\emph{-}2\emph{bc=}36\emph{-}2\emph{bc},所以16\emph{=}36\emph{-}2\emph{bc-bc},所以\emph{bc=}\(\frac{20}{3}\)\emph{.}

7\emph{.}
C\emph{　}取正四面体\emph{ABCD}各棱的中点分别为\emph{E},\emph{F},\emph{G},\emph{M},\emph{N},\emph{Q},并连接\emph{EF},\emph{FG},\emph{EG},\emph{MN},\emph{NQ},\emph{MQ},如图:

\includegraphics[width=0.92992in,height=1.02323in,alt={id:2147513936;FounderCES}]{media/image5.jpeg}

易得平面\emph{EFG}∥平面\emph{MNQ},且△\emph{EFG}≌△\emph{MNQ.}

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147513943;FounderCES}]{media/image6.jpeg}
关键是确定球心\emph{O}的位置,首先联想一下正四面体\emph{ABCD}的外接球和内切球的球心在什么位置\emph{.}根据几何体的特征,它们应该在同一个位置,即球心\emph{O}应该为这两个全等的正三角形\emph{EFG},\emph{MNQ}的中心\emph{O}\textsubscript{2},\emph{O}\textsubscript{1}两点连线的中点\emph{.}

不妨设正四面体\emph{ABCD}的棱长为6,作\emph{AO}\textsubscript{1}⊥平面\emph{BCD}于点\emph{O}\textsubscript{1},交平面\emph{EFG}于点\emph{O}\textsubscript{2},则\emph{O}\textsubscript{2}为\emph{AO}\textsubscript{1}的中点,且球心\emph{O}是\emph{O}\textsubscript{1}\emph{O}\textsubscript{2}的中点,即\emph{OO}\textsubscript{1}\emph{=}\(\frac{1}{4}\)\emph{AO}\textsubscript{1},\emph{DO}\textsubscript{1}\emph{=}\(\frac{2}{3}\)\emph{DQ=}\(\frac{2}{3}\)\emph{×}\(\frac{\sqrt{3}}{2}\)\emph{×}6\emph{=}2\(\sqrt{3}\),\emph{AO}\textsubscript{1}\emph{=}\(\sqrt{6^{2}\text{-}{\text{(}2\sqrt{3}\text{)}}^{2}}\)\emph{=}2\(\sqrt{6}\),\emph{OO}\textsubscript{1}\emph{=}\(\frac{\sqrt{6}}{2}\)\emph{.}而\emph{O}\textsubscript{1}\emph{Q=}\(\frac{1}{3}\)\emph{DQ=}\(\sqrt{3}\),因此球\emph{O}的半径\emph{R=OQ=}\(\sqrt{OO_{1}^{2} + O_{1}Q^{2}}\)\emph{=}\(\sqrt{\left( \frac{\sqrt{6}}{2} \right)^{2} + {\text{(}\sqrt{3}\text{)}}^{2}}\)\emph{=}\(\frac{3}{\sqrt{2}}\),所以球\emph{O}的表面积与该正四面体的表面积之比为\(\frac{4\pi R^{2}}{4S_{\text{△}BCD}}\)\emph{=}\(\frac{\pi \times \left( \frac{3}{\sqrt{2}} \right)^{2}}{\frac{\sqrt{3}}{4} \times 6^{2}}\)\emph{=}\(\frac{\sqrt{3}\pi}{6}\)\emph{.}
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1\emph{.}
正四面体\emph{ABCD}外接球和内切球的球心为同一个点,即正四面体\emph{ABCD}的高\emph{AO}\textsubscript{1}上靠近\emph{O}\textsubscript{1}的四等分点\emph{O},且外接球和内切球半径的比为3\emph{∶}1\emph{.}

2\emph{.}
根据\emph{O}到各个顶点的距离相等,可推知\emph{O}到各条棱的中点的距离也相等,故\emph{O}也是过正四面体\emph{ABCD}各条棱中点的球的球心,则此球的半径也可由\emph{R=}\(\sqrt{\left( \frac{3AO_{1}}{4} \right)^{2}\text{-}\left( \frac{AB}{2} \right)^{2}}\)求得,此球过各棱的中点,且与各棱均相切,故也称为棱切球\emph{.}这些结论也可与正方体的外接球、内切球结论进行类比\emph{.}

\emph{　　}8\emph{.}
A\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147513957;FounderCES}]{media/image6.jpeg}
根据选项可知,必须求出参数\emph{a},\emph{b}所满足的条件,因此根据有两个极值点,转化为导数有两个零点,再转化为两函数图象有两个交点,求出参数\emph{a},\emph{b}所满足的条件\emph{.}

由\emph{f}(\emph{x})\emph{=a}e\emph{\textsuperscript{x}+bx}\textsuperscript{2},可得\emph{f\textquotesingle{}}(\emph{x})\emph{=a}e\emph{\textsuperscript{x}+}2\emph{bx.}因为函数\emph{f}(\emph{x})存在极大值点\emph{x}\textsubscript{1}和极小值点\emph{x}\textsubscript{2},故方程\emph{a}e\emph{\textsuperscript{x}+}2\emph{bx=}0有两个不相等的实根\emph{.}当\emph{a=}0时,方程不存在两个根,故\emph{a}≠0,因此\emph{x}≠0,从而知关于\emph{x}的方程\emph{-}\(\frac{2b}{a}\)\emph{=}\(\frac{e^{x}}{x}\)有两个不相等的实根\emph{.}令\emph{g}(\emph{x})\emph{=}\(\frac{e^{x}}{x}\),\emph{g\textquotesingle{}}(\emph{x})\emph{=}\(\frac{\text{(}x\text{-}1\text{)}e^{x}}{x^{2}}\),故当\emph{x}∈(\emph{-∞},0)和\emph{x}∈(0,1)时,\emph{g\textquotesingle{}}(\emph{x})\emph{\textless{}}0,\emph{g}(\emph{x})单调递减;当\emph{x}∈(1,\emph{+∞})时,\emph{g\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,\emph{g}(\emph{x})单调递增\emph{.}所以\emph{g}(\emph{x})\textsubscript{极小值}\emph{=g}(1)\emph{=}e,进而可以画出\emph{g}(\emph{x})\emph{=}\(\frac{e^{x}}{x}\)的大致图象,如图1:

\includegraphics[width=1.55315in,height=1.41654in,alt={id:2147513964;FounderCES}]{media/image7.jpeg}图1

根据\emph{-}\(\frac{2b}{a}\)\emph{=}\(\frac{e^{x}}{x}\)有两个不相等的实根可知,直线\emph{y=-}\(\frac{2b}{a}\)与曲线\emph{g}(\emph{x})有两个不同的交点,故\emph{-}\(\frac{2b}{a}\)\emph{\textgreater{}}e\emph{.}

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147513971;FounderCES}]{media/image6.jpeg}
参数\emph{a},\emph{b}满足条件\emph{-}\(\frac{2b}{a}\)\emph{\textgreater{}}e,能确定\emph{f}(\emph{x})有两个极值点\emph{x}\textsubscript{1},\emph{x}\textsubscript{2}且\emph{x}\textsubscript{1}\emph{\textless x}\textsubscript{2},但还不能确定极大值点为\emph{x}\textsubscript{1},极小值点为\emph{x}\textsubscript{2},所以需要继续再分别讨论\emph{a\textgreater{}}0与\emph{a\textless{}}0的情况,找到满足题意的参数\emph{a},\emph{b}的所有限制条件\emph{.}

\emph{①}当\emph{a\textgreater{}}0时,\emph{b\textless{}}0,且\emph{-}\(\frac{2b}{a}\)\emph{\textgreater{}}e,\emph{f\textquotesingle{}}(\emph{x})\emph{=a}e\emph{\textsuperscript{x}+}2\emph{bx},令\emph{h}(\emph{x})\emph{=a}e\emph{\textsuperscript{x}+}2\emph{bx},\emph{h\textquotesingle{}}(\emph{x})\emph{=a}e\emph{\textsuperscript{x}+}2\emph{b.}令\emph{h\textquotesingle{}}(\emph{x})\emph{=}0,解得\emph{x=}ln\(\left( \text{-}\frac{2b}{a} \right)\),当\emph{x}∈\(\left( \text{-∞,}\ln\left( \text{-}\frac{2b}{a} \right) \right)\)时,\emph{h\textquotesingle{}}(\emph{x})\emph{\textless{}}0,\emph{h}(\emph{x})单调递减;当\emph{x}∈\(\left( \ln\left( \text{-}\frac{2b}{a} \right)\text{,} + \text{∞} \right)\)时,\emph{h\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,\emph{h}(\emph{x})单调递增,所以\emph{h}(\emph{x})在\emph{x=}ln\(\left( \text{-}\frac{2b}{a} \right)\)处取极小值,\emph{h}(\emph{x})\textsubscript{极小值}\emph{=h}\(\left( \ln\left( \text{-}\frac{2b}{a} \right) \right)\)\emph{=}2\emph{b}\(\left\lbrack \ln\left( \text{-}\frac{2b}{a} \right)\text{-}1 \right\rbrack\)\emph{.}而\emph{-}\(\frac{2b}{a}\)\emph{\textgreater{}}e,故2\emph{b}\includegraphics[width=0.1in,height=0.29331in]{media/image8.jpeg}ln\(\left( \text{-}\frac{2b}{a} \right)\)\emph{-}1\includegraphics[width=0.1in,height=0.29331in]{media/image9.jpeg}\emph{\textless{}}0,且当\emph{x}→\emph{-∞}时,\emph{h}(\emph{x})→\emph{+∞},当\emph{x}→\emph{+∞}时,\emph{h}(\emph{x})→\emph{+∞},所以根据函数零点存在定理,易知\emph{h}(\emph{x})存在两个不同的零点,即\emph{f\textquotesingle{}}(\emph{x})存在两个不同的零点\emph{x}\textsubscript{1},\emph{x}\textsubscript{2}\emph{.}当\emph{x}∈(\emph{-∞},\emph{x}\textsubscript{1})和\emph{x}∈(\emph{x}\textsubscript{2},\emph{+∞})时,\emph{f\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,\emph{f}(\emph{x})单调递增;当\emph{x}∈(\emph{x}\textsubscript{1},\emph{x}\textsubscript{2})时,\emph{f\textquotesingle{}}(\emph{x})\emph{\textless{}}0,\emph{f}(\emph{x})单调递减,\emph{f}(\emph{x})的大致图象如图2所示,可知\emph{x}\textsubscript{1},\emph{x}\textsubscript{2}分别为函数\emph{f}(\emph{x})的极大值点和极小值点,且\emph{x}\textsubscript{1}\emph{\textless x}\textsubscript{2},满足题意\emph{.}

