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\emph{　　}1\emph{\textasciitilde{}}8,9,10,12,13,15\emph{\textasciitilde{}}17,18(1),合计109分\emph{.}\\
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\emph{　　}上述分数是基础题和中档题的分数,是通过科学的训练能够拿到的分数,你拿到了吗?\includegraphics[width=0.92717in,height=\textheight,keepaspectratio]{media/image3.jpeg}\strut
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答案速查(标黑的有两种及以上解法)

1-5 ACBCA　6-8 DAB　9. AD　10. ABD　11. BCD

12\emph{.} \emph{-}1\emph{　}13\emph{.}
260({[}260,270{]}内任一个数均可)\emph{　}14\emph{.} \(\frac{6}{5}\)

1\emph{.}
A\emph{　}解法1\emph{　}因为\emph{z=}\(\frac{2}{1\text{-}i}\)\emph{=}\(\frac{2\text{(}1 + i\text{)}}{\text{(}1\text{-}i\text{)(}1 + i\text{)}}\)\emph{=}1\emph{+}i,所以\emph{\textbar z\textbar=}\(\sqrt{1^{2} + 1^{2}}\)\emph{=}\(\sqrt{2}\)\emph{.}

解法2\emph{　\textbar z\textbar=}\(\left| \frac{2}{1\text{-}i} \right|\)\emph{=}\(\frac{\text{|}2\text{|}}{\text{|}1\text{-}i\text{|}}\)\emph{=}\(\frac{2}{\sqrt{2}}\)\emph{=}\(\sqrt{2}\)\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147525986;FounderCES}]{media/image4.jpeg}
两个复数积的模等于这两个复数的模的积,两个复数商的模等于这两个复数的模的商\emph{.}

2\emph{.}
C\emph{　A=}\{\emph{-}1,0,1,2\},\emph{B=}\{\emph{x\textbar x}\textsuperscript{2}\emph{-}3\emph{x+}2≤0\}\emph{=}\{\emph{x\textbar{}}1≤\emph{x}≤2\},得\emph{A}∩\emph{B=}\{1,2\}\emph{.}

3\emph{.}
B\emph{　}由于(1\emph{+}2\emph{x})\textsuperscript{5}的展开式的第3项\emph{T}\textsubscript{3}\emph{=}\(C_{5}^{2}\)(2\emph{x})\textsuperscript{2}\emph{=}40\emph{x}\textsuperscript{2},故展开式中\emph{x}\textsuperscript{2}的系数为40\emph{.}

4\emph{.}
C\emph{　}因为\emph{f}(\emph{x})\emph{=}3\emph{\textsuperscript{x}}在定义域上单调递增,所以由3\emph{\textsuperscript{a}\textgreater{}}3\emph{\textsuperscript{b}},得\emph{a\textgreater b.}又因为\emph{g}(\emph{x})\emph{=x}\textsuperscript{3}在定义域上单调递增,所以由\emph{a}\textsuperscript{3}\emph{\textgreater b}\textsuperscript{3},得\emph{a\textgreater b.}所以3\emph{\textsuperscript{a}\textgreater{}}3\emph{\textsuperscript{b}}⇔\emph{a}\textsuperscript{3}\emph{\textgreater b}\textsuperscript{3},即``3\emph{\textsuperscript{a}\textgreater{}}3\emph{\textsuperscript{b}}''是``\emph{a}\textsuperscript{3}\emph{\textgreater b}\textsuperscript{3}''的充要条件\emph{.}

5\emph{.}
A\emph{　}\(\overrightarrow{BE}\)\emph{=}\(\overrightarrow{BA}\)\emph{+}\(\overrightarrow{AE}\)\emph{=-}\(\overrightarrow{AB}\)\emph{+}\(\frac{2}{3}\overrightarrow{AD}\)\emph{=-}\(\overrightarrow{AB}\)\emph{+}\(\frac{2}{3}\)(\(\overrightarrow{AC}\)\emph{+}\(\overrightarrow{CD}\))\emph{=-}\(\overrightarrow{AB}\)\emph{+}\(\frac{2}{3}\overrightarrow{AC}\)\emph{+}\(\frac{2}{3}\overrightarrow{CD}\)\emph{=-}\(\overrightarrow{AB}\)\emph{+}\(\frac{2}{3}\overrightarrow{AC}\)\emph{-}\(\frac{2}{3}\overrightarrow{AB}\)\emph{=-}\(\frac{5}{3}\overrightarrow{AB}\)\emph{+}\(\frac{2}{3}\overrightarrow{AC}\)\emph{.}

\emph{　　}6\emph{.}
D\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147525993;FounderCES}]{media/image5.jpeg}
\emph{l}⊄\emph{α},则\emph{l}与\emph{α}的位置有2种:\emph{l}∥\emph{α},\emph{l}与\emph{α}相交(垂直与斜交)\emph{.}

对于A,若\emph{l}∥\emph{α},任意直线\emph{m}⊂\emph{α},\emph{l},\emph{m}不相交,故A不一定正确\emph{.}对于B,若\emph{l}与\emph{α}相交,不存在直线\emph{m}⊂\emph{α},使得\emph{l}∥\emph{m},故B不一定正确\emph{.}对于C,若\emph{l}⊥\emph{α},任意直线\emph{m}⊂\emph{α},\emph{l}⊥\emph{m},故C不一定正确\emph{.}对于D,若\emph{l}⊥\emph{α},任意直线\emph{m}⊂\emph{α},则\emph{l}⊥\emph{m};若\emph{l}∥\emph{α},存在直线\emph{n}⊂\emph{α},\emph{l}∥\emph{n},取\emph{m}⊂\emph{α}且\emph{m}⊥\emph{n},则\emph{l}⊥\emph{m};若\emph{l}与\emph{α}斜交,存在平面\emph{β},\emph{l}⊥\emph{β},\emph{α}∩\emph{β=n},取\emph{m}⊂\emph{α}且\emph{m}∥\emph{n},则\emph{l}⊥\emph{m},故D一定正确\emph{.}

\emph{　　}7\emph{.}
A\emph{　}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147526000;FounderCES}]{media/image6.jpeg}
求双曲线的离心率需建立关于基本量\emph{a},\emph{b},\emph{c}的方程,本题条件与双曲线焦点联系紧密,有两种思路:一是利用双曲线的定义,从焦点三角形入手解决问题;二是应用代数法得到点\emph{P}的坐标再求解\emph{.}

解法1(几何法)\emph{　}由2\emph{c=\textbar F}\textsubscript{1}\emph{F}\textsubscript{2}\emph{\textbar=\textbar PF}\textsubscript{2}\emph{\textbar=}\(\frac{2\sqrt{5}}{5}\)\emph{\textbar OP\textbar{}}得,在△\emph{OPF}\textsubscript{2}中,\emph{\textbar OF}\textsubscript{2}\emph{\textbar=c},\emph{\textbar PF}\textsubscript{2}\emph{\textbar=}2\emph{c},\emph{\textbar OP\textbar=}\(\sqrt{5}\)\emph{c},则\({\text{|}OF_{2}\text{|}}^{2}\)\emph{+}\({\text{|}PF_{2}\text{|}}^{2}\)\emph{=\textbar OP\textbar{}}\textsuperscript{2},则\emph{PF}\textsubscript{2}⊥\emph{x}轴,如图,所以\emph{\textbar PF}\textsubscript{1}\emph{\textbar=}\(\sqrt{4c^{2} + 4c^{2}}\)\emph{=}2\(\sqrt{2}\)\emph{c.}又\emph{\textbar PF}\textsubscript{1}\emph{\textbar-\textbar PF}\textsubscript{2}\emph{\textbar=}2\emph{a},即2(\(\sqrt{2}\)\emph{-}1)\emph{c=}2\emph{a},所以\emph{e=}\(\frac{c}{a}\)\emph{=}\(\frac{1}{\sqrt{2}\text{-}1}\)\emph{=}\(\sqrt{2}\)\emph{+}1\emph{.}

\includegraphics[width=1.00984in,height=1.05315in,alt={id:2147526007;FounderCES}]{media/image7.jpeg}

解法2(代数法)\emph{　}设点\emph{P}(\emph{x},\emph{y}),则由\emph{\textbar F}\textsubscript{1}\emph{F}\textsubscript{2}\emph{\textbar=\textbar PF}\textsubscript{2}\emph{\textbar=}\(\frac{2\sqrt{5}}{5}\)\emph{\textbar OP\textbar=}2\emph{c},得\emph{\textbar OP\textbar=}\(\sqrt{5}\)\emph{c},所以\(\left\{ \begin{matrix}
x^{2} + y^{2} = 5c^{2}\text{,} \\
\text{(}x\text{-}c\text{)}^{2} + y^{2} = 4c^{2}\text{,}
\end{matrix} \right.\ \)解得\(\left\{ \begin{matrix}
x = c\text{,} \\
y = \pm 2c\text{.}
\end{matrix} \right.\ \)又因为点\emph{P}在双曲线上,所以\(\frac{c^{2}}{a^{2}}\)\emph{-}\(\frac{4c^{2}}{b^{2}}\)\emph{=}1,即\(\frac{c^{2}}{a^{2}}\)\emph{-}\(\frac{4c^{2}}{c^{2}\text{-}a^{2}}\)\emph{=}1,即\emph{e}\textsuperscript{2}\emph{-}\(\frac{4e^{2}}{e^{2}\text{-}1}\)\emph{=}1,整理得\emph{e}\textsuperscript{4}\emph{-}6\emph{e}\textsuperscript{2}\emph{+}1\emph{=}0,解得\emph{e}\textsuperscript{2}\emph{=}3\emph{±}2\(\sqrt{2}\)\emph{=}(\(\sqrt{2}\)\emph{±}1)\textsuperscript{2}\emph{.}又\emph{e\textgreater{}}1,所以\emph{e=}\(\sqrt{2}\)\emph{+}1\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147526014;FounderCES}]{media/image4.jpeg}
从解题过程看,显然几何法的计算量小且过程简洁,这是因为几何法中充分利用几何图形的特征简化运算\emph{.}因此,在求解此类问题时,我们一般优先选择几何法\emph{.}

\emph{　　}8\emph{.}
B\emph{　}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147526021;FounderCES}]{media/image6.jpeg}
函数\emph{f}(\emph{x})中涉及二次函数\emph{y=x}\textsuperscript{2}\emph{-x},而二次函数具有对称性,所以考虑验证\emph{y=f}(\emph{x})也有对称性,再利用单调性解答\emph{.}

解法1(复合函数法)\emph{　}函数的定义域为R,且\emph{f}(1\emph{-x})\emph{=}e\textsuperscript{(1\emph{-x})(\emph{-x})}\emph{+}(1\emph{-x})\textsuperscript{2}\emph{-}(1\emph{-x})\emph{=}e\textsuperscript{\emph{x}(\emph{x-}1)}\emph{+x}\textsuperscript{2}\emph{-x=f}(\emph{x}),因此\emph{f}(\emph{x})的图象关于直线\emph{x=}\(\frac{1}{2}\)对称\emph{.f}(\emph{x})由\emph{y=}e\emph{\textsuperscript{t}+t}和\emph{t=x}\textsuperscript{2}\emph{-x}复合而成,且\emph{y=}e\emph{\textsuperscript{t}+t}单调递增,则由复合函数的单调性知,\emph{f}(\emph{x})在\(\left( \text{-∞,}\frac{1}{2} \right\rbrack\)上单调递减,在\(\left\lbrack \frac{1}{2}\text{,} + \text{∞} \right)\)上单调递增\emph{.}由\emph{f}(\emph{m})\emph{\textless f}(\emph{m+}2)得\(\left| m\text{-}\frac{1}{2} \right|\)\emph{\textless{}}\(\left| m + 2\text{-}\frac{1}{2} \right|\)\emph{=}\(\left| m + \frac{3}{2} \right|\),两边平方得\(\left( m\text{-}\frac{1}{2} \right)^{2}\)\emph{\textless{}}\(\left( m + \frac{3}{2} \right)^{2}\),解得\emph{m\textgreater-}\(\frac{1}{2}\)\emph{.}故\emph{m}的取值范围是\(\left( \text{-}\frac{1}{2}\text{,} + \text{∞} \right)\)\emph{.}

解法2\emph{　}令\emph{t=x}\textsuperscript{2}\emph{-x},则\emph{g}(\emph{t})\emph{=f}(\emph{x})\emph{=}e\emph{\textsuperscript{t}+t},易知\emph{g}(\emph{t})单调递增,所以\emph{f}(\emph{m})\emph{\textless f}(\emph{m+}2)⇔\emph{t}(\emph{m})\emph{\textless t}(\emph{m+}2),所以\emph{m}\textsuperscript{2}\emph{-m\textless{}}(\emph{m+}2)\textsuperscript{2}\emph{-}(\emph{m+}2),解得\emph{m\textgreater-}\(\frac{1}{2}\),即\emph{m}的取值范围是\(\left( \text{-}\frac{1}{2}\text{,} + \text{∞} \right)\)\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147526028;FounderCES}]{media/image4.jpeg}
通过函数值大小来解不等式,基本思路是应用函数的单调性来脱去函数符号``\emph{f}'',转化为自变量的不等式来解\emph{.}本题巧妙地将单调性与对称性结合,综合考查了学生应用函数知识分析问题、解决问题的能力\emph{.}