\includegraphics[width=0.95in,height=0.95in,alt={id:2147513978;FounderCES}]{media/image10.jpeg}图2

\emph{②}当\emph{a\textless{}}0时,\emph{b\textgreater{}}0,令\emph{h}(\emph{x})\emph{=a}e\emph{\textsuperscript{x}+}2\emph{bx},\emph{h\textquotesingle{}}(\emph{x})\emph{=a}e\emph{\textsuperscript{x}+}2\emph{b.}令\emph{h\textquotesingle{}}(\emph{x})\emph{=}0,解得\emph{x=}ln\(\left( \text{-}\frac{2b}{a} \right)\)\emph{.}当\emph{x}∈\(\left( \text{-∞,}\ln\left( \text{-}\frac{2b}{a} \right) \right)\)时,\emph{h\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,\emph{h}(\emph{x})单调递增;当\emph{x}∈\(\left( \ln\left( \text{-}\frac{2b}{a} \right)\text{,} + \text{∞} \right)\)时,\emph{h\textquotesingle{}}(\emph{x})\emph{\textless{}}0,\emph{h}(\emph{x})单调递减,所以\emph{h}(\emph{x})在\emph{x=}ln\(\left( \text{-}\frac{2b}{a} \right)\)处取极大值,\emph{h}(\emph{x})\textsubscript{极大值}\emph{=h}\(\left( \ln\left( \text{-}\frac{2b}{a} \right) \right)\)\emph{=}2\emph{b}\(\left\lbrack \ln\left( \text{-}\frac{2b}{a} \right)\text{-}1 \right\rbrack\)\emph{.}而\emph{-}\(\frac{2b}{a}\)\emph{\textgreater{}}e,故2\emph{b}\(\left\lbrack \ln\left( \text{-}\frac{2b}{a} \right)\text{-}1 \right\rbrack\)\emph{\textgreater{}}0,且当\emph{x}→\emph{-∞}时,\emph{h}(\emph{x})→\emph{-∞},当\emph{x}→\emph{+∞}时,\emph{h}(\emph{x})→\emph{-∞},所以根据函数零点存在定理,易知\emph{h}(\emph{x})存在两个不同的零点,即\emph{f\textquotesingle{}}(\emph{x})存在两个不同的零点\emph{x}\textsubscript{1},\emph{x}\textsubscript{2}\emph{.}当\emph{x}∈(\emph{-∞},\emph{x}\textsubscript{1})和\emph{x}∈(\emph{x}\textsubscript{2},\emph{+∞})时,\emph{f\textquotesingle{}}(\emph{x})\emph{\textless{}}0,\emph{f}(\emph{x})单调递减;当\emph{x}∈(\emph{x}\textsubscript{1},\emph{x}\textsubscript{2})时,\emph{f\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,\emph{f}(\emph{x})单调递增,\emph{f}(\emph{x})的大致图象如图3所示,可知\emph{x}\textsubscript{1},\emph{x}\textsubscript{2}分别为函数\emph{f}(\emph{x})的极小值点和极大值点,且\emph{x}\textsubscript{1}\emph{\textless x}\textsubscript{2},不满足题意,舍去\emph{.}

\includegraphics[width=0.97008in,height=0.95in,alt={id:2147513985;FounderCES}]{media/image11.jpeg}图3

综上可得,参数\emph{a},\emph{b}满足\emph{-}\(\frac{2b}{a}\)\emph{\textgreater{}}e,且\emph{a\textgreater{}}0,\emph{b\textless{}}0\emph{.}由此可得\emph{a}e\emph{+}2\emph{b\textless{}}0,再结合\emph{-a\textless{}}0,所以\emph{a}e\emph{+}2\emph{b+}(\emph{-a})\emph{=a}(e\emph{-}1)\emph{+}2\emph{b\textless{}}0,故A正确;由\emph{a\textgreater{}}0,\emph{b\textless{}}0,\emph{a}e\emph{+}2\emph{b\textless{}}0不能确定\emph{a}e\emph{+b\textless{}}0,故B错误;同理也不能确定2\emph{a+b\textless{}}0,2\emph{a+b}(e\emph{-}2)\emph{\textless{}}0,故C,D错误\emph{.}

\includegraphics[width=0.77323in,height=0.18661in,alt={id:2147513992;FounderCES}]{media/image12.jpeg}
得出参数\emph{a},\emph{b}满足的条件\emph{-}\(\frac{2b}{a}\)\emph{\textgreater{}}e,只是必要条件,而非充要条件\emph{.}

9\emph{.}
AC\emph{　}对于A,若\emph{N=}\{\emph{x\textbar x}\textsuperscript{2}\emph{+}2\emph{x=}0\}\emph{=}\{\emph{-}2,0\},满足\emph{M}∩\emph{N=}⌀,符合题意,故A正确;对于B,若\emph{N=}\{\emph{x\textbar x}\textsuperscript{2}\emph{-x}≤0\}\emph{=}\{\emph{x\textbar{}}0≤\emph{x}≤1\},则\emph{M}∩\emph{N=}\{1\},不符合题意,故B错误;对于C,若\emph{N=}\(\left\{ y\left| y = 1\text{-}\frac{1}{x^{2}} \right.\  \right\}\)\emph{=}\{\emph{y\textbar y\textless{}}1\},满足\emph{M}∩\emph{N=}⌀,符合题意,故C正确;对于D,因为\emph{N=}\{\emph{x\textbar x=}3\emph{n-}1,\emph{n}∈Z\}\emph{=}\{\ldots,\emph{-}7,\emph{-}4,\emph{-}1,2,5,\ldots\},则\emph{M}∩\emph{N=}\{2\},不符合题意,故D错误\emph{.}

\emph{　　}10\emph{.}
ACD\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147513999;FounderCES}]{media/image6.jpeg}
各个选项的判定,需要知道各项的系数具体为多少,因此需要运用通项公式求出各项系数,然后再逐一判断\emph{.}

因为(\emph{-}1\emph{+x})\textsuperscript{7}展开式的通项为\emph{T\textsubscript{r+}}\textsubscript{1}\emph{=}\(C_{7}^{r}\)·(\emph{-}1)\textsuperscript{7\emph{-r}}·\emph{x\textsuperscript{r}}(\emph{r=}0,1,2,\ldots,7),则\emph{a\textsubscript{r}=}\(C_{7}^{r}\)·(\emph{-}1)\textsuperscript{7\emph{-r}}(\emph{r=}0,1,2,\ldots,7),可得\emph{a\textsubscript{r}}依次为\emph{-}1,7,\emph{-}21,35,\emph{-}35,21,\emph{-}7,1\emph{.}对于A,因为\emph{a\textsubscript{r}}的最大值为\emph{a}\textsubscript{3}\emph{=}35,所以\emph{a\textsubscript{r}}≤\emph{a}\textsubscript{3},\emph{r=}0,1,2,\ldots,7,故A正确\emph{.}对于B,\(\overset{7}{\underset{i = 1}{\text{∑}}}\left| a_{i} \right|\)\emph{=}\(\overset{7}{\underset{i = 0}{\text{∑}}}C_{7}^{i}\)\emph{-}\(C_{7}^{0}\)\emph{=}2\textsuperscript{7}\emph{-}1\emph{=}127,故B错误\emph{.}对于C,若两个数的积为正数,则这两个数必同号,因此必须是从\emph{-}1,\emph{-}21,\emph{-}35,\emph{-}7中任取2个或从7,35,21,1中任取2个,所以不同的取法共有\(C_{4}^{2}\)\emph{+}\(C_{4}^{2}\)\emph{=}12(种),故C正确\emph{.}对于D,\emph{a\textsubscript{r}+a}\textsubscript{7\emph{-r}}\emph{=}0,共有4组,若从这4组中任选一组,再从剩余的6个数中任选1个,不同的取法共有\(C_{4}^{1}C_{6}^{1}\)\emph{=}24(种);另检验可知,7\emph{-}21\emph{+}35\emph{=}21,7\emph{-}35\emph{+}21\emph{=-}7,\emph{-}21\emph{+}35\emph{-}7\emph{=}7,\emph{-}35\emph{+}21\emph{-}7\emph{=-}21这4组也满足题意\emph{.}故不同的取法共有24\emph{+}4\emph{=}28(种),故D正确\emph{.}