9\emph{.}
AD\emph{　}对于A,余弦型函数\emph{y=A}cos(\emph{ωx+φ})的最小正周期\emph{T=}\(\frac{2\pi}{\text{|}\omega\text{|}}\),\emph{ω=}1,所以\emph{T=}\(\frac{2\pi}{1}\)\emph{=}2π,故A正确\emph{.}对于B,\emph{f}\(\left( \frac{\pi}{2} \right)\)\emph{=}cos\(\left( \frac{\pi}{2} + \frac{\pi}{4} \right)\)\emph{=-}sin\(\frac{\pi}{4}\)\emph{=-}\(\frac{\sqrt{2}}{2}\),故B错误\emph{.}对于C,\emph{f}\(\left( x + \frac{5\pi}{4} \right)\)\emph{=}cos\(\left( x + \frac{3\pi}{2} \right)\)\emph{=}sin
\emph{x},\emph{y=}sin
\emph{x}是奇函数,不是偶函数,故C错误\emph{.}对于D,因为\emph{f}\(\left( \frac{7\pi}{4} \right)\)\emph{=}cos
2π\emph{=}1为函数最大值,所以\emph{x=}\(\frac{7\pi}{4}\)是函数图象的一条对称轴\includegraphics[width=0.1in,height=0.29331in]{media/image8.jpeg}另解:令\emph{x+}\(\frac{\pi}{4}\)\emph{=k}π,\emph{k}∈Z,得\emph{x=k}π\emph{-}\(\frac{\pi}{4}\),\emph{k}∈Z\emph{.}当\emph{k=}2时,\emph{x=}\(\frac{7\pi}{4}\)为图象的一条对称轴\includegraphics[width=0.1in,height=0.29331in]{media/image9.jpeg},故D正确\emph{.}

10\emph{.}
ABD\emph{　}对于A,由经验回归方程\(\overset{＾}{y}\)\emph{=}0\emph{.}32\emph{x+}1\emph{.}54,可得\(\overset{＾}{b}\)\emph{=}0\emph{.}32\emph{\textgreater{}}0,所以变量\emph{y}与\emph{x}正相关,故A正确;对于B,因为经验回归直线经过样本中心(\(\overline{x}\),\(\overline{y}\)),且\(\overline{x}\)\emph{=}\(\frac{1 + 2 + 3 + 4 + 5}{5}\)\emph{=}3,所以\(\overline{y}\)\emph{=}0\emph{.}32\emph{×}3\emph{+}1\emph{.}54\emph{=}2\emph{.}5,由\(\overline{y}\)\emph{=}\(\frac{1\text{.}8 + 2\text{.}2 + 2\text{.}8 + 3\text{.}1 + t}{5}\)\emph{=}2\emph{.}5,解得\emph{t=}2\emph{.}6,故B正确;对于C,将样本数据\emph{y}按从小到大排序为1\emph{.}8,2\emph{.}2,2\emph{.}6,2\emph{.}8,3\emph{.}1,由5\emph{×}\(\frac{1}{4}\)\emph{=}1\emph{.}25\emph{\textless{}}2,则样本数据\emph{y}的下四分位数为第2个数据2\emph{.}2,故C错误;对于D,当\emph{x=}8时,\(\overset{＾}{y}\)\emph{=}0\emph{.}32\emph{×}8\emph{+}1\emph{.}54\emph{=}4\emph{.}1,所以\emph{y}的预测值为4\emph{.}1万元,故D正确\emph{.}

\emph{　　}11\emph{.}
BCD\emph{　}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147526035;FounderCES}]{media/image6.jpeg}
根据球与正三棱柱相切,可得三棱柱中截面(全等于底面)是球的大圆(过球心的截面圆)的外切三角形,球的直径等于三棱柱的高,这样可建立关系式求出正三棱柱的各棱长,以此为起点解答问题\emph{.}

对于A,如图1,取上底面、下底面的中心分别为\emph{O}\textsubscript{1},\emph{O}\textsubscript{2},取\emph{AB},\emph{A}\textsubscript{1}\emph{B}\textsubscript{1}的中点\emph{M},\emph{N},设\emph{MN}的中点为\emph{I},连接\emph{OI},\emph{MN},\emph{O}\textsubscript{1}\emph{O}\textsubscript{2},\emph{C}\textsubscript{1}\emph{N},\emph{CM},则\emph{C}\textsubscript{1}\emph{N}过点\emph{O}\textsubscript{1},\emph{CM}过点\emph{O}\textsubscript{2},且易得四边形\emph{O}\textsubscript{1}\emph{NMO}\textsubscript{2}为矩形,则\emph{OO}\textsubscript{1}\emph{=OO}\textsubscript{2}\emph{=OI=}1,于是\emph{O}\textsubscript{2}\emph{M=}1\emph{.}又△\emph{ABC}为等边三角形,所以\emph{CM=}3\emph{O}\textsubscript{2}\emph{M=}3,则\emph{AB=}\(\frac{2}{\sqrt{3}}\)\emph{CM=}2\(\sqrt{3}\),故A错误\emph{.}

对于B,

解法1\emph{　}由于\emph{AB}∥\emph{A}\textsubscript{1}\emph{B}\textsubscript{1},且\emph{AB}⊂平面\emph{OAB},\emph{A}\textsubscript{1}\emph{B}\textsubscript{1}⊄平面\emph{OAB},则\emph{A}\textsubscript{1}\emph{B}\textsubscript{1}∥平面\emph{OAB.}又因为\emph{A}\textsubscript{1}\emph{B}\textsubscript{1}⊂平面\emph{OA}\textsubscript{1}\emph{B}\textsubscript{1},平面\emph{OA}\textsubscript{1}\emph{B}\textsubscript{1}∩平面\emph{OAB=l},所以\emph{l}∥\emph{AB}∥\emph{A}\textsubscript{1}\emph{B}\textsubscript{1},连接\emph{OM},\emph{ON},易得\emph{OM}⊥\emph{AB},\emph{ON}⊥\emph{A}\textsubscript{1}\emph{B}\textsubscript{1},则∠\emph{MON}为平面\emph{OAB}与平面\emph{OA}\textsubscript{1}\emph{B}\textsubscript{1}所成角的平面角\emph{.}易求得\emph{ON=OM=}\(\sqrt{2}\),且\emph{MN=}2,则\emph{OM}\textsuperscript{2}\emph{+ON}\textsuperscript{2}\emph{=MN}\textsuperscript{2},即\emph{OM}⊥\emph{ON},于是平面\emph{OAB}⊥平面\emph{OA}\textsubscript{1}\emph{B}\textsubscript{1},故B正确\emph{.}

解法2(坐标法)\emph{　}由上面分析,可以\emph{MB},\emph{MC},\emph{MN}所在直线分别为\emph{x}轴、\emph{y}轴、\emph{z}轴,建立如图2所示的空间直角坐标系,则\emph{A}(\emph{-}\(\sqrt{3}\),0,0),\emph{B}(\(\sqrt{3}\),0,0),\emph{C}(0,3,0),\emph{O}(0,1,1),则\(\overrightarrow{OA}\)\emph{=}(\emph{-}\(\sqrt{3}\),\emph{-}1,\emph{-}1),\(\overrightarrow{OB}\)\emph{=}(\(\sqrt{3}\),\emph{-}1,\emph{-}1)\emph{.}设平面\emph{OAB}的法向量为\emph{n}\textsubscript{1}\emph{=}(\emph{x}\textsubscript{1},\emph{y}\textsubscript{1},\emph{z}\textsubscript{1}),则\(\left\{ \begin{matrix}
n_{1}\text{·}\overrightarrow{OA} = 0\text{,} \\
n_{1}\text{·}\overrightarrow{OB} = 0\text{,}
\end{matrix} \right.\ \)即\(\left\{ \begin{matrix}
\text{-}\sqrt{3}x_{1}\text{-}y_{1}\text{-}z_{1} = 0\text{,} \\
\sqrt{3}x_{1}\text{-}y_{1}\text{-}z_{1} = 0\text{,}
\end{matrix} \right.\ \)得\emph{x}\textsubscript{1}\emph{=}0,令\emph{z}\textsubscript{1}\emph{=}1,得\emph{y}\textsubscript{1}\emph{=-}1,所以\emph{n}\textsubscript{1}\emph{=}(0,\emph{-}1,1)\emph{.}同理可得平面\emph{OA}\textsubscript{1}\emph{B}\textsubscript{1}的一个法向量为\emph{n}\textsubscript{2}\emph{=}(0,1,1),由\emph{n}\textsubscript{1}·\emph{n}\textsubscript{2}\emph{=}0,知平面\emph{OAB}⊥平面\emph{OA}\textsubscript{1}\emph{B}\textsubscript{1},故B正确\emph{.}

对于C,如图1,延长\emph{MO}交\emph{NC}\textsubscript{1}于点\emph{H},过点\emph{H}作\emph{AB}的平行线分别交\emph{A}\textsubscript{1}\emph{C}\textsubscript{1},\emph{B}\textsubscript{1}\emph{C}\textsubscript{1}于\emph{E},\emph{F},连接\emph{EF},\emph{AE},\emph{BF},则四边形\emph{AEFB}为所求截面\emph{.}由△\emph{HO}\textsubscript{1}\emph{O}∽△\emph{MO}\textsubscript{2}\emph{O},得\emph{O}\textsubscript{1}\emph{H=C}\textsubscript{1}\emph{H=O}\textsubscript{1}\emph{N=}1,则\emph{H}为\emph{C}\textsubscript{1}\emph{N}上靠近\emph{C}\textsubscript{1}的三等分点,于是\emph{EF=}\(\frac{1}{3}\)\emph{AB=}\(\frac{2\sqrt{3}}{3}\)\emph{.}由于\emph{MH}⊥\emph{AB},\emph{M}为\emph{AB}的中点,\emph{H}为\emph{EF}的中点,因此四边形\emph{ABFE}为等腰梯形,且\emph{MH=}2\emph{MO=}2\(\sqrt{2}\),于是\emph{S=}\(\frac{1}{2}\)\emph{×}\(\left( 2\sqrt{3} + \frac{2\sqrt{3}}{3} \right)\)\emph{×}2\(\sqrt{2}\)\emph{=}\(\frac{8\sqrt{6}}{3}\),故C正确\emph{.}

对于D,由于正三角形\emph{C}\textsubscript{1}\emph{EF}与正三角形\emph{CAB}相似,三条侧棱延长相交于一点,于是\emph{C}\textsubscript{1}\emph{EF}-\emph{CAB}为三棱台\emph{.}该三棱柱被截面\emph{α}分成两部分,分别为三棱台\emph{C}\textsubscript{1}\emph{EF}-\emph{CAB}和剩余部分,其中\emph{S}\textsubscript{△\emph{CAB}}\emph{=}\(\frac{1}{2}\)\emph{AB}·\emph{CM=}3\(\sqrt{3}\),同理可得\(S_{\text{△}C_{1}EF}\)\emph{=}\(\frac{\sqrt{3}}{3}\),三棱台\emph{C}\textsubscript{1}\emph{EF}-\emph{CAB}的体积\emph{V}\textsubscript{1}\emph{=}\(\frac{1}{3}\)\emph{×}2\emph{×}\(\left( 3\sqrt{3} + \frac{\sqrt{3}}{3} + \sqrt{3} \right)\)\emph{=}\(\frac{26\sqrt{3}}{9}\),而三棱柱的体积\emph{V=}2\emph{×}3\(\sqrt{3}\)\emph{=}6\(\sqrt{3}\),于是截面\emph{α}所截的另一部分的体积\emph{V}\textsubscript{2}\emph{=V-V}\textsubscript{1}\emph{=}6\(\sqrt{3}\)\emph{-}\(\frac{26\sqrt{3}}{9}\)\emph{=}\(\frac{28\sqrt{3}}{9}\),则较小部分与较大部分的体积之比为\(\frac{13}{14}\),故D正确\emph{.}

\includegraphics[width=1.49016in,height=0.93661in,alt={id:2147526042;FounderCES}]{media/image10.jpeg}图1\emph{　　}\includegraphics[width=1.00315in,height=1.25984in,alt={id:2147526049;FounderCES}]{media/image11.jpeg}图2

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147526056;FounderCES}]{media/image4.jpeg}
对于作几何体截面,通常有两种基本方法:一是寻找两个平面的两个公共点,连接成直线;二是应用平行平面的性质确定交线\emph{.}

12\emph{.}
\emph{-}1\emph{　}设切点为(\emph{x}\textsubscript{0},2\emph{x}\textsubscript{0}\emph{+}ln
\emph{x}\textsubscript{0}),由题意得\emph{y\textquotesingle=}\(\frac{1}{x}\)\emph{+}2,则\(\frac{1}{x_{0}}\)\emph{+}2\emph{=}3,解得\emph{x}\textsubscript{0}\emph{=}1,所以切点为(1,2),则2\emph{=}3\emph{×}1\emph{+b},解得\emph{b=-}1\emph{.}

\emph{　　}13\emph{.}
260({[}260,270{]}内任一个数均可)\emph{　}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147526063;FounderCES}]{media/image6.jpeg}
根据\emph{S}\textsubscript{26}为\emph{S\textsubscript{n}}的最大值及首项为正,得出数列中的项在第26项附近出现了符号变化,从而求出公差\emph{d}的取值范围,再进一步求解\emph{.}

解法1(邻项变号法)\emph{　}因为等差数列\{\emph{a\textsubscript{n}}\}的首项\emph{a}\textsubscript{1}\emph{=}20\emph{\textgreater{}}0,且\emph{S}\textsubscript{26}是前\emph{n}项和\emph{S\textsubscript{n}}的最大值,所以公差\emph{d\textless{}}0,且满足\(\left\{ \begin{matrix}
a_{26} \geq 0\text{,} \\
a_{27} \leq 0\text{,}
\end{matrix} \right.\ \)即\(\left\{ \begin{matrix}
20 + 25d \geq 0\text{,} \\
20 + 26d \leq 0\text{,}
\end{matrix} \right.\ \)解得\emph{-}\(\frac{4}{5}\)≤\emph{d}≤\emph{-}\(\frac{10}{13}\)\emph{.}又\emph{S}\textsubscript{26}\emph{=}\(\frac{26\text{(}a_{1} + a_{26}\text{)}}{2}\)\emph{=}13(20\emph{+}20\emph{+}25\emph{d})\emph{=}520\emph{+}325\emph{d},所以520\emph{+}325\emph{×}\(\left( \text{-}\frac{4}{5} \right)\)≤\emph{S}\textsubscript{26}≤520\emph{+}325\emph{×}\(\left( \text{-}\frac{10}{13} \right)\),化简得260≤\emph{S}\textsubscript{26}≤270,因此取该区间内任一个值均可,例如260\emph{.}

解法2(函数最值法)\emph{　S\textsubscript{n}=na}\textsubscript{1}\emph{+}\(\frac{n\text{(}n\text{-}1\text{)}}{2}\)\emph{d=}\(\frac{d}{2}\)\emph{n}\textsuperscript{2}\emph{+}\(\left( 20\text{-}\frac{d}{2} \right)\)\emph{n=}\(\frac{d}{2}\left( n + \frac{40\text{-}d}{2d} \right)^{2}\)\emph{-}\(\frac{\text{(}40\text{-}d\text{)}^{2}}{8d}\)\emph{.S\textsubscript{n}}有最大值,则\emph{d\textless{}}0\emph{.}又(\emph{S\textsubscript{n}})\textsubscript{max}\emph{=S}\textsubscript{26},所以\(\frac{51}{2}\)≤\emph{-}\(\frac{40\text{-}d}{2d}\)≤\(\frac{53}{2}\),解得\emph{-}\(\frac{4}{5}\)≤\emph{d}≤\emph{-}\(\frac{10}{13}\)\emph{.}下同解法1\emph{.}

\emph{　　}14\emph{.}
\(\frac{6}{5}\)\emph{　}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147526070;FounderCES}]{media/image6.jpeg}
题目中位置关系比较复杂,可以通过画草图分析,当我们画出草图后,会发现这是一个比较熟悉的问题,动圆过定点,且与一定圆内切,动圆圆心轨迹猜测是圆锥曲线,按照这个思路可将草图画得更标准些\emph{.}

如图,设所求圆的圆心为\emph{P},连接\emph{PB},\emph{PO},由动圆\emph{P}过定点\emph{B}(2,0)且与圆\emph{x}\textsuperscript{2}\emph{+y}\textsuperscript{2}\emph{=}16(圆心为\emph{O},半径为4)内切,所以\emph{\textbar OP\textbar=}4\emph{-r=}4\emph{-\textbar PB\textbar{}},则\emph{\textbar PB\textbar+\textbar PO\textbar=}4\emph{\textgreater\textbar OB\textbar=}2,于是点\emph{P}在以\emph{O},\emph{B}为焦点的椭圆上,椭圆的中心为(1,0)\emph{.}

\includegraphics[width=1.40315in,height=1.3in,alt={id:2147526077;FounderCES}]{media/image12.jpeg}

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147526084;FounderCES}]{media/image5.jpeg}
求半径的最小值也就是求\emph{PB}长的最小值,就是椭圆的焦半径问题,熟悉结论的同学易知答案,也可以通过计算得到\emph{.}

由椭圆的长轴为4,焦距为2,得\emph{a=}2,\emph{b=}\(\sqrt{3}\),则椭圆的方程为\(\frac{{\text{(}x\text{-}1\text{)}}^{2}}{4}\)\emph{+}\(\frac{y^{2}}{3}\)\emph{=}1\emph{.}设\emph{P}(\emph{x},\emph{y}),则\emph{\textbar PB\textbar=}\(\sqrt{{\text{(}x\text{-}2\text{)}}^{2} + y^{2}}\)\emph{=}\(\sqrt{{\text{(}x\text{-}2\text{)}}^{2} + 3\text{-}\frac{3{\text{(}x\text{-}1\text{)}}^{2}}{4}}\)\emph{=}\(\frac{1}{2}\)\emph{\textbar x-}5\emph{\textbar{}},从上式可以看出,点\emph{P}越靠近椭圆长轴右端点,\emph{PB}长度越小\emph{.}

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147526091;FounderCES}]{media/image5.jpeg}
题目是在我们熟悉问题的基础上又增加了一个限制条件:\emph{AB}与动圆\emph{P}相切\emph{.}逆向思考,也就是以\emph{B}为切点的动圆的切线与圆\emph{O}:\emph{x}\textsuperscript{2}\emph{+y}\textsuperscript{2}\emph{=}1要有公共点\emph{.}如何刻画圆与直线有公共点呢?这也是一个常见的问题\emph{.}

要保证直线\emph{AB}与圆\emph{O}:\emph{x}\textsuperscript{2}\emph{+y}\textsuperscript{2}\emph{=}1有公共点,当点\emph{P}从右端点向左运动(只考虑\emph{PA}在\emph{x}轴上方即可),直线\emph{AB}与圆\emph{x}\textsuperscript{2}\emph{+y}\textsuperscript{2}\emph{=}1相切时,直线与圆即有公共点,此时\emph{PB}长最小,且直线\emph{AB}的倾斜角为π\emph{-}∠\emph{ABO=}\(\frac{5\pi}{6}\),直线\emph{PB}的倾斜角为\(\frac{5\pi}{6}\)\emph{-}\(\frac{\pi}{2}\)\emph{=}\(\frac{\pi}{3}\),联立直线\emph{PB}的方程\emph{y=}\(\sqrt{3}\)(\emph{x-}2)与椭圆的方程,可解得此时点\emph{P}\(\left( \frac{13}{5}\text{,}\frac{3\sqrt{3}}{5} \right)\)(\emph{x=}1时,\emph{y=-}\(\sqrt{3}\),\emph{P}(1,\emph{-}\(\sqrt{3}\))在\emph{x}轴下方),此时\emph{\textbar PB\textbar=}\(\frac{1}{2}\left| \frac{13}{5}\text{-}5 \right|\)\emph{=}\(\frac{6}{5}\),所以所求动圆半径的最小值为\(\frac{6}{5}\)\emph{.}

\includegraphics[width=0.91654in,height=0.19331in,alt={id:2147526098;FounderCES}]{media/image13.jpeg}
\emph{　}设所求圆的圆心为\emph{P.}由圆\emph{P}与圆\emph{x}\textsuperscript{2}\emph{+y}\textsuperscript{2}\emph{=}16内切,得\emph{\textbar OP\textbar=}4\emph{-r};由圆\emph{P}与直线\emph{AB}相切于点\emph{B}(2,0),得\emph{PB}⊥\emph{AB},\emph{\textbar PB\textbar=r.}在△\emph{OBP}中,设∠\emph{OBP=α},则由余弦定理,得\emph{\textbar OP\textbar{}}\textsuperscript{2}\emph{=\textbar OB\textbar{}}\textsuperscript{2}\emph{+\textbar BP\textbar{}}\textsuperscript{2}\emph{-}2\emph{\textbar OB\textbar{}}·\emph{\textbar BP\textbar{}}·cos
\emph{α},即(4\emph{-r})\textsuperscript{2}\emph{=}4\emph{+r}\textsuperscript{2}\emph{-}2·2\emph{r}cos
\emph{α},整理得\emph{r=}\(\frac{3}{2\text{-}\cos\alpha}\)\emph{.}设直线\emph{AB}与\emph{OB}的夹角为\emph{θ},由\emph{PB}⊥\emph{AB}得\emph{α=}\(\frac{\pi}{2}\)\emph{±θ},故cos
\emph{α=±}sin
\emph{θ},所以\emph{r=}\(\frac{3}{2 \pm sin\theta}\)\emph{.}设点\emph{O}到直线\emph{AB}的距离为\emph{d},则\emph{d=\textbar OB\textbar{}}sin
\emph{θ=}2sin
\emph{θ.}由点\emph{A}在圆\emph{x}\textsuperscript{2}\emph{+y}\textsuperscript{2}\emph{=}1上,得\emph{d}≤1,即sin
\emph{θ}≤\(\frac{1}{2}\),所以当sin \emph{θ=}\(\frac{1}{2}\),且cos
\emph{α=-}sin
\emph{θ}时,\emph{r}\textsubscript{min}\emph{=}\(\frac{3}{2 + \frac{1}{2}}\)\emph{=}\(\frac{6}{5}\)\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147526105;FounderCES}]{media/image4.jpeg}
本题中,若知道焦半径公式,则\emph{r=\textbar PB\textbar=}\(\frac{\frac{b^{2}}{a}}{1 + e\cos\theta}\),则易求出当直线\emph{PB}的倾斜角为\(\frac{\pi}{3}\)时,\emph{\textbar PB\textbar=}\(\frac{\frac{b^{2}}{a}}{1 + e\cos\theta}\)\emph{=}\(\frac{\frac{3}{2}}{1 + \frac{1}{2} \times \frac{1}{2}}\)\emph{=}\(\frac{6}{5}\)\emph{.}

本题表面上考查的是圆的相切问题,实质是椭圆定义的考查与焦半径的最值求解\emph{.}题设中的直线与圆相切、圆与圆内切,均隐藏几何关系!直接设圆心坐标解答,计算量较大\emph{.}将相切转化为距离关系,即可发现圆心的轨迹是椭圆,从而求焦半径的最值\emph{.}另外,在三角形中运用余弦定理,即直接得到半径的关系式,这是解题的关键所在\emph{.}两种解法均是``动中取静'',对于此类问题,一定要多想少算\emph{.}

\emph{　　}15\emph{.} 解法1\emph{　}(1)
\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147526112;FounderCES}]{media/image6.jpeg}显然条件\emph{a}\textsuperscript{2}\emph{=b}\textsuperscript{2}\emph{+c}\textsuperscript{2}\emph{+}\(\sqrt{2}\)\emph{bc}的结构特征与余弦定理有关,可先求出cos
\emph{A},再由sin
\emph{B=}\(\frac{c}{a}\)结合正弦定理边化角,探求三角形三个内角的关系来解决问题\emph{.}

由余弦定理,可得cos
\emph{A=}\(\frac{b^{2} + c^{2}\text{-}a^{2}}{2bc}\)\emph{=-}\(\frac{\sqrt{2}}{2}\)\emph{.}

因为\emph{A}∈(0,π),所以\emph{A=}\(\frac{3\pi}{4}\),\textsuperscript{{[}1{]}}
(2分)

所以\emph{C=}π\emph{-A-B=}\(\frac{\pi}{4}\)\emph{-B.} (3分)

由正弦定理\(\frac{a}{\sin A}\)\emph{=}\(\frac{b}{\sin B}\)\emph{=}\(\frac{c}{\sin C}\)及sin
\emph{B=}\(\frac{c}{a}\),

得sin
\emph{B=}\(\frac{\sin C}{\sin A}\)\emph{=}\(\sqrt{2}\)sin\(\left( \frac{\pi}{4}\text{-}B \right)\)\emph{=}cos
\emph{B-}sin \emph{B},即2sin \emph{B=}cos \emph{B.} (5分)

又因为sin\textsuperscript{2}\emph{B+}cos\textsuperscript{2}\emph{B=}1,所以sin\textsuperscript{2}\emph{B=}\(\frac{1}{5}\)\emph{.}
(6分)

因为\emph{B}∈\(\left( 0\text{,}\frac{\pi}{4} \right)\),所以sin
\emph{B=}\(\frac{\sqrt{5}}{5}\)\emph{.}\textsuperscript{{[}2{]}} (7分)

\emph{　　}(2)
\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147526119;FounderCES}]{media/image5.jpeg}由(1)中结果,结合三角形面积公式可列出关于三角形三边长的方程,即可解决问题\emph{.}

由(1)知,\emph{A=}\(\frac{3\pi}{4}\),sin
\emph{B=}\(\frac{\sqrt{5}}{5}\),sin
\emph{C=}sin\(\left( \frac{\pi}{4}\text{-}B \right)\)\emph{=}sin\(\frac{\pi}{4}\)cos
\emph{B-}cos\(\frac{\pi}{4}\)sin
\emph{B=}\(\frac{\sqrt{10}}{10}\)\emph{.} (9分)

由正弦定理\(\frac{a}{\sin A}\)\emph{=}\(\frac{b}{\sin B}\)\emph{=}\(\frac{c}{\sin C}\),知\emph{b=}\(\frac{a\sin B}{\sin A}\),\emph{c=}\(\frac{a\sin C}{\sin A}\),

所以\emph{S}\textsubscript{△\emph{ABC}}\emph{=}\(\frac{1}{2}\)\emph{bc}sin
\emph{A=}\(\frac{a^{2}\sin B\sin C}{2sinA}\)\emph{=}1, (10分)