\includegraphics[width=0.77323in,height=0.18661in,alt={id:2147514006;FounderCES}]{media/image12.jpeg}
对于选项D,不要遗忘后面的4组\emph{.}

\emph{　　}11\emph{.}
ACD\emph{　}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147514013;FounderCES}]{media/image13.jpeg}
对于此种类型的抽象函数性质的探究\emph{.}通常有两种方法:一是函数性质推定法;二是函数模型法\emph{.}最为理想的是能寻找到一个具体函数,而我们所学过的基本初等函数中,定义域和值域均为R的有三次函数\emph{y=x}\textsuperscript{3}和一次函数等,这是解决此题的突破口\emph{.}

解法1(待定系数法)\emph{　}设\emph{f}(\emph{x})\emph{=kx+b}(\emph{k}≠0),代入\emph{f}(\emph{f}(\emph{x}\textsubscript{1}\emph{-x}\textsubscript{2}))\emph{=f}(2\emph{x}\textsubscript{1})\emph{+f}(\emph{-}2\emph{x}\textsubscript{2})\emph{-}1,得\emph{k}{[}\emph{k}(\emph{x}\textsubscript{1}\emph{-x}\textsubscript{2})\emph{+b}{]}\emph{+b=k}·2\emph{x}\textsubscript{1}\emph{+b+k}(\emph{-}2\emph{x}\textsubscript{2})\emph{+b-}1,整理得\emph{k}\textsuperscript{2}(\emph{x}\textsubscript{1}\emph{-x}\textsubscript{2})\emph{+kb+b=}2\emph{k}(\emph{x}\textsubscript{1}\emph{-x}\textsubscript{2})\emph{+}2\emph{b-}1,则\emph{k}\textsuperscript{2}\emph{=}2\emph{k},\emph{kb+b=}2\emph{b-}1,解得\emph{k=}2,\emph{b=-}1,所以\emph{f}(\emph{x})\emph{=}2\emph{x-}1\emph{.}

解法2(赋值法)\emph{　}令\emph{x}\textsubscript{1}\emph{=x},\emph{x}\textsubscript{2}\emph{=-x},则\emph{f}(\emph{f}(2\emph{x}))\emph{=}2\emph{f}(2\emph{x})\emph{-}1\emph{.}由于\emph{f}(\emph{x})的定义域与值域均为R,令\emph{t=f}(2\emph{x})∈R,有\emph{f}(\emph{t})\emph{=}2\emph{t-}1,即\emph{f}(\emph{x})\emph{=}2\emph{x-}1\emph{.}

由此函数逐一验证各个选项\emph{.f}(\emph{-}1)\emph{=-}3,故A正确;\emph{f}(\emph{x})\emph{+f}(\emph{-x})\emph{=-}2,\(\overset{2026}{\underset{i = \text{-}2026}{\text{∑}}}\)\emph{f}(\emph{i})\emph{=}\(\overset{2026}{\underset{i = 1}{\text{∑}}}\){[}\emph{f}(\emph{-i})\emph{+f}(\emph{i}){]}\emph{+f}(0)\emph{=-}2\emph{×}2026\emph{-}1\emph{=-}4053,故B错误;∃\emph{k=}1,\emph{g}(\emph{x})\emph{=f}(\emph{x})\emph{+}1\emph{=}2\emph{x}是奇函数,故C正确;∃\emph{k=-}2,\emph{g}(\emph{x})\emph{=f}(\emph{x})\emph{-}2\emph{x=-}1,满足\emph{g}(\emph{x+}1)\emph{=g}(\emph{x}),故D正确\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147514020;FounderCES}]{media/image4.jpeg}
对于抽象函数性质的探究,通常有两种方法:

1\emph{.}
性质推定法:通过具体的赋值来探究其性质,一般是赋一些特殊值,如0,1,\emph{-}1等,或一些特殊关系,如互为相反数、互为倒数等\emph{.}

2\emph{.}
函数模型法:对于抽象函数,若能寻找到具体的函数模型,问题就很简单,因此我们必须对所学的基本初等函数的共性熟练掌握,所谓的抽象函数往往就隐藏于此\emph{.}本题的解法2其实糅合了以上两种处理方法\emph{.}

12\emph{.}
\(\frac{ab}{1 + ab}\)\emph{　}由2\emph{\textsuperscript{a}=}3,得\emph{a=}log\textsubscript{2}3\emph{=}\(\frac{lg3}{lg2}\);由3\emph{\textsuperscript{b}=}5,得\emph{b=}log\textsubscript{3}5\emph{=}\(\frac{lg5}{lg3}\)\emph{.}又lg
2\emph{+}lg
5\emph{=}1,所以\emph{a=}\(\frac{lg3}{lg2}\)\emph{=}\(\frac{lg3}{1\text{-}lg5}\),因此\emph{ab=}\(\frac{lg3}{1\text{-}lg5}\)\emph{×}\(\frac{lg5}{lg3}\),由此解得lg
5\emph{=}\(\frac{ab}{1 + ab}\)\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147514027;FounderCES}]{media/image4.jpeg}
在指、对数运算中要注意两个互化:一是分数指数幂与根式的互化;二是指数式与对数式的互化\emph{.}而且这种互化工作要主动去做,如这里我们主动去对两边取对数,将指数式化为对数式\emph{.}另外,在求值与化简问题中,注意换底公式和等式lg
2\emph{+}lg 5\emph{=}1的灵活运用\emph{.}

\emph{　　}13\emph{.}
\(\frac{1 + \sqrt{5}}{2}\)\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147514034;FounderCES}]{media/image6.jpeg}
求离心率,只要建立关于\emph{a},\emph{b},\emph{c}的齐次等式即可\emph{.}如何建立呢?只需将已知等式\emph{\textbar PQ\textbar=}\(\sqrt{2}\)\emph{\textbar OP\textbar{}}坐标化即可,这样只需求出点\emph{P}(\emph{c},\emph{y}\textsubscript{1}),\emph{Q}(\emph{c},\emph{y}\textsubscript{2})的坐标,通过点在双曲线上即可求得\emph{.}

解法1(坐标法)\emph{　}因为点\emph{P}(\emph{c},\emph{y}\textsubscript{1}),\emph{Q}(\emph{c},\emph{y}\textsubscript{2})在双曲线\emph{C}:\(\frac{x^{2}}{a^{2}}\)\emph{-}\(\frac{y^{2}}{b^{2}}\)\emph{=}1上,所以\(\frac{c^{2}}{a^{2}}\)\emph{-}\(\frac{y_{1}^{2}}{b^{2}}\)\emph{=}1,解得\(y_{1}^{2}\)\emph{=}\(\frac{b^{4}}{a^{2}}\),同理有\(y_{2}^{2}\)\emph{=}\(\frac{b^{4}}{a^{2}}\)\emph{.}不妨取\emph{y}\textsubscript{1}\emph{=}\(\frac{b^{2}}{a}\),\emph{y}\textsubscript{2}\emph{=-}\(\frac{b^{2}}{a}\),由\emph{\textbar PQ\textbar=}\(\sqrt{2}\)\emph{\textbar OP\textbar{}},得\(\frac{4b^{4}}{a^{2}}\)\emph{=}2\(\left( c^{2} + \frac{b^{4}}{a^{2}} \right)\),化简得\emph{b}\textsuperscript{2}\emph{=ac},即\emph{c}\textsuperscript{2}\emph{-a}\textsuperscript{2}\emph{=ac},则\emph{e}\textsuperscript{2}\emph{-e-}1\emph{=}0\emph{.}而\emph{e\textgreater{}}1,所以\emph{C}的离心率\emph{e=}\(\frac{1 + \sqrt{5}}{2}\)\emph{.}

解法2(二级结论\emph{+}平几知识)\emph{　}由对称性可知\emph{\textbar OP\textbar=\textbar OQ\textbar.}又\emph{\textbar PQ\textbar=}\(\sqrt{2}\)\emph{\textbar OP\textbar{}},所以△\emph{POQ}为等腰直角三角形,所以\emph{\textbar OF\textbar=}\(\frac{1}{2}\)\emph{\textbar PQ\textbar{}}(\emph{F}(\emph{c},0)为双曲线右焦点)\emph{.}由二级结论知\emph{\textbar PQ\textbar=}\(\frac{2b^{2}}{a}\),\textsuperscript{【1】}所以\emph{c=}\(\frac{b^{2}}{a}\),即\emph{b}\textsuperscript{2}\emph{=ac},下同解法1\emph{.}
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二级结论【1】 详见分册二级结论P18圆锥曲线的焦点弦中常考的二级结论(4)

\emph{　　}14\emph{.}
\(\left\lbrack \text{-}\frac{2}{9}\text{,}\frac{2}{3} \right\rbrack\)\emph{　}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147514055;FounderCES}]{media/image13.jpeg}
函数的零点个数和方程的根的个数,一般采用数形结合思想,即借助函数图象解决问题\emph{.}而函数\emph{f}(\emph{x})是含有绝对值的函数,则需要去掉绝对值,这就需要对参数\emph{a}进行讨论,不过讨论前,先进行换元处理,可使得解题变得更简单\emph{.}