所以\emph{a}\textsuperscript{2}\emph{=}\(\frac{2sinA}{\sin B\sin C}\)\emph{=}\(\frac{2 \times \frac{\sqrt{2}}{2}}{\frac{\sqrt{5}}{5} \times \frac{\sqrt{10}}{10}}\)\emph{=}10,
(11分)

解得\emph{a=}\(\sqrt{10}\),所以\emph{b=}2,\emph{c=}\(\sqrt{2}\), (12分)

所以△\emph{ABC}的周长为2\emph{+}\(\sqrt{2}\)\emph{+}\(\sqrt{10}\)\emph{.}
(13分)

解法2\emph{　}(1) 由余弦定理,可得cos
\emph{A=}\(\frac{b^{2} + c^{2}\text{-}a^{2}}{2bc}\)\emph{=-}\(\frac{\sqrt{2}}{2}\)\emph{.}

因为\emph{A}∈(0,π),所以\emph{A=}\(\frac{3\pi}{4}\)\emph{.} (3分)

由sin
\emph{B=}\(\frac{c}{a}\)并结合正弦定理,得\(\frac{a}{\sin A}\)\emph{=}\(\frac{b}{\sin B}\)\emph{=}\(\frac{b}{\frac{c}{a}}\),即\emph{c=}\(\frac{\sqrt{2}}{2}\)\emph{b.}
(4分)

不妨设\emph{b=}\(\sqrt{2}\)\emph{m},则\emph{c=m},由余弦定理\emph{a}\textsuperscript{2}\emph{=b}\textsuperscript{2}\emph{+c}\textsuperscript{2}\emph{-}2\emph{bc}cos
\emph{A=}2\emph{m}\textsuperscript{2}\emph{+m}\textsuperscript{2}\emph{+}2\emph{m}\textsuperscript{2}\emph{=}5\emph{m}\textsuperscript{2},得\emph{a=}\(\sqrt{5}\)\emph{m.}
(5分)

由正弦定理\(\frac{a}{\sin A}\)\emph{=}\(\frac{b}{\sin B}\),得sin
\emph{B=}\(\frac{b\sin A}{a}\)\emph{=}\(\frac{\sqrt{2}m\text{·}\frac{\sqrt{2}}{2}}{\sqrt{5}m}\)\emph{=}\(\frac{\sqrt{5}}{5}\)\emph{.}
(7分)

(2)
由(1)知\emph{b=}\(\sqrt{2}\)\emph{m},\emph{c=m},\emph{a=}\(\sqrt{5}\)\emph{m},

所以\emph{S}\textsubscript{△\emph{ABC}}\emph{=}\(\frac{1}{2}\)\emph{bc}sin
\emph{A=}\(\frac{1}{2}\)·\(\sqrt{2}\)\emph{m}·\emph{m}·\(\frac{\sqrt{2}}{2}\)\emph{=}\(\frac{1}{2}\)\emph{m}\textsuperscript{2}\emph{.}
(9分)

因为\emph{S}\textsubscript{△\emph{ABC}}\emph{=}1,所以\emph{m=}\(\sqrt{2}\),
(11分)

所以\emph{a=}\(\sqrt{10}\),\emph{b=}2,\emph{c=}\(\sqrt{2}\), (12分)

所以△\emph{ABC}的周长为2\emph{+}\(\sqrt{2}\)\emph{+}\(\sqrt{10}\)\emph{.}
(13分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147526126;FounderCES}]{media/image14.jpeg}
{[}1{]}{[}2{]}在求\emph{A}及sin
\emph{B}的值时,要先说明其范围,否则扣1分\emph{.}

\emph{　　}16\emph{.} 解:(1)
\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147526133;FounderCES}]{media/image5.jpeg}利用函数在极值点处的导数为0,求出\emph{a}的值可解决问题\emph{.}

对\emph{f}(\emph{x})求导,得\emph{f\textquotesingle{}}(\emph{x})\emph{=}e\emph{\textsuperscript{x}-}2\emph{x+}(2\emph{-a})\emph{.}
(1分)

由\emph{f}(\emph{x})在\emph{x=}1时取极值得,\emph{f\textquotesingle{}}(1)\emph{=}e\emph{-}2\emph{+}2\emph{-a=}0,解得\emph{a=}e,

则\emph{f}(\emph{x})\emph{=}e\emph{\textsuperscript{x}-x}\textsuperscript{2}\emph{+}(2\emph{-}e)\emph{x},\emph{f\textquotesingle{}}(\emph{x})\emph{=}e\emph{\textsuperscript{x}-}2\emph{x+}(2\emph{-}e)\emph{.}
(2分)

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147526140;FounderCES}]{media/image5.jpeg}
此时虽知\emph{f}(1)是函数的极值,但是不是极小值?或是极小值但不是唯一的极小值?需要去考察导函数\emph{f\textquotesingle{}}(\emph{x})的零点及变化情况,还需用导数判断\emph{.}

令\emph{t}(\emph{x})\emph{=}e\emph{\textsuperscript{x}-}2\emph{x+}(2\emph{-}e),则\emph{t\textquotesingle{}}(\emph{x})\emph{=}e\emph{\textsuperscript{x}-}2\emph{.}

令\emph{t\textquotesingle{}}(\emph{x})\emph{\textless{}}0,解得\emph{x\textless{}}ln
2;令\emph{t\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,解得\emph{x\textgreater{}}ln
2\emph{.} (3分)

所以\emph{t}(\emph{x})在(\emph{-∞},ln 2)上单调递减,在(ln
2,\emph{+∞})上单调递增,

则\emph{t}(\emph{x})的最小值为\emph{t}(ln 2),且\emph{t}(ln
2)\emph{\textless t}(1)\emph{=}0, (5分)

当\emph{x}趋近于\emph{-∞}和\emph{+∞}时,\emph{t}(\emph{x})趋近于\emph{+∞},

所以\emph{t}(\emph{x})在定义域R上有2个零点,分别为\emph{x}\textsubscript{0}∈(\emph{-∞},ln
2)和1\emph{.} (6分)

当\emph{x}∈(\emph{-∞},\emph{x}\textsubscript{0})时,\emph{t}(\emph{x})\emph{\textgreater{}}0,即\emph{f\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,当\emph{x}∈(\emph{x}\textsubscript{0},1)时,\emph{f\textquotesingle{}}(\emph{x})\emph{\textless{}}0,当\emph{x}∈(1,\emph{+∞})时,\emph{f\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,

可知\emph{f}(\emph{x})在(\emph{-∞},\emph{x}\textsubscript{0}),(1,\emph{+∞})上单调递增,在(\emph{x}\textsubscript{0},1)上单调递减,

所以\emph{f}(\emph{x})在\emph{x=}1时取极小值,极小值为\emph{f}(1)\emph{=}1\emph{.}
(7分)

\emph{　　}(2)
解法1\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147526147;FounderCES}]{media/image5.jpeg}
要想\emph{f}(\emph{x})≥1恒成立,只需\emph{f}(\emph{x})\textsubscript{min}≥1\emph{.}

对\emph{f}(\emph{x}),求导得\emph{f\textquotesingle{}}(\emph{x})\emph{=}e\emph{\textsuperscript{x}-}2\emph{x+}2\emph{-a},设\emph{n}(\emph{x})\emph{=}e\emph{\textsuperscript{x}-}2\emph{x+}2\emph{-a},\emph{x}≥1,则\emph{n\textquotesingle{}}(\emph{x})\emph{=}e\emph{\textsuperscript{x}-}2≥e\emph{-}2\emph{\textgreater{}}0,
(8分)

可知\emph{n}(\emph{x})在{[}1,\emph{+∞})上单调递增,即\emph{f\textquotesingle{}}(\emph{x})在{[}1,\emph{+∞})上单调递增,
(9分)

则\emph{f\textquotesingle{}}(\emph{x})≥\emph{f\textquotesingle{}}(1)\emph{=}e\emph{-a},且当\emph{x}趋近于\emph{+∞}时,\emph{f\textquotesingle{}}(\emph{x})趋近于\emph{+∞.}

所以当\emph{f\textquotesingle{}}(1)\emph{\textless{}}0,即\emph{a\textgreater{}}e时,\emph{f\textquotesingle{}}(\emph{x})在{[}1,\emph{+∞})上存在零点\emph{x}\textsubscript{1}\emph{.}
(11分)

当1≤\emph{x\textless x}\textsubscript{1}时,\emph{f\textquotesingle{}}(\emph{x})\emph{\textless{}}0,可知\emph{f}(\emph{x})在{[}1,\emph{x}\textsubscript{1})上单调递减,

从而\emph{f}(\emph{x}\textsubscript{1})\emph{\textless f}(1)\emph{=}e\emph{-a+}1\emph{\textless{}}1,不合题意\emph{.}
(12分)

当\emph{f\textquotesingle{}}(1)≥0,即\emph{a}≤e时,\emph{f\textquotesingle{}}(\emph{x})≥0,可知\emph{f}(\emph{x})在{[}1,\emph{+∞})上单调递增,

则\emph{f}(\emph{x})≥\emph{f}(1)\emph{=}e\emph{-a+}1≥1,符合题意\emph{.}
(14分)

综上所述,实数\emph{a}的取值范围是(\emph{-∞},e{]}\emph{.} (15分)

\emph{　　}解法2\emph{　}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147526154;FounderCES}]{media/image6.jpeg}
为减少对\emph{a}的讨论,可先用必要条件\emph{f}(1)≥1缩小参数\emph{a}的取值范围\emph{.}

由于不等式\emph{f}(\emph{x})≥1对任意\emph{x}≥1恒成立,

因此\emph{f}(1)\emph{=}e\emph{+}1\emph{-a}≥1,解得\emph{a}≤e\emph{.}
(9分)

下证:当\emph{a}≤e时,\emph{f}(\emph{x})≥1\emph{.}

若\emph{a}≤e,则e\emph{\textsuperscript{x}-x}\textsuperscript{2}\emph{+}(2\emph{-a})\emph{x}≥e\emph{\textsuperscript{x}-x}\textsuperscript{2}\emph{+}(2\emph{-}e)\emph{x.}
(11分)

令\emph{m}(\emph{x})\emph{=}e\emph{\textsuperscript{x}-x}\textsuperscript{2}\emph{+}(2\emph{-}e)\emph{x},由(1)可知,\emph{m}(\emph{x})在{[}1,\emph{+∞})上单调递增,

则\emph{m}(\emph{x})≥\emph{m}(1)\emph{=}1,则\emph{f}(\emph{x})≥\emph{m}(\emph{x})≥\emph{m}(1)\emph{=}1,符合题意\emph{.}
(14分)

所以实数\emph{a}的取值范围是(\emph{-∞},e{]}\emph{.} (15分)

\emph{　　}解法3\emph{　}\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147526161;FounderCES}]{media/image6.jpeg}
解答恒成立问题最常见的方法之一就是参变分离,前题是参变分离后的函数易于判断单调性,从而可求其最值\emph{.}

不等式\emph{f}(\emph{x})≥1对任意\emph{x}≥1恒成立,所以当\emph{x}≥1时,\emph{a}≤\(\frac{e^{x}}{x}\)\emph{-x-}\(\frac{1}{x}\)\emph{+}2恒成立\emph{.}
(9分)

设\emph{g}(\emph{x})\emph{=}\(\frac{e^{x}}{x}\)\emph{-x-}\(\frac{1}{x}\)\emph{+}2,\emph{x}≥1,则\emph{g\textquotesingle{}}(\emph{x})\emph{=}\(\frac{x\text{-}1}{x^{2}}\)e\emph{\textsuperscript{x}-}1\emph{+}\(\frac{1}{x^{2}}\)\emph{=}\(\frac{\text{(}x\text{-}1\text{)(}e^{x}\text{-}x\text{-}1\text{)}}{x^{2}}\)\emph{.}
(10分)

设\emph{G}(\emph{x})\emph{=}e\emph{\textsuperscript{x}-x-}1,\emph{x}≥1,则\emph{G\textquotesingle{}}(\emph{x})\emph{=}e\emph{\textsuperscript{x}-}1≥e\emph{-}1\emph{\textgreater{}}0,

可知\emph{G}(\emph{x})在{[}1,\emph{+∞})上单调递增,则\emph{G}(\emph{x})≥\emph{G}(1)\emph{=}e\emph{-}2\emph{\textgreater{}}0,(12分)

所以\emph{g\textquotesingle{}}(\emph{x})≥0,可知\emph{g}(\emph{x})在{[}1,\emph{+∞})上单调递增,则\emph{g}(\emph{x})\textsubscript{min}\emph{=g}(1)\emph{=}e,
(14分)

所以\emph{a}≤e,即实数\emph{a}的取值范围是(\emph{-∞},e{]}\emph{.} (15分)

\emph{　　}解法4\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147526168;FounderCES}]{media/image5.jpeg}
注意到函数解析式中含有指数式,直接求导后,仍含有指数式\emph{.}因此,根据``对数单身狗,指数找朋友''原则,将其转化为多项式相除形式解题\emph{.}

由\emph{f}(\emph{x})\emph{=}e\emph{\textsuperscript{x}-x}\textsuperscript{2}\emph{+}(2\emph{-a})\emph{x}≥1,\emph{x}≥1,得\(\frac{x^{2}\text{-(}2\text{-}a\text{)}x + 1}{e^{x}}\)≤1\emph{.}(8分)

设\emph{h}(\emph{x})\emph{=}\(\frac{x^{2}\text{-(}2\text{-}a\text{)}x + 1}{e^{x}}\),\emph{x}≥1,则\emph{h\textquotesingle{}}(\emph{x})\emph{=}\(\frac{2x\text{-(}2\text{-}a\text{)-[}x^{2}\text{-(}2\text{-}a\text{)}x + 1\text{]}}{e^{x}}\)\emph{=}\(\frac{\text{(}1\text{-}x\text{)[}x\text{-(}3\text{-}a\text{)]}}{e^{x}}\)\emph{.}
(10分)

当3\emph{-a}≤1,即\emph{a}≥2时,\emph{h\textquotesingle{}}(\emph{x})≤0,则\emph{h}(\emph{x})在{[}1,\emph{+∞})上单调递减,所以\emph{h}(\emph{x})≤\emph{h}(1)\emph{=}\(\frac{a}{e}\)≤1,解得2≤\emph{a}≤e\emph{.}
(11分)

当3\emph{-a\textgreater{}}1,即\emph{a\textless{}}2时,令\emph{h\textquotesingle{}}(\emph{x})\emph{\textgreater{}}0,得1≤\emph{x\textless{}}3\emph{-a};令\emph{h\textquotesingle{}}(\emph{x})\emph{\textless{}}0,得\emph{x\textgreater{}}3\emph{-a.}

所以\emph{h}(\emph{x})在{[}1,3\emph{-a})上单调递增,在(3\emph{-a},\emph{+∞})上单调递减,则\emph{h}(\emph{x})≤\emph{h}(3\emph{-a})\emph{=}\(\frac{4\text{-}a}{e^{3\text{-}a}}\)\emph{.}
(13分)

令\emph{s=}3\emph{-a\textgreater{}}1,下证:e\emph{\textsuperscript{s}\textgreater s+}1,\emph{s\textgreater{}}1\emph{.}

设\emph{F}(\emph{s})\emph{=}e\emph{\textsuperscript{s}-s-}1,\emph{s\textgreater{}}1,即\emph{F\textquotesingle{}}(\emph{s})\emph{=}e\emph{\textsuperscript{s}-}1\emph{\textgreater{}}e\emph{-}1\emph{\textgreater{}}0,所以\emph{F}(\emph{s})在(1,\emph{+∞})上单调递增,则\emph{F}(\emph{s})\emph{\textgreater{}}e\emph{-}1\emph{-}1\emph{\textgreater{}}0,

即e\emph{\textsuperscript{s}\textgreater s+}1,\emph{s\textgreater{}}1,所以e\textsuperscript{3\emph{-a}}\emph{\textgreater{}}3\emph{-a+}1\emph{=}4\emph{-a},得\(\frac{4\text{-}a}{e^{3\text{-}a}}\)\emph{\textless{}}1,即\emph{a\textless{}}2时,不等式恒成立\emph{.}

综上,实数\emph{a}的取值范围是(\emph{-∞},e{]}\emph{.} (15分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147526175;FounderCES}]{media/image4.jpeg}
本题第(2)问的4种解法是求解含有参数的恒成立问题的常见方法:解法1是分类讨论法,即直接通过讨论参数的取值范围来求函数的最值,从而解决问题;解法2是最简单快捷的方法,其基本思路是特殊化(必要条件)来缩小参数的范围,简化讨论;解法3是参变分离法,将问题转化为不含参的函数最值来处理;解法4是对含指数式的式子的常用变形处理方式,从而求导后可只关注分子的符号,简化单调性分析的讨论\emph{.}4种解法各有优势,可根据具体题型择优选用\emph{.}

17\emph{.} (1)
解:由抛物线的对称性知\emph{A},\emph{B}关于\emph{x}轴对称,当\emph{\textbar AB\textbar=}2\emph{p}时,在\emph{y}\textsuperscript{2}\emph{=}2\emph{px}中,令\emph{y=p},得\emph{x=}\(\frac{p}{2}\),于是直线\emph{AB}过焦点\emph{F.}
(2分)

在Rt△\emph{AFM}中,\emph{\textbar FM\textbar=\textbar AF\textbar=p},得\emph{\textbar AM\textbar=}\(\sqrt{2}\)\emph{p=}2\(\sqrt{2}\),
(4分)

则\emph{p=}2,所以抛物线\emph{C}的方程为\emph{y}\textsuperscript{2}\emph{=}4\emph{x.}
(6分)

\emph{　　}(2)
\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147526182;FounderCES}]{media/image5.jpeg}研究直线与抛物线位置关系问题,常采用设点法和设线法来解决问题\emph{.}设点法,即设出交点坐标,利用点在曲线上和点共线解题;设线法,即设出直线方程,与曲线方程联立,从而将交点坐标用方程中的特征量表示出来\emph{.}

选\emph{①②}⇒\emph{③}

证法1(设线法)\emph{　}由题知直线\emph{AB}过焦点且与\emph{x}轴不重合,设直线\emph{AB}:\emph{x=ty+}1,点\emph{A}(\emph{x}\textsubscript{1},\emph{y}\textsubscript{1}),\emph{B}(\emph{x}\textsubscript{2},\emph{y}\textsubscript{2}),\emph{Q}(\emph{x}\textsubscript{1},0),\emph{x}\textsubscript{1}≠\emph{x}\textsubscript{2}\emph{.}

联立直线\emph{AB}与抛物线\emph{C}的方程\(\left\{ \begin{matrix}
x = ty + 1\text{,} \\
y^{2} = 4x\text{,}
\end{matrix} \right.\ \)得\emph{y}\textsuperscript{2}\emph{-}4\emph{ty-}4\emph{=}0,
(8分)

所以\(\left\{ \begin{matrix}
\Delta = 16t^{2} + 16 > 0\text{,} \\
y_{1} + y_{2} = 4t\text{,} \\
y_{1}y_{2} = \text{-}4\text{.}
\end{matrix} \right.\ \) (10分)

取\emph{AB}的中点\emph{P},连接\emph{PQ},由\emph{\textbar QA\textbar=\textbar QB\textbar{}},得\emph{PQ}⊥\emph{AB.}
(12分)

而\emph{k\textsubscript{PQ}=}\(\frac{\frac{y_{1} + y_{2}}{2}}{\frac{x_{1} + x_{2}}{2}\text{-}x_{1}}\)\emph{=}\(\frac{y_{1} + y_{2}}{x_{2}\text{-}x_{1}}\)\emph{=}\(\frac{4}{y_{2}\text{-}y_{1}}\)\emph{=}\(\frac{4}{y_{2} + \frac{4}{y_{2}}}\)\emph{=}\(\frac{4y_{2}}{y_{2}^{2} + 4}\),
(13分)

\emph{k\textsubscript{BM}=}\(\frac{y_{2}}{x_{2} + 1}\)\emph{=}\(\frac{y_{2}}{\frac{y_{2}^{2}}{4} + 1}\)\emph{=}\(\frac{4y_{2}}{y_{2}^{2} + 4}\),
(14分)

所以\emph{k\textsubscript{PQ}=k\textsubscript{BM}},则\emph{PQ}∥\emph{BM},

所以\emph{MB}⊥\emph{AB.} (15分)

证法2(设点法)\emph{　}由题意知,直线\emph{AB}与\emph{x}轴不垂直,不妨设点\emph{A}(\emph{x}\textsubscript{1},\emph{y}\textsubscript{1}),\emph{B}(\emph{x}\textsubscript{2},\emph{y}\textsubscript{2}),\emph{Q}(\emph{x}\textsubscript{1},0),\emph{x}\textsubscript{1}≠\emph{x}\textsubscript{2},则\emph{k\textsubscript{AB}=}\(\frac{y_{1}\text{-}y_{2}}{x_{1}\text{-}x_{2}}\)\emph{=}\(\frac{y_{1}\text{-}y_{2}}{\frac{y_{1}^{2}}{4}\text{-}\frac{y_{2}^{2}}{4}}\)\emph{=}\(\frac{4}{y_{1} + y_{2}}\),
(7分)

所以直线\emph{AB}:\emph{y-y}\textsubscript{1}\emph{=}\(\frac{4}{y_{1} + y_{2}}\)(\emph{x-x}\textsubscript{1}),即(\emph{y}\textsubscript{1}\emph{+y}\textsubscript{2})\emph{y-y}\textsubscript{1}\emph{y}\textsubscript{2}\emph{=}4\emph{x},

由\emph{A},\emph{B},\emph{F}三点共线,得0\emph{-y}\textsubscript{1}\emph{y}\textsubscript{2}\emph{=}4,即\emph{y}\textsubscript{1}\emph{y}\textsubscript{2}\emph{=-}4\emph{.}
(9分)

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147526189;FounderCES}]{media/image5.jpeg}
如何证\emph{AB}⊥\emph{BM}?一是利用\emph{\textbar AQ\textbar=\textbar BQ\textbar{}},取\emph{AB}的中点\emph{P},证明\emph{PQ}∥\emph{BM}(同证法1);二是直接证明\emph{k\textsubscript{AB}}·\emph{k\textsubscript{MB}=-}1\emph{.}

由\emph{\textbar QA\textbar=\textbar QB\textbar{}}得\emph{\textbar y}\textsubscript{1}\emph{\textbar=}\(\sqrt{\text{(}x_{1}\text{-}x_{2}\text{)}^{2} + y_{2}^{2}}\),即\(y_{1}^{2}\)\emph{-}\(y_{2}^{2}\)\emph{=}(\emph{x}\textsubscript{1}\emph{-x}\textsubscript{2})\textsuperscript{2}\emph{=}4(\emph{x}\textsubscript{1}\emph{-x}\textsubscript{2})\emph{.}

由\emph{x}\textsubscript{1}≠\emph{x}\textsubscript{2},得\emph{x}\textsubscript{1}\emph{-x}\textsubscript{2}\emph{=}4,则\(y_{1}^{2}\)\emph{-}\(y_{2}^{2}\)\emph{=}16\emph{.}
(13分)

又\emph{k\textsubscript{AB}=}\(\frac{4}{y_{1} + y_{2}}\)\emph{=}\(\frac{4}{y_{1}\text{-}\frac{4}{y_{1}}}\)\emph{=}\(\frac{4y_{1}}{y_{1}^{2}\text{-}4}\),\emph{k\textsubscript{MB}=}\(\frac{y_{2}}{x_{2} + 1}\)\emph{=}\(\frac{4y_{2}}{y_{2}^{2} + 4}\),

所以\emph{k\textsubscript{AB}}·\emph{k\textsubscript{MB}=}\(\frac{4y_{1}}{x_{1}^{2}\text{-}4}\)·\(\frac{4y_{2}}{y_{2}^{2} + 4}\)\emph{=}\(\frac{16y_{1}y_{2}}{x_{1}^{2}y_{2}^{2} + 4\text{(}y_{1}^{2}\text{-}y_{2}^{2}\text{)-}16}\)\emph{-}1,从而\emph{MB}⊥\emph{AB.}
(15分)

证法3(几何法)\emph{　}如图1,设\emph{C}的准线为\emph{l}:\emph{x=-}1,过点\emph{A},\emph{B}分别作\emph{l}的垂线,垂足分别为\emph{A}\textsubscript{1},\emph{B}\textsubscript{1}\emph{.}设直线\emph{AB}的倾斜角为\emph{θ},由\emph{\textbar AF\textbar=\textbar AA}\textsubscript{1}\emph{\textbar{}},得\emph{\textbar AF\textbar=p+\textbar AF\textbar{}}cos
\emph{θ},即\emph{\textbar AF\textbar=}\(\frac{2}{1\text{-}\cos\theta}\),同理可得\emph{\textbar BF\textbar=}\(\frac{2}{1 + cos\theta}\)\emph{.}
(8分)

在△\emph{AFQ}中,\emph{\textbar QF\textbar=\textbar AF\textbar{}}cos
\emph{θ=}\(\frac{2cos\theta}{1\text{-}\cos\theta}\)\emph{.}取\emph{AB}的中点\emph{P},连接\emph{PQ},则由\emph{\textbar AQ\textbar=\textbar BQ\textbar{}}知\emph{PQ}⊥\emph{AB},所以\emph{\textbar FP\textbar=\textbar FQ\textbar{}}cos
\emph{θ=}\(\frac{2cos^{2}\theta}{1\text{-}\cos\theta}\)\emph{=}\(\frac{\text{|}AF\text{|-|}BF\text{|}}{2}\)\emph{=}\(\frac{1}{1\text{-}\cos\theta}\)\emph{-}\(\frac{1}{1 + cos\theta}\)\emph{=}\(\frac{2cos\theta}{\text{(}1\text{-}\cos\theta\text{)(}1 + cos\theta\text{)}}\),所以cos
\emph{θ}(1\emph{+}cos \emph{θ})\emph{=}1\emph{.} (11分)

又\(\frac{\text{|}QF\text{|}}{\text{|}BF\text{|}}\)\emph{=}\(\frac{\frac{2cos\theta}{1\text{-}\cos\theta}}{\frac{2}{1 + cos\theta}}\)\emph{=}\(\frac{\cos\theta\text{(}1 + cos\theta\text{)}}{1\text{-}\cos\theta}\)\emph{=}\(\frac{1}{1\text{-}\cos\theta}\),\(\frac{\text{|}AF\text{|}}{\text{|}MF\text{|}}\)\emph{=}\(\frac{\frac{2}{1\text{-}\cos\theta}}{2}\)\emph{=}\(\frac{1}{1\text{-}\cos\theta}\)\emph{=}\(\frac{\text{|}QF\text{|}}{\text{|}BF\text{|}}\),∠\emph{QFA=}∠\emph{BFM},所以△\emph{QFA}∽△\emph{BFM},所以∠\emph{MBF=}∠\emph{AQF=}\(\frac{\pi}{2}\),即\emph{MB}⊥\emph{AB.}
(15分)