令\emph{t=}sin
\emph{x}∈{[}\emph{-}1,1{]},可得\emph{g}(\emph{t})\emph{=\textbar\textbar a\textbar+t\textbar+\textbar\textbar a\textbar-t\textbar-a-}\(\frac{2}{3}\)在{[}\emph{-}1,1{]}上有零点\emph{.①}若\emph{a}≥1,\emph{g}(\emph{t})\emph{=\textbar a+t\textbar+\textbar a-t\textbar-a-}\(\frac{2}{3}\)\emph{=a-}\(\frac{2}{3}\),由\emph{g}(\emph{t})\emph{=a-}\(\frac{2}{3}\)\emph{=}0,解得\emph{a=}\(\frac{2}{3}\)\emph{\textless{}}1,不合题意\emph{.②}若\emph{a}≤\emph{-}1,\emph{g}(\emph{t})\emph{=\textbar-a+t\textbar+\textbar-a-t\textbar-a-}\(\frac{2}{3}\)\emph{=-}3\emph{a-}\(\frac{2}{3}\),由\emph{g}(\emph{t})\emph{=-}3\emph{a-}\(\frac{2}{3}\)\emph{=}0,解得\emph{a=-}\(\frac{2}{9}\)\emph{\textgreater-}1,不合题意\emph{.③}若\emph{-}1\emph{\textless a\textless{}}1,\emph{g}(\emph{t})\emph{=}\(\left| |a| + t \right|\)\emph{+}\(\left| |a|\text{-}t \right|\)\emph{-a-}\(\frac{2}{3}\)\emph{=}\(\left\{ \begin{matrix}
2t\text{-}a\text{-}\frac{2}{3}\text{,　|}a\text{|} < t \leq 1\text{,} \\
2\text{|}a\text{|-}a\text{-}\frac{2}{3}\text{,-|}a\text{|} \leq t \leq \text{|}a\text{|,} \\
\text{-}2t\text{-}a\text{-}\frac{2}{3}\text{,-}1 \leq t < \text{-|}a\text{|.}
\end{matrix} \right.\ \)又因为\emph{g}(1)\emph{=g}(\emph{-}1)\emph{=}\(\left| |a| + 1 \right|\)\emph{+}\(\left| |a|\text{-}1 \right|\)\emph{-a-}\(\frac{2}{3}\)\emph{=}\(\frac{4}{3}\)\emph{-a\textgreater{}}0,所以\emph{g}(\emph{t})\textsubscript{min}\emph{=}2\emph{\textbar a\textbar-a-}\(\frac{2}{3}\),\emph{g}(\emph{t})\textsubscript{max}\emph{=}\(\frac{4}{3}\)\emph{-a\textgreater{}}0\emph{.}如图,因为\emph{g}(\emph{t})在{[}\emph{-}1,1{]}上有零点,所以\emph{g}(\emph{t})\textsubscript{min}\emph{=}2\emph{\textbar a\textbar-a-}\(\frac{2}{3}\)≤0\emph{.}当0≤\emph{a\textless{}}1时,2\emph{\textbar a\textbar-a-}\(\frac{2}{3}\)\emph{=a-}\(\frac{2}{3}\)≤0,解得0≤\emph{a}≤\(\frac{2}{3}\);当\emph{-}1\emph{\textless a\textless{}}0时,2\(|a|\)\emph{-a-}\(\frac{2}{3}\)\emph{=-}3\emph{a-}\(\frac{2}{3}\)≤0,解得\emph{-}\(\frac{2}{9}\)≤\emph{a\textless{}}0\emph{.}综上所述,实数\emph{a}的取值范围是\(\left\lbrack \text{-}\frac{2}{9}\text{,}\frac{2}{3} \right\rbrack\)\emph{.}
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\emph{　　}15\emph{.} (1)
\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147514069;FounderCES}]{media/image6.jpeg}遇到关于\emph{S\textsubscript{n}},\emph{a\textsubscript{n}}的条件等式,一般通过退位相减法,即利用\emph{a\textsubscript{n}=S\textsubscript{n}-S\textsubscript{n-}}\textsubscript{1}(\emph{n}≥2),转化为关于\emph{a\textsubscript{n}}的递推关系式,或转化为关于\emph{S\textsubscript{n}}的递推关系式\emph{.}接下来就是如何处理递推关系的问题了,结合等比数列的定义即可得证\emph{.}

证明:\emph{S\textsubscript{n}=}3\emph{-}3\emph{a\textsubscript{n}　①},当\emph{n=}1时,\emph{S}\textsubscript{1}\emph{=}3\emph{-}3\emph{a}\textsubscript{1},即\emph{a}\textsubscript{1}\emph{=}3\emph{-}3\emph{a}\textsubscript{1},解得\emph{a}\textsubscript{1}\emph{=}\(\frac{3}{4}\)\emph{.}
(2分)

当\emph{n}≥2时,\emph{S\textsubscript{n-}}\textsubscript{1}\emph{=}3\emph{-}3\emph{a\textsubscript{n-}}\textsubscript{1}\emph{　②},\emph{①-②}得\emph{a\textsubscript{n}=S\textsubscript{n}-S\textsubscript{n-}}\textsubscript{1}\emph{=}3\emph{a\textsubscript{n-}}\textsubscript{1}\emph{-}3\emph{a\textsubscript{n}},即\emph{a\textsubscript{n}=}\(\frac{3}{4}\)\emph{a\textsubscript{n-}}\textsubscript{1}\emph{.}
(5分)

又\emph{a}\textsubscript{1}\emph{=}\(\frac{3}{4}\)≠0,\textsuperscript{【1】}所以\(\frac{a_{n}}{a_{n\text{-}1}}\)\emph{=}\(\frac{3}{4}\)(\emph{n}≥2)为常数,\textsuperscript{【2】}所以\{\emph{a\textsubscript{n}}\}是以\(\frac{3}{4}\)为首项,\(\frac{3}{4}\)为公比的等比数列\emph{.}
(7分)

(2)
解:由(1)得\emph{a\textsubscript{n}=}\(\left( \frac{3}{4} \right)^{n}\),
(9分)

则\emph{b}\textsubscript{1}\emph{=a}\textsubscript{3}\emph{=}\(\left( \frac{3}{4} \right)^{3}\)\emph{=}\(\frac{27}{64}\),\emph{b}\textsubscript{3}\emph{=}\(\frac{1}{3}\)\emph{S}\textsubscript{3}\emph{=}\(\frac{1}{3}\)\emph{×}(\emph{a}\textsubscript{1}\emph{+a}\textsubscript{2}\emph{+a}\textsubscript{3})\emph{=}\(\frac{1}{3}\)\emph{×}\(\left( \frac{3}{4} + \frac{9}{16} + \frac{27}{64} \right)\)\emph{=}\(\frac{37}{64}\),
(11分)

所以等差数列\{\emph{b\textsubscript{n}}\}的公差\emph{d=}\(\frac{b_{3}\text{-}b_{1}}{3\text{-}1}\)\emph{=}\(\frac{5}{64}\)\emph{.}
(13分)
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【1】
没有\emph{a}\textsubscript{1}\emph{=}\(\frac{3}{4}\)≠0,扣2分\emph{.}

【2】
没有写成\(\frac{a_{n}}{a_{n\text{-}1}}\)\emph{=}\(\frac{3}{4}\)(\emph{n}≥2)为常数,扣1分\emph{.}

16\emph{.} 解:(1)
由椭圆\emph{C}:\(\frac{x^{2}}{a^{2}}\)\emph{+}\(\frac{y^{2}}{b^{2}}\)\emph{=}1(\emph{a\textgreater b\textgreater{}}0)的短轴长为2,得2\emph{b=}2,解得\emph{b=}1\emph{.}
(2分)

又点\emph{M}\(\left( \text{-}1\text{,}\frac{\sqrt{3}}{2} \right)\)在椭圆\emph{C}上,所以\(\frac{{\text{(-}1\text{)}}^{2}}{a^{2}}\)\emph{+}\(\left( \frac{\sqrt{3}}{2} \right)^{2}\)\emph{=}1,解得\emph{a}\textsuperscript{2}\emph{=}4,
(4分)

所以椭圆\emph{C}的标准方程为\(\frac{x^{2}}{4}\)\emph{+y}\textsuperscript{2}\emph{=}1\emph{.}
(5分)

(2)
设点\emph{A}(\emph{x}\textsubscript{1},\emph{y}\textsubscript{1}),\emph{B}(\emph{x}\textsubscript{2},\emph{y}\textsubscript{2})\emph{.}联立直线与椭圆方程\(\left\{ \begin{matrix}
\frac{x^{2}}{4} + y^{2} = 1\text{,} \\
y = x + m\text{,}
\end{matrix} \right.\ \)消去\emph{y},得5\emph{x}\textsuperscript{2}\emph{+}8\emph{mx+}4\emph{m}\textsuperscript{2}\emph{-}4\emph{=}0,
(6分)

则\emph{Δ=}(8\emph{m})\textsuperscript{2}\emph{-}4\emph{×}5\emph{×}(4\emph{m}\textsuperscript{2}\emph{-}4)\emph{\textgreater{}}0\emph{.}又\emph{m\textgreater{}}0,所以0\emph{\textless m\textless{}}\(\sqrt{5}\)\emph{.}\textsuperscript{【1】}
(8分)

由根与系数的关系得\emph{x}\textsubscript{1}\emph{+x}\textsubscript{2}\emph{=-}\(\frac{8m}{5}\),\emph{x}\textsubscript{1}\emph{x}\textsubscript{2}\emph{=}\(\frac{4m^{2}\text{-}4}{5}\),
(10分)

\emph{\textbar AB\textbar=}\(\sqrt{1 + k^{2}}\)\emph{\textbar x}\textsubscript{1}\emph{-x}\textsubscript{2}\emph{\textbar=}\(\sqrt{1 + 1^{2}}\sqrt{{\text{(}x_{1} + x_{2}\text{)}}^{2}\text{-}4x_{1}x_{2}}\)\emph{=}

\(\sqrt{2}\sqrt{\left( \text{-}\frac{8m}{5} \right)^{2}\text{-}4\text{·}\frac{4m^{2}\text{-}4}{5}}\)\emph{=}\(\frac{4\sqrt{2}}{5}\sqrt{5\text{-}m^{2}}\)\emph{.}
(12分)

又原点\emph{O}到直线\emph{l}:\emph{y=x+m}(\emph{m\textgreater{}}0)的距离\emph{d=}\(\frac{\text{|}m\text{|}}{\sqrt{2}}\)\emph{=}\(\frac{m}{\sqrt{2}}\),
(13分)

所以\emph{S}\textsubscript{△\emph{OAB}}\emph{=}\(\frac{1}{2}\)\emph{\textbar AB\textbar{}}·\emph{d=}\(\frac{1}{2}\)\emph{×}\(\frac{4\sqrt{2}}{5}\)·\(\sqrt{5\text{-}m^{2}}\)·\(\frac{m}{\sqrt{2}}\)\emph{=}\(\frac{2m\sqrt{5\text{-}m^{2}}}{5}\)\emph{=}\(\frac{4}{5}\),即\emph{m}\textsuperscript{4}\emph{-}5\emph{m}\textsuperscript{2}\emph{+}4\emph{=}0\emph{.}

由0\emph{\textless m\textless{}}\(\sqrt{5}\),解得\emph{m=}1或\emph{m=}2\emph{.}故实数\emph{m}的值为1或2\emph{.}
(15分)

\includegraphics[width=1.25315in,height=1.05669in,alt={id:2147514083;FounderCES}]{media/image18.jpeg}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147514090;FounderCES}]{media/image17.jpeg}
【1】 没有求出0\emph{\textless m\textless{}}\(\sqrt{5}\),扣2分\emph{.}

\emph{　　}17\emph{.} (1)
\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147514097;FounderCES}]{media/image6.jpeg}从条件中体积比的转化到问题的解决,都与线段\emph{EF}的长度有关,因此可用等积转化的思想从体积比中求出线段\emph{EF}的长度,接下来的问题就迎刃而解了\emph{.}

证明:因为\emph{EF}∥\emph{AB},所以\emph{EF},\emph{AB}与平面\emph{BCE}所成角相等,设其为\emph{θ.}因为底面\emph{ABCD}是边长为4的正方形,△\emph{BCE}是正三角形,所以△\emph{BCE}的边长也为4\emph{.}而\(V_{FBCE}\)\emph{=}\(\frac{1}{3}\)\emph{S}\textsubscript{△\emph{BCE}}·\emph{EF}sin
\emph{θ},\(V_{EABCD}\)\emph{=}2\(V_{EABC}\)\emph{=}2\(V_{ABCE}\)\emph{=}2\emph{×}\(\frac{1}{3}\)\emph{S}\textsubscript{△\emph{BCE}}·\emph{AB}sin
\emph{θ},所以\(\frac{V_{FBCE}}{V_{EABCD}}\)\emph{=}\(\frac{EF}{2AB}\)\emph{=}\(\frac{3}{8}\),所以\emph{EF=}\(\frac{3}{4}\)\emph{AB=}\(\frac{3}{4}\)\emph{×}4\emph{=}3\emph{.}
(4分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147514104;FounderCES}]{media/image19.jpeg}
运用等积变换的思想,将体积之比转化为线段之比\emph{.}

由\emph{BE=}4,\emph{BF=}5及勾股定理的逆定理可得\emph{EF}⊥\emph{BE.}又\emph{EF}∥\emph{AB},所以\emph{AB}⊥\emph{BE.}
(5分)

又\emph{AB}⊥\emph{BC},\emph{BC}∩\emph{BE=B},\emph{BC},\emph{BE}⊂平面\emph{BCE},所以\emph{AB}⊥平面\emph{BCE.}\textsuperscript{【1】}
(7分)

又\emph{AB}⊂平面\emph{ABE},所以平面\emph{ABE}⊥平面\emph{BCE.} (8分)

(2)
解法1(向量坐标法)\emph{　}由(1)知\emph{AB}⊥平面\emph{BCE.}又\emph{AB}⊂平面\emph{ABCD},所以平面\emph{BCE}⊥平面\emph{ABCD.}
(9分)

取\emph{BC}的中点为\emph{O},连接\emph{EO.}因为△\emph{BCE}是边长为4的正三角形,所以\emph{EO}⊥\emph{BC},且\emph{EO}⊂平面\emph{BCE},\emph{EO=}2\(\sqrt{3}\)\emph{.}又平面\emph{BCE}∩平面\emph{ABCD=BC},所以\emph{EO}⊥平面\emph{ABCD.}\textsuperscript{【2】}
(10分)

以\emph{O}为坐标原点,\emph{OB},\emph{OE}分别为\emph{x}轴、\emph{z}轴,过点\emph{O}且平行于直线\emph{AB}的直线为\emph{y}轴,建立如图1所示的空间直角坐标系,

\includegraphics[width=1.45315in,height=1.10315in,alt={id:2147514111;FounderCES}]{media/image20.jpeg}图1

则\emph{B}(2,0,0),\emph{A}(2,4,0),\emph{C}(\emph{-}2,0,0),\emph{D}\(\left( \text{-}2\text{,}4\text{,}0 \right)\),\emph{E}\(\left( 0\text{,}0\text{,}2\sqrt{3} \right)\),\emph{F}\(\left( 0\text{,-}3\text{,}2\sqrt{3} \right)\),
(12分)

所以\(\overrightarrow{CF}\)\emph{=}\(\left( 2\text{,-}3\text{,}2\sqrt{3} \right)\),\(\overrightarrow{AD}\)\emph{=}\(\left( \text{-}4\text{,}0\text{,}0 \right)\),\(\overrightarrow{AE}\)\emph{=}\(\left( \text{-}2\text{,-}4\text{,}2\sqrt{3} \right)\)\emph{.}设平面\emph{ADE}的法向量为\emph{n=}(\emph{x},\emph{y},\emph{z}),则\(\left\{ \begin{matrix}
n\text{·}\overrightarrow{AD} = \text{-}4x = 0\text{,} \\
n\text{·}\overrightarrow{AE} = \text{-}2x\text{-}4y + 2\sqrt{3}z = 0\text{,}
\end{matrix} \right.\ \)得\emph{x=}0,令\emph{y=}\(\sqrt{3}\),得\emph{z=}2,所以\emph{n=}\(\left( 0\text{,}\sqrt{3}\text{,}2 \right)\)\emph{.}
(14分)

设直线\emph{CF}与平面\emph{ADE}所成的角为\emph{α},则sin
\emph{α=\textbar{}}cos\emph{\textless{}}\(\overrightarrow{CF}\),\emph{n\textgreater\textbar=}\(\frac{\text{|}\overrightarrow{CF}\text{·}n\text{|}}{\text{|}\overrightarrow{CF}\text{||}n\text{|}}\)\emph{=}\(\frac{\text{|}2 \times 0 + \text{(-}3\text{)} \times \sqrt{3} + 2\sqrt{3} \times 2\text{|}}{\sqrt{2^{2} + {\text{(-}3\text{)}}^{2} + {\text{(}2\sqrt{3}\text{)}}^{2}}\text{·}\sqrt{{\text{(}\sqrt{3}\text{)}}^{2} + 2^{2}}}\)\emph{=}\(\frac{\sqrt{3}}{5\sqrt{7}}\)\emph{=}\(\frac{\sqrt{21}}{35}\)\emph{.}\textsuperscript{【3】}因此,直线\emph{CF}与平面\emph{ADE}所成角的正弦值为\(\frac{\sqrt{21}}{35}\)\emph{.}
(15分)

\emph{　　}解法2(几何综合法)\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147514118;FounderCES}]{media/image6.jpeg}
因为线段\emph{CF}与平面\emph{ADE}没有相交,所以必须通过平移,转化为相交\emph{.}

在棱\emph{CD}上取\emph{CG=}3,连接\emph{EG.}因为\emph{EF}∥\emph{AB}∥\emph{CD},所以\emph{CG}∥\emph{EF},且\emph{CG=EF=}3,从而四边形\emph{EFCG}为平行四边形,所以\emph{CF}∥\emph{EG}且\emph{EG=CF},所以直线\emph{CF}与平面\emph{ADE}所成的角等于直线\emph{EG}与平面\emph{ADE}所成的角\emph{.}易得\emph{EF}⊥\emph{EC},则\emph{CF=}\(\sqrt{EF^{2} + CE^{2}}\)\emph{=}5\emph{.}取\emph{BC},\emph{AD}的中点分别为\emph{O},\emph{M},连接\emph{OM},\emph{OE},\emph{EM},过点\emph{G}作\emph{GH}∥\emph{AD},交\emph{AB}于点\emph{H},交\emph{OM}于点\emph{N.}

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147514125;FounderCES}]{media/image6.jpeg}
通过作垂线求点\emph{G}到平面\emph{ADE}的距离,作垂线有难度,必须通过与它等距离的点\emph{N}去完成\emph{.}

因为\emph{GH}∥\emph{AD},\emph{GH}⊄平面\emph{ADE},\emph{AD}⊂平面\emph{ADE},所以\emph{GH}∥平面\emph{ADE},

所以点\emph{G}到平面\emph{ADE}的距离等于点\emph{N}到平面\emph{ADE}的距离\emph{.}
(10分)

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147514132;FounderCES}]{media/image6.jpeg}
通过作垂线求点\emph{N}到平面\emph{ADE}的距离,而作线与平面垂直,则依赖于面面垂直\emph{.}