\includegraphics[width=1.14331in,height=1.25315in,alt={id:2147526196;FounderCES}]{media/image15.jpeg}图1

选\emph{①③}⇒\emph{②}

证明:因为直线\emph{AB}过焦点且与\emph{x}轴不重合,设直线\emph{AB}:\emph{x=ty+}1,点\emph{A}(\emph{x}\textsubscript{1},\emph{y}\textsubscript{1}),\emph{B}(\emph{x}\textsubscript{2},\emph{y}\textsubscript{2}),\emph{Q}(\emph{m},0),\emph{x}\textsubscript{1}≠\emph{x}\textsubscript{2},联立直线\emph{AB}与\emph{C}的方程\(\left\{ \begin{matrix}
x = ty + 1\text{,} \\
y^{2} = 4x\text{,}
\end{matrix} \right.\ \)消去\emph{x},得\emph{y}\textsuperscript{2}\emph{-}4\emph{ty-}4\emph{=}0,
(8分)

所以\(\left\{ \begin{matrix}
\Delta = 16t^{2} + 16 > 0\text{,} \\
y_{1} + y_{2} = 4t\text{,} \\
y_{1}y_{2} = \text{-}4\text{.}
\end{matrix} \right.\ \) (9分)

取\emph{AB}的中点\emph{P},连接\emph{PQ},由\emph{\textbar QA\textbar=\textbar QB\textbar{}},得\emph{PQ}⊥\emph{AB},

所以\emph{k\textsubscript{PQ}=}\(\frac{\frac{y_{1} + y_{2}}{2}}{\frac{x_{1} + x_{2}}{2}\text{-}m}\)\emph{=}\(\frac{4\text{(}y_{1} + y_{2}\text{)}}{\text{(}y_{1}^{2} + y_{2}^{2}\text{)-}8m}\),

\emph{k\textsubscript{BM}=}\(\frac{y_{2}}{x_{2} + 1}\)\emph{=}\(\frac{y_{2}}{\frac{y_{2}^{2}}{4} + 1}\)\emph{=}\(\frac{4y_{2}}{y_{2}^{2} + 4}\)\emph{.}
(11分)

由\emph{\textbar PA\textbar=\textbar PB\textbar{}},\emph{PQ}⊥\emph{AB},且\emph{MB}⊥\emph{AB},得\emph{PQ}∥\emph{BM},则\emph{k\textsubscript{PQ}=k\textsubscript{BM}},

即\(\frac{4\text{(}y_{1} + y_{2}\text{)}}{\text{(}y_{1}^{2} + y_{2}^{2}\text{)-}8m}\)\emph{=}\(\frac{4y_{2}}{y_{2}^{2} + 4}\),
(12分)

则\emph{y}\textsubscript{1}\(y_{2}^{2}\)\emph{+}4\emph{y}\textsubscript{1}\emph{+}4\emph{y}\textsubscript{2}\emph{+}\(y_{2}^{3}\)\emph{=}\(y_{1}^{2}\)\emph{y}\textsubscript{2}\emph{+}\(y_{2}^{3}\)\emph{-}8\emph{my}\textsubscript{2},即8\emph{y}\textsubscript{1}\emph{=-}8\emph{my}\textsubscript{2},
(14分)

则\emph{m=-}\(\frac{y_{1}}{y_{2}}\)\emph{=}\(\frac{y_{1}^{2}}{4}\)\emph{=x}\textsubscript{1},所以\emph{AQ}⊥\emph{x}轴,即\emph{AQ}∥\emph{y}轴\emph{.}
(15分)

选\emph{②③}⇒\emph{①}

证明:由题意可知,\emph{AB}与\emph{x}轴不垂直,设直线\emph{AB}:\emph{x=ty+m},点\emph{A}(\emph{x}\textsubscript{1},\emph{y}\textsubscript{1}),\emph{B}(\emph{x}\textsubscript{2},\emph{y}\textsubscript{2}),\emph{x}\textsubscript{1}≠\emph{x}\textsubscript{2}\emph{.}

因为\emph{AQ}∥\emph{y}轴,所以\emph{Q}(\emph{x}\textsubscript{1},0)\emph{.}
(7分)

联立直线\emph{AB}与\emph{C}的方程\(\left\{ \begin{matrix}
x = ty + m\text{,} \\
y^{2} = 4x\text{,}
\end{matrix} \right.\ \)消去\emph{x},得\emph{y}\textsuperscript{2}\emph{-}4\emph{ty-}4\emph{m=}0,
(9分)

所以\(\left\{ \begin{matrix}
\Delta = 16t^{2} + 16m > 0\text{,} \\
y_{1} + y_{2} = 4t\text{,} \\
y_{1}y_{2} = \text{-}4m\text{.}
\end{matrix} \right.\ \) (10分)

如图2,取\emph{AB}的中点\emph{P},连接\emph{PQ},由\emph{\textbar QA\textbar=\textbar QB\textbar{}},得\emph{PQ}⊥\emph{AB.}
(12分)

而\emph{k\textsubscript{PQ}=}\(\frac{\frac{y_{1} + y_{2}}{2}}{\frac{x_{1} + x_{2}}{2}\text{-}x_{1}}\)\emph{=}\(\frac{y_{1} + y_{2}}{x_{2}\text{-}x_{1}}\)\emph{=}\(\frac{4}{y_{2}\text{-}y_{1}}\),\emph{k\textsubscript{BM}=}\(\frac{y_{2}}{x_{2} + 1}\)\emph{=}\(\frac{y_{2}}{\frac{y_{2}^{2}}{4} + 1}\)\emph{=}\(\frac{4y_{2}}{y_{2}^{2} + 4}\),
(13分)

由\emph{PQ}⊥\emph{AB},\emph{MB}⊥\emph{AB},得\emph{PQ}∥\emph{BM},则\emph{k\textsubscript{PQ}=k\textsubscript{BM}},
(14分)

即\(\frac{4}{y_{2}\text{-}y_{1}}\)\emph{=}\(\frac{4y_{2}}{y_{2}^{2} + 4}\),于是\emph{y}\textsubscript{1}\emph{y}\textsubscript{2}\emph{=-}4\emph{=-}4\emph{m},\emph{m=}1,此时\emph{Δ=}16\emph{t}\textsuperscript{2}\emph{+}16\emph{\textgreater{}}0,

所以直线\emph{AB}:\emph{x=ty+}1恒过定点\emph{F}(1,0),即\emph{A},\emph{B},\emph{F}三点共线\emph{.}
(15分)

\includegraphics[width=1.14331in,height=1.15in,alt={id:2147526203;FounderCES}]{media/image16.jpeg}图2

(注:\emph{①③}⇒\emph{②},\emph{②③}⇒\emph{①},与\emph{①②}⇒\emph{③}同样有3种证法,请同学们参考后自行掌握\emph{.})

\emph{　　}18\emph{.} (1)
解:\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147526210;FounderCES}]{media/image6.jpeg}
求几何体表面上曲线长的最小值,一般将侧面展开,化``曲''为``直''\emph{.}本题中将圆锥侧面展开为平面扇形,利用``两点之间,线段最短''确定最短路径为展开图中连接两点的线段,再结合平面几何知识可求出最短路径长\emph{.}

如图1:

\includegraphics[width=1.37677in,height=1.73346in,alt={id:2147526217;FounderCES}]{media/image17.jpeg}图1

沿圆锥\emph{PO}的母线\emph{PA},将圆锥的侧面展开,得侧面展开图扇形\emph{PAA\textquotesingle{}},其中\emph{B}为\(\overset{⏜}{AA\text{'}}\)的中点,\emph{A\textquotesingle{}}与\emph{A}在圆锥中是同一点\emph{.}因为轨迹\emph{L}在圆锥的侧面上,所以在侧面展开图中,轨迹\emph{L}是扇形\emph{PAA\textquotesingle{}}上连接\emph{A\textquotesingle{}}与\emph{A}两点的曲线\emph{.}

又平面上连接两点的曲线之中,线段最短,所以轨迹\emph{L}长度的最小值是侧面展开图扇形\emph{PAA\textquotesingle{}}上连接\emph{A\textquotesingle{}}与\emph{A}两点的线段,即线段\emph{AA\textquotesingle.}
(2分)

因为\emph{AB=}2,所以\(\overset{⏜}{AA\text{'}}\)的长度为2π\emph{.}

又\emph{PA=}3,所以∠\emph{APA\textquotesingle=}\(\frac{2\pi}{3}\)
rad\emph{.}

所以在等腰三角形\emph{PAA\textquotesingle{}}中,\emph{AA\textquotesingle=}3\(\sqrt{3}\),即\emph{L}长度的最小值为3\(\sqrt{3}\)\emph{.}
(4分)

\emph{　　}(2)
证明:\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147526224;FounderCES}]{media/image5.jpeg}
建立空间直角坐标系,利用参数\emph{θ}表示底面圆周上点的坐标,通过向量共线表示出轨迹上点的坐标,进而表示\(\overrightarrow{PM}\),\(\overrightarrow{AM}\),再由\(\overrightarrow{AM}\)⊥\emph{n}恒成立探求向量\emph{n.}

如图2,在底面圆\emph{O}中,过点\emph{O}作\emph{OE}⊥\emph{AB}交圆\emph{O}于点\emph{E.}因为\emph{PO}⊥平面\emph{ABE},\emph{OA},\emph{OE}⊂平面\emph{ABE},所以\emph{PO}⊥\emph{OE},\emph{PO}⊥\emph{OA},所以\emph{OA},\emph{OE},\emph{OP}两两垂直\emph{.}\textsuperscript{{[}1{]}}

以\emph{O}为坐标原点,\emph{OA}所在直线为\emph{x}轴,\emph{OE}所在直线为\emph{y}轴,\emph{OP}所在直线为\emph{z}轴,建立空间直角坐标系,\textsuperscript{{[}2{]}}
(6分)

\includegraphics[width=0.85315in,height=1.17323in,alt={id:2147526231;FounderCES}]{media/image18.jpeg}图2

易求得\emph{PO=}2\(\sqrt{2}\),所以\emph{A}(1,0,0),\emph{P}(0,0,2\(\sqrt{2}\)),\emph{Q}(cos
\emph{θ},sin
\emph{θ},0),设\emph{M}(\emph{x},\emph{y},\emph{z}),则\(\overrightarrow{PM}\)\emph{=}(\emph{x},\emph{y},\emph{z-}2\(\sqrt{2}\)),\(\overrightarrow{PQ}\)\emph{=}(cos
\emph{θ},sin
\emph{θ},\emph{-}2\(\sqrt{2}\))\emph{.}\textsuperscript{{[}3{]}} (8分)

由\(\overrightarrow{PM}\)\emph{=}\(\frac{2}{3\text{-}\cos\theta}\overrightarrow{PQ}\),得\(\left\{ \begin{matrix}
x = \frac{2cos\theta}{3\text{-}\cos\theta}\text{,} \\
y = \frac{2sin\theta}{3\text{-}\cos\theta}\text{,} \\
z = \frac{2\sqrt{2}\text{-}2\sqrt{2}\cos\theta}{3\text{-}\cos\theta}\text{,}
\end{matrix} \right.\ \)则\emph{M}\(\left( \frac{2cos\theta}{3\text{-}\cos\theta}\text{,}\frac{2sin\theta}{3\text{-}\cos\theta}\text{,}\frac{2\sqrt{2}\text{-}2\sqrt{2}\cos\theta}{3\text{-}\cos\theta} \right)\),

于是\(\overrightarrow{AM}\)\emph{=}\(\left( \frac{3\text{(}\cos\theta\text{-}1\text{)}}{3\text{-}\cos\theta}\text{,}\frac{2sin\theta}{3\text{-}\cos\theta}\text{,}\frac{2\sqrt{2}\text{(}1\text{-}\cos\theta\text{)}}{3\text{-}\cos\theta} \right)\)\emph{.}
(10分)

假设存在非零向量\emph{n=}(\emph{x}\textsubscript{0},\emph{y}\textsubscript{0},\emph{z}\textsubscript{0}),使得\(\overrightarrow{AM}\)·\emph{n=}0恒成立,则\emph{x}\textsubscript{0}·\(\frac{3\text{(}\cos\theta\text{-}1\text{)}}{3\text{-}\cos\theta}\)\emph{+y}\textsubscript{0}·\(\frac{2sin\theta}{3\text{-}\cos\theta}\)\emph{+z}\textsubscript{0}·\(\frac{2\sqrt{2}\text{(}1\text{-}\cos\theta\text{)}}{3\text{-}\cos\theta}\)\emph{=}0,即(3\emph{x}\textsubscript{0}\emph{-}2\(\sqrt{2}\)\emph{z}\textsubscript{0})(cos
\emph{θ-}1)\emph{+}2\emph{y}\textsubscript{0}sin
\emph{θ=}0对任意的0≤\emph{θ}≤2π恒成立,可取\emph{x}\textsubscript{0}\emph{=}2\(\sqrt{2}\),\emph{y}\textsubscript{0}\emph{=}0,\emph{z}\textsubscript{0}\emph{=}3,于是存在\emph{n=}(2\(\sqrt{2}\),0,3),使\(\overrightarrow{AM}\)·\emph{n=}0,即\(\overrightarrow{AM}\)⊥\emph{n}恒成立\emph{.}
(12分)