由(1)知\emph{AB}⊥平面\emph{BCE},又\emph{AB}⊂平面\emph{ABCD},所以平面\emph{BCE}⊥平面\emph{ABCD},且平面\emph{BCE}∩平面\emph{ABCD=BC.}因为△\emph{BCE}
是边长为4的正三角形,所以\emph{EO}⊥\emph{BC},且\emph{EO}⊂平面\emph{BCE},所以\emph{EO}⊥平面\emph{ABCD.}又\emph{AD}⊂平面\emph{ABCD},所以\emph{EO}⊥\emph{AD.}又\emph{OM}⊥\emph{AD},\emph{OM}∩\emph{EO=O},\emph{OM},\emph{EO}⊂平面\emph{EOM},所以\emph{AD}⊥平面\emph{EOM.}而\emph{AD}⊂平面\emph{ADE},所以平面\emph{EOM}⊥平面\emph{ADE},且平面\emph{EOM}∩平面\emph{ADE=EM.}
过点\emph{N}在平面\emph{EOM}内作\emph{NK}⊥\emph{EM},垂足为\emph{K},则\emph{NK}⊥平面\emph{ADE},\emph{NK}即为点\emph{N}到平面\emph{ADE}的距离,也是点\emph{G}到平面\emph{ADE}的距离,如图2:
(13分)

\includegraphics[width=1.39685in,height=0.95984in,alt={id:2147514139;FounderCES}]{media/image21.jpeg}图2

在Rt△\emph{EOM}中,\emph{EO=}2\(\sqrt{3}\),\emph{OM=}4,\emph{EM=}\(\sqrt{EO^{2} + OM^{2}}\)\emph{=}2\(\sqrt{7}\),\emph{MN=}1,且\(\frac{EO}{EM}\)\emph{=}\(\frac{NK}{MN}\),所以\emph{NK=}\(\frac{\sqrt{21}}{7}\)\emph{.}设直线\emph{CF}与平面\emph{ADE}所成的角为\emph{α},则sin
\emph{α=}\(\frac{NK}{EG}\)\emph{=}\(\frac{\sqrt{21}}{7}\)\emph{×}\(\frac{1}{5}\)\emph{=}\(\frac{\sqrt{21}}{35}\)\emph{.}
(15分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147514146;FounderCES}]{media/image17.jpeg}
【1】
综合法证明位置关系时,定理的条件一定要写完整,缺少的扣1\emph{\textasciitilde{}}2分\emph{.}

【2】
在建系前,一定要先证明\emph{EO}⊥平面\emph{ABCD},没有证明的扣1\emph{\textasciitilde{}}2分\emph{.}

【3】 向量法求线面角时,要有sin
\emph{α=\textbar{}}cos\emph{\textless{}}\(\overrightarrow{CF}\),\emph{n\textgreater\textbar{}},没有或缺少绝对值的扣1分\emph{.}

18\emph{.} 解:(1)
\emph{①}记顾客甲抽中``恭喜中奖''卡片为事件\emph{A},顾客甲抽中``谢谢参与''卡片为事件\emph{B},\textsuperscript{【1】}则\emph{P}(\emph{A})\emph{=}\(\frac{C_{2}^{2} + C_{2}^{1}C_{8}^{1}}{C_{10}^{2}}\)\emph{=}\(\frac{17}{45}\),\emph{P}(\emph{AB})\emph{=}\(\frac{C_{2}^{1}C_{8}^{1}}{C_{10}^{2}}\)\emph{=}\(\frac{16}{45}\),所以\emph{P}(\emph{B\textbar A})\emph{=}\(\frac{P\text{(}AB\text{)}}{P\text{(}A\text{)}}\)\emph{=}\(\frac{16}{17}\),所以在顾客甲抽中``恭喜中奖''卡片的前提下,顾客甲抽中``谢谢参与''卡片的概率为\(\frac{16}{17}\)\emph{.}
(4分)

\emph{②}由题意知,\emph{X}的可能取值为0,1,2,且\emph{P}(\emph{X=}0)\emph{=}\(\frac{C_{2}^{0}C_{8}^{2}}{C_{10}^{2}}\)\emph{=}\(\frac{28}{45}\),\emph{P}(\emph{X=}1)\emph{=}\(\frac{C_{2}^{1}C_{8}^{1}}{C_{10}^{2}}\)\emph{=}\(\frac{16}{45}\),\emph{P}(\emph{X=}2)\emph{=}\(\frac{C_{2}^{2}}{C_{10}^{2}}\)\emph{=}\(\frac{1}{45}\)\emph{.}
(7分)

所以\emph{X}的分布列为
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\toprule\noalign{}
\endhead
\bottomrule\noalign{}
\endlastfoot
X & 0 & 1 & 2 \\
P & \(\frac{28}{45}\) & \(\frac{16}{45}\) & \(\frac{1}{45}\) \\
\end{longtable}
}

\emph{　　}所以\emph{E}(\emph{X})\emph{=}0\emph{×}\(\frac{28}{45}\)\emph{+}1\emph{×}\(\frac{16}{45}\)\emph{+}2\emph{×}\(\frac{1}{45}\)\emph{=}\(\frac{2}{5}\)或\emph{E}(\emph{X})\emph{=}\(\frac{nM}{N}\)\emph{=}\(\frac{2 \times 2}{10}\)\emph{=}\(\frac{2}{5}\)\emph{.}\textsuperscript{【2】}
(8分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147514161;FounderCES}]{media/image19.jpeg}
这是超几何分布,也可直接使用公式计算\emph{.}

\emph{D}(\emph{X})\emph{=}\(\left( 0\text{-}\frac{2}{5} \right)^{2}\)\emph{×}\(\frac{28}{45}\)\emph{+}\(\left( 1\text{-}\frac{2}{5} \right)^{2}\)\emph{×}\(\frac{16}{45}\)\emph{+}\(\left( 2\text{-}\frac{2}{5} \right)^{2}\)\emph{×}\(\frac{1}{45}\)\emph{=}\(\frac{64}{225}\)\emph{.}
(9分)

(2)
由题意知,\emph{Y}的可能取值为1,2,3,\ldots,\emph{n.}因为是有放回的抽取,每次抽到``恭喜中奖''的概率均为\(\frac{m}{n}\),每次抽不到``恭喜中奖''的概率均为\(\frac{n\text{-}m}{n}\),所以\emph{P}\((Y = k)\)\emph{=}\(\left( \frac{n\text{-}m}{n} \right)^{k\text{-}1}\)·\(\frac{m}{n}\),1≤\emph{k}≤\emph{n-}1,\emph{k}∈N\emph{\textsuperscript{*}},
(10分)

\emph{P}(\emph{Y=n})\emph{=}\(\left( \frac{n\text{-}m}{n} \right)^{n\text{-}1}\),
(11分)

所以\emph{E}(\emph{Y})\emph{=}\(\overset{n\text{-}1}{\underset{k = 1}{\text{∑}}}\left\lbrack k\left( \frac{n\text{-}m}{n} \right)^{k\text{-}1}\text{·}\frac{m}{n} \right\rbrack\)\emph{+n}\(\left( \frac{n\text{-}m}{n} \right)^{n\text{-}1}\)
(12分)

\emph{=}\(\frac{m}{n}\overset{n\text{-}1}{\underset{k = 1}{\text{∑}}}\left\lbrack k\left( \frac{n\text{-}m}{n} \right)^{k\text{-}1} \right\rbrack\)\emph{+n}\(\left( \frac{n\text{-}m}{n} \right)^{n\text{-}1}\)\emph{.}
(14分)

设\emph{T\textsubscript{n-}}\textsubscript{1}\emph{=}\(\overset{n\text{-}1}{\underset{k = 1}{\text{∑}}}\left\lbrack k\left( \frac{n\text{-}m}{n} \right)^{k\text{-}1} \right\rbrack\)\emph{=}1\emph{×}\(\left( \frac{n\text{-}m}{n} \right)^{0}\)\emph{+}2\emph{×}\(\left( \frac{n\text{-}m}{n} \right)^{1}\)\emph{+}3\emph{×}\(\left( \frac{n\text{-}m}{n} \right)^{2}\)\emph{+}\ldots{}\emph{+}(\emph{n-}1)\(\left( \frac{n\text{-}m}{n} \right)^{n\text{-}2}\),

\emph{　　}解法1(错位相减法求和)\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147514168;FounderCES}]{media/image6.jpeg}
观察和式的特点,可以看成是对一个等差数列与一个等比数列对应项相乘得到的数列的前(\emph{n-}1)项求和,故可用错位相减法\emph{.}