\emph{　　}(3)
解法1\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147526238;FounderCES}]{media/image5.jpeg}
空间向量法是求解两个平面夹角的基本方法,是首选方法\emph{.}

由(2)可知,\emph{n=}(2\(\sqrt{2}\),0,3)是平面\emph{α}的一个法向量\emph{.}\textsuperscript{{[}4{]}}
(13分)

设平面\emph{MPO}的法向量为\emph{n}\textsubscript{1}\emph{=}(\emph{x}\textsubscript{1},\emph{y}\textsubscript{1},\emph{z}\textsubscript{1}),由于\(\overrightarrow{OP}\)\emph{=}(0,0,2\(\sqrt{2}\)),\(\overrightarrow{OM}\)\emph{=}\(\left( \frac{2cos\theta}{3\text{-}\cos\theta}\text{,}\frac{2sin\theta}{3\text{-}\cos\theta}\text{,}\frac{2\sqrt{2}\text{-}2\sqrt{2}\cos\theta}{3\text{-}\cos\theta} \right)\),因此\(\left\{ \begin{matrix}
n_{1}\text{·}\overrightarrow{OP} = 0\text{,} \\
n_{1}\text{·}\overrightarrow{OM} = 0\text{,}
\end{matrix} \right.\ \)即\(\left\{ \begin{matrix}
2\sqrt{2}z_{1} = 0\text{,} \\
\frac{2cos\theta}{3\text{-}\cos\theta}x_{1} + \frac{2sin\theta}{3\text{-}\cos\theta}y_{1} + \frac{2\sqrt{2}\text{-}2\sqrt{2}\cos\theta}{3\text{-}\cos\theta}z_{1} = 0\text{,}
\end{matrix} \right.\ \)取\emph{x}\textsubscript{1}\emph{=-}sin
\emph{θ},\emph{y}\textsubscript{1}\emph{=}cos
\emph{θ},\emph{z}\textsubscript{1}\emph{=}0,于是平面\emph{MPO}的一个法向量为\emph{n}\textsubscript{1}\emph{=}(\emph{-}sin
\emph{θ},cos \emph{θ},0)\emph{.} (15分)

设平面\emph{α}与平面\emph{MPO}的夹角为\emph{α},于是cos
\emph{α=\textbar{}}cos\emph{\textless n},\emph{n}\textsubscript{1}\emph{\textgreater\textbar=}\(\left. \ \frac{\text{|}n\text{·}n_{1}\text{|}}{\text{|}n\text{||}n_{1}\text{|}} \right.\ \)\emph{=}\(\frac{2\sqrt{2}\text{|}\sin\theta\text{|}}{\sqrt{17} \times 1}\)∈\(\left\lbrack 0\text{,}\frac{2\sqrt{34}}{17} \right\rbrack\),

即平面\emph{α}与平面\emph{MPO}夹角的余弦值的取值范围是\(\left\lbrack 0\text{,}\frac{2\sqrt{34}}{17} \right\rbrack\)\emph{.}
(17分)

\emph{　　}解法2\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147526245;FounderCES}]{media/image5.jpeg}
注意到平面\emph{POM}即平面\emph{POQ},它可以绕\emph{PO}旋转一周,它的法向量可以是圆\emph{O}上的任意向量,这样也可以通过几何关系求出夹角余弦值的最值,进而得到取值范围\emph{.}

由(2)可知,平面\emph{α}的一个法向量为\emph{n=}(2\(\sqrt{2}\),0,3)\emph{.}
(13分)

由于\emph{Q}在底面圆周上运动,则平面\emph{POM}即平面\emph{POQ}的法向量可以是底面上任意方向的向量\emph{.}
(14分)

如图3,在平面\emph{PAB}内,设\emph{PB}∩平面\emph{α=F},连接\emph{AF},过点\emph{O}作\emph{ON}⊥\emph{AF},则\(\overrightarrow{ON}\)∥\emph{n.}

\includegraphics[width=0.78346in,height=1.08661in,alt={id:2147526252;FounderCES}]{media/image19.jpeg}图3

设平面\emph{MPO}与平面\emph{α}的夹角为\emph{θ},则∠\emph{NOA}≤\emph{θ}≤\(\frac{\pi}{2}\)\emph{.}
(15分)

易求得cos∠\emph{NOA=\textbar{}}cos\emph{\textless n},\(\overrightarrow{OA}\)\emph{\textgreater\textbar=}\(\frac{2\sqrt{2}}{\sqrt{17} \times 1}\)\emph{=}\(\frac{2\sqrt{34}}{17}\)\emph{.}

综上,cos
\emph{θ}∈\(\left\lbrack 0\text{,}\frac{2\sqrt{34}}{17} \right\rbrack\),即平面\emph{α}与平面\emph{MPO}夹角的余弦值的取值范围是\(\left\lbrack 0\text{,}\frac{2\sqrt{34}}{17} \right\rbrack\)\emph{.}
(17分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147526259;FounderCES}]{media/image14.jpeg}
{[}1{]}建立空间直角坐标系前,先要作出并证明两两垂直的直线作为坐标轴,否则要扣相应分数\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147526266;FounderCES}]{media/image20.jpeg}
{[}2{]}证明\emph{OA},\emph{OE},\emph{OP}两两垂直后建立空间直角坐标系,可以得到2分\emph{.}

{[}3{]}写出点的坐标,计算出向量坐标,可以得到2分\emph{.}

{[}4{]}写出平面\emph{α}的法向量可以得到1分\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147526273;FounderCES}]{media/image4.jpeg}
本题是一道立体几何压轴题,第(1)问是常规的侧面展开化曲为直的最短路径问题;第(2)问看似复杂,其中只需建立坐标系,把含有三角函数的比例系数坐标化,便可迎刃而解;第(3)问在前面的铺垫下,拾级而上,应用坐标法也能顺利求解\emph{.}本题考查的内容其实比较常规,但更多的是考查学生迎难而上,不惧问题表象复杂的意志品质!

\emph{　　}19\emph{.} 解:(1)
\includegraphics[width=0.77008in,height=0.20315in,alt={id:2147526280;FounderCES}]{media/image6.jpeg}先理解\emph{X}\textsubscript{1}\emph{=}2,\emph{X}\textsubscript{1}\emph{=}4,\emph{X}\textsubscript{1}\emph{=}6的含义,它们分别表示该微生物第1次繁殖时(第1次到达方格\emph{A})经过的总移动步数是2,4,6,再分析它如何能到达方格\emph{A.}

\emph{X}\textsubscript{1}\emph{=}2表示微生物第1次到达方格\emph{A}走了2步,路径是\emph{C}→\emph{B}→\emph{A},微生物1次移动必然到达方格\emph{B},之后有\(\frac{2}{3}\)的概率到达方格\emph{A},有\(\frac{1}{3}\)的概率到达方格\emph{C},所以\emph{P}(\emph{X}\textsubscript{1}\emph{=}2)\emph{=}\(\frac{2}{3}\);
(2分)

\emph{X}\textsubscript{1}\emph{=}4表示微生物第1次到达方格\emph{A}走了4步,路径是\emph{C}→\emph{B}→\emph{C}→\emph{B}→\emph{A},所以\emph{P}(\emph{X}\textsubscript{1}\emph{=}4)\emph{=}\(\frac{1}{3}\)\emph{×}\(\frac{2}{3}\)\emph{=}\(\frac{2}{9}\);
(3分)

同理,\emph{P}(\emph{X}\textsubscript{1}\emph{=}6)\emph{=}\(\left( \frac{1}{3} \right)^{2}\)\emph{×}\(\frac{2}{3}\)\emph{=}\(\frac{2}{27}\)\emph{.}\textsuperscript{{[}1{]}}
(4分)

\emph{　　}(2)
解法1\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147526287;FounderCES}]{media/image5.jpeg}
微生物第1次到达方格\emph{A}只能是\emph{C}→\emph{B}→\emph{C}→\emph{B}→\emph{C}→\emph{B}→\ldots→\emph{C}→\emph{B}→\emph{A}的路径,所以\emph{X}\textsubscript{1}的取值只能是偶数,\emph{P}(\emph{X}\textsubscript{1}\emph{=}2\emph{k})\emph{=}\(\left( \frac{1}{3} \right)^{k\text{-}1}\)·\(\frac{2}{3}\),结合期望公式即可计算结果\emph{.}

微生物在方格\emph{A}或者方格\emph{C}时,下一步必然到达方格\emph{B},微生物经历奇数次移动必然到达方格\emph{B},之后有\(\frac{2}{3}\)的概率到达方格\emph{A},有\(\frac{1}{3}\)的概率到达方格\emph{C},微生物第1次到达方格\emph{A}所经历的步数必然为2,4,6,8,\ldots,2\emph{k},\ldots,\emph{k}∈N\emph{\textsuperscript{*}.}若微生物经历2\emph{k}次移动第1次到达方格\emph{A},则前面(2\emph{k-}2)步必然在方格\emph{B}与方格\emph{C}之间移动,且最后2步是由方格\emph{C}到方格\emph{B},接着到达方格\emph{A},

于是\emph{P}(\emph{X}\textsubscript{1}\emph{=}2\emph{k})\emph{=}\(\left( \frac{1}{3} \right)^{k\text{-}1}\)·\(\frac{2}{3}\),则\emph{E}(\emph{X}\textsubscript{1})\emph{=}\(\overset{+ \text{∞}}{\underset{k = 1}{\text{∑}}}\left\lbrack 2k\text{·}\left( \frac{1}{3} \right)^{k\text{-}1}\text{·}\frac{2}{3} \right\rbrack\text{.}^{\text{[}2\text{]}}\)(7分)

不妨设\emph{S=}\(\overset{n}{\underset{k = 1}{\text{∑}}}\)\includegraphics[width=0.1in,height=0.29331in]{media/image21.jpeg}2\emph{k}·\(\left( \frac{1}{3} \right)^{k\text{-}1}\)·\(\frac{2}{3}\)\includegraphics[width=0.1in,height=0.29331in]{media/image22.jpeg}\emph{=}2·\(\left( \frac{1}{3} \right)^{0}\)·\(\left. \ \frac{2}{3} \right.\ \)\emph{+}4·\(\left( \frac{1}{3} \right)^{1}\)·\(\left. \ \frac{2}{3} \right.\ \)\emph{+}6·\(\left( \frac{1}{3} \right)^{2}\)·\(\left. \ \frac{2}{3} \right.\ \)\emph{+}\ldots{}\emph{+}2\emph{n}·\(\left( \frac{1}{3} \right)^{n\text{-}1}\)·\(\frac{2}{3}\),

\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147526304;FounderCES}]{media/image5.jpeg}
如何求和呢?注意到它是等差数列\{2\emph{n}\}与等比数列\(\left\{ \left( \frac{1}{3} \right)^{n\text{-}1}\text{·}\frac{2}{3} \right\}\)的乘积,自然联想到错位相减法\emph{.}

于是\(\frac{1}{3}\)\emph{S=}2·\(\left( \frac{1}{3} \right)^{1}\)·\(\frac{2}{3}\)\emph{+}4·\(\left( \frac{1}{3} \right)^{2}\)·\(\left. \ \frac{2}{3} \right.\ \)\emph{+}6·\(\left( \frac{1}{3} \right)^{3}\)·\(\left. \ \frac{2}{3} \right.\ \)\emph{+}\ldots{}\emph{+}2\emph{n}·\(\left( \frac{1}{3} \right)^{n}\)·\(\frac{2}{3}\),
(9分)

则\emph{S-}\(\frac{1}{3}\)\emph{S=}\(\frac{4}{3}\)\emph{+}2·\(\frac{1}{3}\)·\(\frac{2}{3}\)·\(\left( 1 + \frac{1}{3} + \frac{1}{3^{2}} + \text{…} + \frac{1}{3^{n\text{-}2}} \right)\)\emph{-}2\emph{n}·\(\frac{1}{3^{n}}\)·\(\frac{2}{3}\)\emph{=}\(\frac{4}{3}\)\emph{+}\(\frac{4}{9}\)·\(\frac{\left. \ 1\text{-}\frac{1}{3^{n\text{-}1}} \right.\ }{1\text{-}\frac{1}{3}}\)\emph{-}\(\frac{4n}{3}\)·\(\frac{1}{3^{n}}\),

整理可得,\emph{S=}3\emph{-}(2\emph{n+}3)·\(\left( \frac{1}{3} \right)^{n}\),\textsuperscript{{[}3{]}}
(10分)

由题意可知,\(\lim_{n\text{→} + \text{∞}}\)(2\emph{n+}3)·\(\left( \frac{1}{3} \right)^{n}\)\emph{=}0,所以\emph{E}(\emph{X}\textsubscript{1})\emph{=}3\emph{.}
(11分)

\emph{　　}解法2\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147526311;FounderCES}]{media/image5.jpeg}
\emph{E}(\emph{X}\textsubscript{1})表示微生物从初始位置\emph{C}出发,第一次到达方格\emph{A}的总移动步数的数学期望\emph{.}从\emph{C}出发第一步一定到\emph{B},第二步出现两种情况:一种从\emph{B}直接到\emph{A},此时走2步,概率为\(\frac{2}{3}\),第二种回到\emph{C},概率为\(\frac{1}{3}\),此时已走了2步,并且回到了起点,相当于重新开始,后续的期望步数还是\emph{E}(\emph{X}\textsubscript{1}),所以总步数为\emph{E}(\emph{X}\textsubscript{1})\emph{+}2,列方程可求出\emph{E}(\emph{X}\textsubscript{1})\emph{.}

微生物在2次移动后,有\(\frac{2}{3}\)的概率经过方格\emph{B}到达方格\emph{A},有\(\frac{1}{3}\)的概率经过方格\emph{B}回到方格\emph{C},
(6分)

于是\emph{E}(\emph{X}\textsubscript{1})\emph{=}\(\frac{2}{3}\)·2\emph{+}\(\frac{1}{3}\){[}2\emph{+E}(\emph{X}\textsubscript{1}){]},
(10分)

解得\emph{E}(\emph{X}\textsubscript{1})\emph{=}3\emph{.} (11分)

(3)
解法1\emph{　}初始位置为\emph{C}时微生物第\emph{n}次到达方格\emph{A}累计移动次数为\emph{X\textsubscript{n}},设初始位置为\emph{B}时微生物第\emph{n}次到达方格\emph{A}累计移动次数为\emph{Y\textsubscript{n}},初始位置为\emph{A}时微生物第\emph{n}次到达方格\emph{A}累计移动次数为\emph{Z\textsubscript{n}}(初始位置不记为到达)\emph{.}

当\emph{n}≥2时,\(\left\{ \begin{matrix}
E\text{(}X_{n}\text{)} = 1 + E\text{(}Y_{n}\text{),} \\
E\text{(}Y_{n}\text{)} = \frac{2}{3}\text{[}1 + E\text{(}Z_{n\text{-}1}\text{)]} + \frac{1}{3}\text{[}1 + E\text{(}X_{n}\text{)],} \\
E\text{(}Z_{n}\text{)} = 1 + E\text{(}Y_{n}\text{),}
\end{matrix} \right.\ \) (13分)

即\emph{E}(\emph{Y\textsubscript{n}})\emph{=}\(\frac{2}{3}\){[}1\emph{+}1\emph{+E}(\emph{Y\textsubscript{n-}}\textsubscript{1}){]}\emph{+}\(\frac{1}{3}\){[}1\emph{+E}(\emph{X\textsubscript{n}}){]},

化简有3\emph{E}(\emph{Y\textsubscript{n}})\emph{=}5\emph{+}2\emph{E}(\emph{Y\textsubscript{n-}}\textsubscript{1})\emph{+E}(\emph{X\textsubscript{n}})\emph{.}
(15分)

又由\emph{E}(\emph{X\textsubscript{n}})\emph{=}1\emph{+E}(\emph{Y\textsubscript{n}}),得3{[}\emph{E}(\emph{X\textsubscript{n}})\emph{-}1{]}\emph{=}5\emph{+}2{[}\emph{E}(\emph{X\textsubscript{n-}}\textsubscript{1})\emph{-}1{]}\emph{+E}(\emph{X\textsubscript{n}}),即\emph{E}(\emph{X\textsubscript{n}})\emph{=E}(\emph{X\textsubscript{n-}}\textsubscript{1})\emph{+}3\emph{.}

由\emph{E}(\emph{X}\textsubscript{1})\emph{=}3,得\emph{E}(\emph{X\textsubscript{n}})\emph{=}3\emph{n.}
(17分)

解法2\emph{　}不妨设微生物从方格\emph{C}出发,第一次到达方格\emph{A}所需要的步数为随机变量\emph{T},当\emph{n}≥2时,\emph{E}(\emph{X\textsubscript{n}})\emph{=E}(\emph{X\textsubscript{n-}}\textsubscript{1})\emph{+E}(\emph{T})\emph{.}
(12分)

微生物由方格\emph{C}出发第1次到达方格\emph{A}所经历的步数必然为2,4,6,8,\ldots,2\emph{k},\ldots,\emph{k}∈N\emph{\textsuperscript{*}.}

若微生物经历2\emph{k}次移动第1次到达方格\emph{A},则前面(2\emph{k-}2)步必然在方格\emph{B}与方格\emph{C}之间移动,且最后2步是由方格\emph{C}到方格\emph{B},接着到达方格\emph{A},

于是\emph{P}(\emph{T=}2\emph{k})\emph{=}\(\left( \frac{1}{3} \right)^{k\text{-}1}\)\emph{×}\(\frac{2}{3}\),则\emph{E}(\emph{T})\emph{=}\(\overset{+ \text{∞}}{\underset{k = 1}{\text{∑}}}\)\includegraphics[width=0.1in,height=0.29331in]{media/image21.jpeg}2\emph{k}·\(\left( \frac{1}{3} \right)^{k\text{-}1}\)·\(\frac{2}{3}\)\includegraphics[width=0.1in,height=0.29331in]{media/image22.jpeg}\emph{.}
(14分)

由(2)知\emph{E}(\emph{T})\emph{=}\(\overset{+ \text{∞}}{\underset{k = 1}{\text{∑}}}\)\includegraphics[width=0.1in,height=0.29331in]{media/image21.jpeg}2\emph{k}·\(\left( \frac{1}{3} \right)^{k\text{-}1}\)·\(\frac{2}{3}\)\includegraphics[width=0.1in,height=0.29331in]{media/image22.jpeg}\emph{=E}(\emph{X}\textsubscript{1})\emph{=}3,

于是\emph{E}(\emph{X\textsubscript{n}})\emph{=E}(\emph{X\textsubscript{n-}}\textsubscript{1})\emph{+E}(\emph{T})\emph{=E}(\emph{X\textsubscript{n-}}\textsubscript{1})\emph{+}3\emph{.}
(16分)

由\emph{E}(\emph{X}\textsubscript{1})\emph{=}3,得\emph{E}(\emph{X\textsubscript{n}})\emph{=}3\emph{n.}
(17分)

\emph{　　}解法3\emph{　}\includegraphics[width=0.91654in,height=0.20315in,alt={id:2147526328;FounderCES}]{media/image5.jpeg}
注意到每次在\emph{A}繁殖后,从\emph{A}出发,因此可拆分第\emph{n}次到达\emph{A}的情形,找到递推关系\emph{.}

当\emph{n}≥2时,微生物第\emph{n}次到达\emph{A}所经历的移动步数为2\emph{n},2\emph{n+}2,\ldots,2\emph{n+}2\emph{k},\ldots,\emph{k}∈N\emph{.}

当微生物经过(2\emph{n+}2\emph{k})步第\emph{n}次到达\emph{A},前面的(2\emph{n+}2\emph{k-}2)步中,奇数步到达\emph{B},偶数步中有(\emph{n-}1)次到达\emph{A},对应的概率为\(C_{n + k\text{-}1}^{n\text{-}1}\left( \frac{2}{3} \right)^{n\text{-}1}\left( \frac{1}{3} \right)^{k}\),且最后2步移动有\(\frac{2}{3}\)的概率到达\emph{A},所以\emph{P}(\emph{X\textsubscript{n}=}2\emph{n+}2\emph{k})\emph{=}\(C_{n + k\text{-}1}^{n\text{-}1}\left( \frac{2}{3} \right)^{n\text{-}1}\left( \frac{1}{3} \right)^{k}\)·\(\frac{2}{3}\)\emph{=}\(\left( \frac{2}{3} \right)^{n}\)·\(C_{m + k\text{-}1}^{n\text{-}1}\left( \frac{1}{3} \right)^{k}\),则\emph{E}(\emph{X\textsubscript{n}})\emph{=}\(\overset{+ \text{∞}}{\underset{k = 0}{\text{∑}}}\left\lbrack \text{(}2n + 2k\text{)}\left( \frac{2}{3} \right)^{n}C_{n + k\text{-}1}^{n\text{-}1}\left( \frac{1}{3} \right)^{k} \right\rbrack\)\emph{=}2\(\left( \frac{2}{3} \right)^{n}\overset{+ \text{∞}}{\underset{k = 0}{\text{∑}}}\left\lbrack \text{(}n + k\text{)}C_{n + k\text{-}1}^{n\text{-}1}\left( \frac{1}{3} \right)^{k} \right\rbrack\)\emph{=}2\(\left( \frac{2}{3} \right)^{n}\overset{+ \text{∞}}{\underset{k = 0}{\text{∑}}}\left\lbrack nC_{n + k}^{n}\left( \frac{1}{3} \right)^{k} \right\rbrack\)\emph{=}2\emph{n}\(\left( \frac{2}{3} \right)^{n}\overset{+ \text{∞}}{\underset{k = 0}{\text{∑}}}\left\lbrack C_{n + k}^{n}\left( \frac{1}{3} \right)^{k} \right\rbrack\)\emph{.}
(13分)

不妨设\emph{T\textsubscript{n}=}\(\overset{+ \text{∞}}{\underset{k = 0}{\text{∑}}}\left\lbrack C_{n + k}^{n}\left( \frac{1}{3} \right)^{k} \right\rbrack\)\emph{=}\(C_{n}^{n}\left( \frac{1}{3} \right)^{0}\)\emph{+}\(C_{n + 1}^{n}\left( \frac{1}{3} \right)^{1}\)\emph{+}\(C_{n + 2}^{n}\left( \frac{1}{3} \right)^{2}\)\emph{+}\ldots{}\emph{+}\(C_{2n}^{n}\left( \frac{1}{3} \right)^{n}\)\emph{+}\ldots,则\(\frac{1}{3}\)\emph{T\textsubscript{n}=}\(C_{n}^{n}\left( \frac{1}{3} \right)^{1}\)\emph{+}\(C_{n + 1}^{n}\left( \frac{1}{3} \right)^{2}\)\emph{+}\ldots{}\emph{+}\(C_{2n\text{-}1}^{n}\left( \frac{1}{3} \right)^{n}\)\emph{+}\(C_{2n}^{n}\left( \frac{1}{3} \right)^{n + 1}\)\emph{+}\ldots,所以\(\frac{2}{3}\)\emph{T\textsubscript{n}=}\(C_{n\text{-}1}^{n\text{-}1}\left( \frac{1}{3} \right)^{0}\)\emph{+}\(C_{n}^{n\text{-}1}\left( \frac{1}{3} \right)^{1}\)\emph{+}\(C_{n + 1}^{n\text{-}1}\left( \frac{1}{3} \right)^{2}\)\emph{+}\ldots{}\emph{+}\(C_{2n\text{-}1}^{n\text{-}1}\left( \frac{1}{3} \right)^{n}\)\emph{-}\(C_{2n}^{n}\left( \frac{1}{3} \right)^{n + 1}\)\emph{+}\ldots{}\emph{=T\textsubscript{n-}}\textsubscript{1}(\emph{n}→\emph{+∞})\emph{.}

又\emph{T}\textsubscript{1}\emph{=}\(C_{1}^{1}\left( \frac{1}{3} \right)^{0}\)\emph{+}\(C_{2}^{1}\left( \frac{1}{3} \right)^{1}\)\emph{+}\(C_{3}^{1}\left( \frac{1}{3} \right)^{2}\)\emph{+}\(C_{4}^{1}\left( \frac{1}{3} \right)^{3}\)\emph{+}\ldots{}\emph{=}\(\frac{9}{4}\)(同上,由错位相减法可得),

所以\emph{T\textsubscript{n}=}\(\frac{9}{4}\)\emph{×}\(\left( \frac{3}{2} \right)^{n\text{-}1}\)\emph{=}\(\left( \frac{3}{2} \right)^{n + 1}\),则\emph{E}(\emph{X\textsubscript{n}})\emph{=}2\emph{n}\(\left( \frac{2}{3} \right)^{n}\)·\(\left( \frac{3}{2} \right)^{n + 1}\)\emph{=}3\emph{n.}
(16分)

当\emph{n=}1时,\emph{E}(\emph{X}\textsubscript{1})\emph{=}3也符合上式,故\emph{E}(\emph{X\textsubscript{n}})\emph{=}3\emph{n.}
(17分)

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147526360;FounderCES}]{media/image20.jpeg}
{[}1{]} 列举各种情况,可以得到每种情况的1分\emph{.}

{[}2{]} 从特殊情况中找到一般规律,找到解题突破口,便得3分\emph{.}

{[}3{]} 掌握常见数列求和方法,便可得3分\emph{.}

\includegraphics[width=0.77008in,height=0.18661in,alt={id:2147526367;FounderCES}]{media/image4.jpeg}
本题是典型的新高考概率压轴题,将马尔可夫链巧妙地与生物学的微生物情境融合\emph{.}第(1)问分析1次繁殖经过的移动步数,发现规律,为后两问的解答作铺垫\emph{.}第(3)问是考查的灵魂所在,若不进行科学转化,会无法计算\emph{.}将其期望拆项分解,极大简化运算过程\emph{.}本题融合递推数列、极限、期望等知识点,考查学生对概率模型的透彻理解与代数运算能力,是一道具有很强选拔功能的好试题!

事实上,视每2次移动为1次实验,易知1次实验中,必有一次到达\emph{B},一次到达\emph{A}或者\emph{C},即每次实验有\(\frac{2}{3}\)的概率到达\emph{A},有\(\frac{1}{3}\)的概率不到\emph{A},欲使到达\emph{A}的次数为\emph{n},平均需实验\(\frac{3}{2}\)\emph{n}次,因此共需移动3\emph{n}次\emph{.}
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