则\(\left. \ \frac{n\text{-}m}{n} \right.\ \)\emph{T\textsubscript{n-}}\textsubscript{1}\emph{=}1\emph{×}\(\left( \frac{n\text{-}m}{n} \right)^{1}\)\emph{+}2\emph{×}\(\left( \frac{n\text{-}m}{n} \right)^{2}\)\emph{+}3\emph{×}\(\left( \frac{n\text{-}m}{n} \right)^{3}\)\emph{+}\ldots{}\emph{+}(\emph{n-}1)\(\left( \frac{n\text{-}m}{n} \right)^{n\text{-}1}\),两式相减,得\(\frac{m}{n}\)\emph{T\textsubscript{n-}}\textsubscript{1}\emph{=}\(\left( \frac{n\text{-}m}{n} \right)^{0}\)\emph{+}\(\left( \frac{n\text{-}m}{n} \right)^{1}\)\emph{+}\(\left( \frac{n\text{-}m}{n} \right)^{2}\)\emph{+}\ldots{}\emph{+}\(\left( \frac{n\text{-}m}{n} \right)^{n\text{-}2}\)\emph{-}(\emph{n-}1)\(\left( \frac{n\text{-}m}{n} \right)^{n\text{-}1}\)\emph{=}\(\frac{1\text{-}\left( \frac{n\text{-}m}{n} \right)^{n\text{-}1}}{1\text{-}\frac{n\text{-}m}{n}}\)\emph{-}(\emph{n-}1)·\(\left( \frac{n\text{-}m}{n} \right)^{n\text{-}1}\)\emph{=}\(\frac{n}{m}\)\emph{-}\(\frac{nm + n\text{-}m}{m}\)·\(\left( \frac{n\text{-}m}{n} \right)^{n\text{-}1}\),所以\emph{T\textsubscript{n-}}\textsubscript{1}\emph{=}\(\frac{n^{2}}{m^{2}}\)\emph{-}\(\frac{n^{2}m + n^{2}\text{-}mn}{m^{2}}\)·\(\left( \frac{n\text{-}m}{n} \right)^{n\text{-}1}\),
(16分)

所以\emph{E}(\emph{Y})\emph{=}\(\frac{m}{n}\)\emph{T\textsubscript{n-}}\textsubscript{1}\emph{+n}\(\left( \frac{n\text{-}m}{n} \right)^{n\text{-}1}\)\emph{=}\(\frac{n}{m}\)\emph{-}\(\frac{nm + n\text{-}m}{m}\)·\(\left( \frac{n\text{-}m}{n} \right)^{n\text{-}1}\)\emph{+n}\(\left( \frac{n\text{-}m}{n} \right)^{n\text{-}1}\)\emph{=}\(\frac{n}{m}\)\emph{-}\(\frac{n\text{-}m}{m}\)·\(\left( \frac{n\text{-}m}{n} \right)^{n\text{-}1}\)\emph{.}
(17分)

解法2(母函数法)\emph{　}设\emph{f}(\emph{x})\emph{=x+x}\textsuperscript{2}\emph{+x}\textsuperscript{3}\emph{+}\ldots{}\emph{+x\textsuperscript{n-}}\textsuperscript{1}\emph{=}\(\frac{x\text{-}x^{n}}{1\text{-}x}\)(这里用了等比数列的求和公式),其中\emph{x=}\(\frac{n\text{-}m}{n}\),1\emph{-x=}\(\frac{m}{n}\),两边对\emph{x}求导得,\emph{f\textquotesingle{}}(\emph{x})\emph{=}1·\emph{x}\textsuperscript{0}\emph{+}2·\emph{x}\textsuperscript{1}\emph{+}3·\emph{x}\textsuperscript{2}\emph{+}\ldots{}\emph{+}(\emph{n-}1)\emph{x\textsuperscript{n-}}\textsuperscript{2}\emph{=}\(\frac{\text{(}1\text{-}nx^{n\text{-}1}\text{)(}1\text{-}x\text{)} + x\text{-}x^{n}}{{\text{(}1\text{-}x\text{)}}^{2}}\)\emph{=}\(\frac{1\text{-}nx^{n\text{-}1} + \text{(}n\text{-}1\text{)}x^{n}}{{\text{(}1\text{-}x\text{)}}^{2}}\)\emph{=}\(\frac{1}{{\text{(}1\text{-}x\text{)}}^{2}}\)\emph{-}\(\frac{n\text{-(}n\text{-}1\text{)}x}{{\text{(}1\text{-}x\text{)}}^{2}}\)·\emph{x\textsuperscript{n-}}\textsuperscript{1}\emph{.}将\emph{x=}\(\frac{n\text{-}m}{n}\),1\emph{-x=}\(\frac{m}{n}\)代入上式,得\emph{T\textsubscript{n-}}\textsubscript{1}\emph{=}\(\overset{n\text{-}1}{\underset{k = 1}{\text{∑}}}\left\lbrack k\left( \frac{n\text{-}m}{n} \right)^{k\text{-}1} \right\rbrack\)\emph{=}1\emph{×}\(\left( \frac{n\text{-}m}{n} \right)^{0}\)\emph{+}2\emph{×}\(\left( \frac{n\text{-}m}{n} \right)^{1}\)\emph{+}3\emph{×}\(\left( \frac{n\text{-}m}{n} \right)^{2}\)\emph{+}\ldots{}\emph{+}(\emph{n-}1)\(\left( \frac{n\text{-}m}{n} \right)^{n\text{-}2}\)\emph{=}\(\frac{n^{2}}{m^{2}}\)\emph{-}\(\frac{n^{2}m + n^{2}\text{-}nm}{m^{2}}\)·\(\left( \frac{n\text{-}m}{n} \right)^{n\text{-}1}\),
(16分)

所以\emph{E}(\emph{Y})\emph{=}\(\frac{m}{n}\overset{n\text{-}1}{\underset{k = 1}{\text{∑}}}\left\lbrack k\left( \frac{n\text{-}m}{n} \right)^{k\text{-}1} \right\rbrack\)\emph{+n}\(\left( \frac{n\text{-}m}{n} \right)^{n\text{-}1}\)\emph{=}\(\frac{m}{n}\)\emph{T\textsubscript{n-}}\textsubscript{1}\emph{+n}\(\left( \frac{n\text{-}m}{n} \right)^{n\text{-}1}\)\emph{=}\(\frac{n}{m}\)\emph{-}\(\frac{nm + n\text{-}m}{m}\)·\(\left( \frac{n\text{-}m}{n} \right)^{n\text{-}1}\)\emph{+}\({n\left( \frac{n\text{-}m}{n} \right)}^{n\text{-}1}\)\emph{=}\(\frac{n}{m}\)\emph{-}\(\frac{n\text{-}m}{m}\)·\(\left( \frac{n\text{-}m}{n} \right)^{n\text{-}1}\)\emph{.}
(17分)
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【1】 这里要设事件,步骤不完整,扣1分\emph{.}
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【2】
能读懂本小问是考查几何分布,准确计算相应概率\emph{.}列出分布到,求出期望,即可得到4分\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147514189;FounderCES}]{media/image4.jpeg}
(1)
这份试卷数列大题中没有涉及求和,但求和问题放在第18题和19题中考查,更具有综合性和隐蔽性\emph{.}

(2)
解法2中的母函数结合导数知识处理问题的方法,在一些组合恒等式的证明中也经常被采用\emph{.}

19\emph{.} (1)
解:因为\emph{f}(\emph{x})\emph{=}(\emph{x-a})\(e^{\frac{x}{a}}\)(\emph{a\textgreater{}}0),所以\emph{f\textquotesingle{}}(\emph{x})\emph{=}\(\frac{x}{a}e^{\frac{x}{a}}\)\emph{.}
(2分)

又\emph{f\textquotesingle{}}(\emph{a})\emph{=}e,\emph{f}(\emph{a})\emph{=}0,所以曲线\emph{y=f}(\emph{x})在\emph{x=a}处的切线方程为\emph{y=}e(\emph{x-a}),即\emph{y=}e\emph{x-a}e\emph{.}
(4分)

\emph{　　}(2)
\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147514196;FounderCES}]{media/image6.jpeg}要证明\emph{f}(\emph{s})\emph{\textless f}(\emph{t}),就是要研究\emph{f}(\emph{x})\emph{=}(\emph{x-a})\(e^{\frac{x}{a}}\)(\emph{a\textgreater{}}0)的单调性\emph{.}

证明:因为\emph{f\textquotesingle{}}(\emph{x})\emph{=}\(\frac{x}{a}e^{\frac{x}{a}}\),且\(e^{\frac{x}{a}}\)\emph{\textgreater{}}0,\emph{a\textgreater{}}0,所以当\emph{x\textless{}}0时,\emph{f\textquotesingle{}}(\emph{x})\emph{\textless{}}0,\emph{f}(\emph{x})单调递减;当\emph{x\textgreater{}}0时,\emph{f\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,\emph{f}(\emph{x})单调递增\emph{.}

\emph{①}若0≤\emph{s\textless t},由\emph{f}(\emph{x})在(0,\emph{+∞})上单调递增,得\emph{f}(\emph{s})\emph{\textless f}(\emph{t})\emph{.}\textsuperscript{【1】}
(6分)

\emph{②}若\emph{-t\textless s\textless{}}0\emph{\textless t},因为\emph{f}(\emph{x})在(\emph{-∞},0)上单调递减,所以\emph{f}(\emph{s})\emph{\textless f}(\emph{-t})\emph{.}要证\emph{f}(\emph{s})\emph{\textless f}(\emph{t}),只要证\emph{f}(\emph{-t})\emph{\textless f}(\emph{t})\emph{.}\textsuperscript{【2】}
(7分)

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147514203;FounderCES}]{media/image6.jpeg}
如何证\emph{f}(\emph{-t})\emph{\textless f}(\emph{t})?常规方法是作差,构造函数,通过求导探究单调性,得到想要的结果\emph{.}

设\emph{F}(\emph{x})\emph{=f}(\emph{x})\emph{-f}(\emph{-x}),\emph{x\textgreater{}}0,则\emph{F\textquotesingle{}}(\emph{x})\emph{=f\textquotesingle{}}(\emph{x})\emph{+f\textquotesingle{}}(\emph{-x})\emph{=}\(\frac{x}{a}e^{\frac{x}{a}}\)\emph{-}\(\frac{x}{a}e^{\text{-}\frac{x}{a}}\)\emph{=}\(\frac{x}{a}\)·\(\left( e^{\frac{x}{a}}\text{-}e^{\text{-}\frac{x}{a}} \right)\)\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147514210;FounderCES}]{media/image19.jpeg}
学会利用已有结论\emph{f\textquotesingle{}}(\emph{x})\emph{=}\(\frac{x}{a}e^{\frac{x}{a}}\)\emph{.}

因为\(\frac{x}{a}\)\emph{\textgreater{}}0,\(e^{\frac{x}{a}}\)\emph{\textgreater{}}1,0\emph{\textless{}}\(e^{\text{-}\frac{x}{a}}\)\emph{\textless{}}1,所以\emph{F\textquotesingle{}}(\emph{x})\emph{=f\textquotesingle{}}(\emph{x})\emph{+f\textquotesingle{}}(\emph{-x})\emph{\textgreater{}}0,所以\emph{F}(\emph{x})在(0,\emph{+∞})上单调递增,所以\emph{F}(\emph{x})\emph{\textgreater F}(0)\emph{=}0,所以\emph{f}(\emph{-t})\emph{\textless f}(\emph{t})\emph{.}故\emph{f}(\emph{s})\emph{\textless f}(\emph{t})\emph{.}综上,对任意\emph{s}∈(\emph{-t},\emph{t}),都有\emph{f}(\emph{s})\emph{\textless f}(\emph{t})\emph{.}
(9分)

\emph{　　}(3)
\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147514217;FounderCES}]{media/image13.jpeg}这类题型通常考查两方面:一是放缩,二是求和\emph{.}在函数大题这一块,放缩经常用到切线放缩(第一问已经作了铺垫),求和经常涉及的是裂项相消法求和,这种方法的求和形式多种多样\emph{.}这里更为重要的是如何将\emph{x\textsubscript{k}}与\emph{k}联系上,切线放缩是解题的突破口\emph{.}下图给出了突破的思路:
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证明:由(2)知,\emph{f}(\emph{x})在(0,\emph{+∞})上单调递增,\emph{f}(0)\emph{=-a\textless{}}0,\emph{f}(\emph{a})\emph{=}0\emph{.}因为对任意\emph{k}∈N\emph{\textsuperscript{*}},\emph{-a\textless-}\(\frac{a}{2k}\)\emph{\textless{}}0,所以存在唯一\emph{y\textsubscript{k}}∈(0,\emph{a}),使得\emph{f}\(\left( y_{k} \right)\)\emph{=-}\(\frac{a}{2k}\)\emph{.}由\emph{f}\(\left( x_{k} \right)\)≤\emph{-}\(\frac{a}{2k}\)\emph{=f}(\emph{y\textsubscript{k}}),得\emph{x\textsubscript{k}}≤\emph{y\textsubscript{k}},则\(\frac{x_{k}}{a}\)≤\(\frac{y_{k}}{a}\)\emph{.}
(11分)

由e\emph{z\textsubscript{k}-}e\emph{a=-}\(\frac{a}{2k}\),求得\(\frac{z_{k}}{a}\)\emph{=}1\emph{-}\(\frac{1}{2ek}\)\emph{.　}

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147514231;FounderCES}]{media/image6.jpeg}
下面就是证明\emph{y\textsubscript{k}\textless z\textsubscript{k}},其实就是证明当\emph{x}∈(0,\emph{a})时,函数\emph{f}(\emph{x})的图象在第(1)问求得的切线\emph{y=}e\emph{x-a}e上方,故需要构造差函数,通过求导证明\emph{.}

设\emph{h}(\emph{x})\emph{=f}(\emph{x})\emph{-}e(\emph{x-a}),\emph{x}∈(0,\emph{a}),则\emph{h\textquotesingle{}}(\emph{x})\emph{=f\textquotesingle{}}(\emph{x})\emph{-}e\emph{=}\(\frac{x}{a}e^{\frac{x}{a}}\)\emph{-}e\emph{.}因为0\emph{\textless x\textless a},所以0\emph{\textless{}}\(\frac{x}{a}\)\emph{\textless{}}1,0\emph{\textless{}}\(e^{\frac{x}{a}}\)\emph{\textless{}}e,所以\emph{h\textquotesingle{}}(\emph{x})\emph{=}\(\frac{x}{a}e^{\frac{x}{a}}\)\emph{-}e\emph{\textless{}}1\emph{×}e\emph{-}e\emph{=}0,所以\emph{h}(\emph{x})在(0,\emph{a})上单调递减,因此\emph{h}(\emph{y\textsubscript{k}})\emph{\textgreater h}(\emph{a})\emph{=}0,即\emph{h}(\emph{x})\emph{=f}(\emph{y\textsubscript{k}})\emph{-}e(\emph{y\textsubscript{k}-a})\emph{=-}\(\frac{a}{2k}\)\emph{-}e(\emph{y\textsubscript{k}-a})\emph{\textgreater{}}0,则\(\frac{y_{k}}{a}\)\emph{\textless{}}1\emph{-}\(\frac{1}{2ek}\)\emph{=}\(\frac{z_{k}}{a}\)\emph{.}
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学会利用已有结论\emph{f}\(\left( y_{k} \right)\)\emph{=-}\(\frac{a}{2k}\)转化\emph{.}

这样问题就转化为\(\overset{n}{\underset{k = 1}{\text{∑}}}\frac{x_{k}}{a}\)≤\(\overset{n}{\underset{k = 1}{\text{∑}}}\frac{y_{k}}{a}\)\emph{\textless{}}\(\overset{n}{\underset{k = 1}{\text{∑}}}\left( 1\text{-}\frac{1}{2ek} \right)\)\emph{.}
(13分)
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到这一步与要证结论已经很接近了,但是结论中含有对数式,如果前面用的是指数式的切线放缩,那么接下来的就是对数式的切线放缩了\emph{.}

先证:\emph{x-}1≥ln \emph{x.}
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自然又是构造差函数,通过求导证明\emph{.}

设\emph{t}(\emph{x})\emph{=x-}1\emph{-}ln
\emph{x},则\emph{t\textquotesingle{}}(\emph{x})\emph{=}1\emph{-}\(\frac{1}{x}\)\emph{=}\(\frac{x\text{-}1}{x}\)\emph{.}当0\emph{\textless x\textless{}}1时,\emph{t\textquotesingle{}}(\emph{x})\emph{\textless{}}0,\emph{t}(\emph{x})单调递减;当\emph{x\textgreater{}}1时,\emph{t\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,\emph{t}(\emph{x})单调递增\emph{.}所以\emph{t}(\emph{x})\textsubscript{min}\emph{=t}(1)\emph{=}0,因此\emph{t}(\emph{x})\emph{=x-}1\emph{-}ln
\emph{x}≥0,即\emph{x-}1≥ln
\emph{x}成立\emph{.}令\emph{x=}\(\frac{k + 1}{k}\)≠1(\emph{k}∈N\emph{\textsuperscript{*}}),则\(\frac{k + 1}{k}\)\emph{-}1\emph{\textgreater{}}ln\(\frac{k + 1}{k}\),即\(\frac{1}{k}\)\emph{\textgreater{}}ln\(\frac{k + 1}{k}\),\emph{k}∈N\emph{\textsuperscript{*}.}
(15分)

所以\(\overset{n}{\underset{k = 1}{\text{∑}}}\frac{x_{k}}{a}\)≤\(\overset{n}{\underset{k = 1}{\text{∑}}}\frac{y_{k}}{a}\)\emph{\textless{}}\(\overset{n}{\underset{k = 1}{\text{∑}}}\left( 1\text{-}\frac{1}{2ek} \right)\)\emph{\textless{}}\(\overset{n}{\underset{k = 1}{\text{∑}}}\)\includegraphics[width=0.1in,height=0.29331in]{media/image24.jpeg}1\emph{-}\(\frac{1}{2e}\)ln\(\frac{k + 1}{k}\)\includegraphics[width=0.1in,height=0.29331in]{media/image25.jpeg}\emph{\textless n-}\(\frac{1}{2e}\left( \ln\frac{2}{1} + ln\frac{3}{2} + \text{…} + ln\frac{n + 1}{n} \right)\)\emph{=n-}\(\frac{1}{2e}\)ln\(\left( \frac{2}{1}\text{·}\frac{3}{2}\text{·…·}\frac{n + 1}{n} \right)\)\emph{=n-}\(\frac{\ln\text{(}n + 1\text{)}}{2e}\)\emph{.}

综上,原不等式得证\emph{.} (17分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147514259;FounderCES}]{media/image22.jpeg}
【1】
探究出\emph{f}(\emph{x})的单调性,且能证明当0≤\emph{s\textless t}时,有\emph{f}(\emph{s})\emph{\textless f}(\emph{t})成立,即可获得2分\emph{.}

【2】
能预判到\emph{f}(\emph{-t})\emph{\textless f}(\emph{t})这一步,再多得1分\emph{.}
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1\emph{.} \emph{x+}1≤e\emph{\textsuperscript{x}}和\emph{x-}1≥ln
\emph{x}是指、对数放缩的常用的最基本形式,通过换元和代换,还有其他多种表现形式,如ln\(\left( 1 + \frac{1}{x} \right)\)≤\(\frac{1}{x}\),ln
\emph{x}≥\(\frac{x\text{-}1}{x}\)等,多记忆一些二级结论对解题很有帮助;

2\emph{.}
一般的压轴题中,每一问之间都有联系,虽隐蔽,但有迹可循,解题时要善于联想,才能洞察其内在逻辑\emph{.}
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